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INTRODUCTION

““" Chapter at a Glance

Alphabets: An alphabet £ is a finite set of symbols.
Example:

L, =lab.cd.e, f.g.hi j kil mn,
0,p.q.r s, LLuv.wx,yz,

Recursive Languages, recursive sets: The recursive languages and recursive sets are those
languages and sets accepted by Turing machines and unrestricted grammars.

Recursively enumerable set: The sets, languages, that can be generated (enumerated) where all
strings in the set, language, of a given length can be generated. It both a set and 1ts complement
are recursively enumerable, then the set 1s recursive.

Chomsky hierarchy of grammars /languages

Type 0, Grammar 1s any phrase structure grammar without any restrictions.

Example: In abAbcd-=abABbcd, ab is the left context, bed is the night context, a=ab.

Type 1, Grammars is a production of the form ¢Aw->¢a v is called type 1 production if a0 # .
In type | production erasing of A 1s not permutted.

A grammar 1s called Type | or context sensitive or context dependent 1f all the productions are
Type 1 production. The production S->" is also allowed in a Type 1 grammar, but in this case S
does not appear on the R.H.S of any production.

Example: In aAbcD->abcDbcD 1s the type | production. a, beD are the left context, and nght
context.

Type 2, Grammars is a production of the form A->a ,where ABeVy and a €(Vy w ) In
other words, the L.H_S has no left context or nght context.

A grammar 1s called Type 2 or context free grammar 1f all the productions are Type 2 productions.
Example: (¢) S ->Aa, A ->a, B ->abc, A ->", are type 2 productions.

Type 3, Grammars 1s a production S -> * s allowed in type 3 grammar, but in this case S does
not appear on the nght-hand side of any production.
A grammar 1s called Type 3 or regular grammar 1f all the productions are Type 3 productions.

Example: (d) S -=aS, A -=a, A -=aB3, are type 3 productions.

Language: A language L over an alphabet A is a collection of words on A, A" denotes the set of
all words on A. Thus a language 1. is simply a subset of A",
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FORMAL LANGUAGE AND AUTOMATA THEORY

Grammar: A grammar G 1s defined as a quadratuple G =(V, T, S, P),
Where V 1s a finite set of object called vanables, T 1s a fimite set of objects called terminal
symbols.
S € Vs a special symbol called the start
P 1s a fimte set of productions.
e.g., G= ({5}, {a, b}, S, P}
with P given by
S — aSb
S A
Then S =» aSb = aaSbb = aabb
SO we can write S = aabb.
The string aabb 1s a sentence in the language generated by G, while aaSbb 1s a sentential form.

Multiple Choice Type Questions

1. The basic limitation of Finite State Machine of that [WBUT 2007, 2010])
a) it cannot remember arbitrary large amount of information
b) it cannot recognize grammars that are regular
c) it sometimes recognize grammars that are not regular
d) all of these

Answer: (a)

2. A shift register is a [WBUT 2010]
a) Mealy M/c b) Moore M/c ¢) Turing M/c d) All of these

Answer: (d)

3. FSM can recognize (WBUT 2011]
a) a grammar dependent on characteristic of FSM b) on CFG
¢) any unambiguous grammar d) only regular grammar

Answer: (d)

4. Which is true of the following? [WBUT 2013, 2019]
a) Merger graph is directed graph b) Compatible graph is directed graph
c) Both are directed d) None of these

Answer: (b)

5. Compatible pairs are obtained from [WBUT 2014, 2015, 2017]
a) Merger Graph b) Compatible Graph
c) Testing Table d) Testing Graph

Answer: (a)

6. A finite automata recognizes [WBUT 2018]
a) Any Language b) Context Sensitive Language
c) Context Free Language d) Regular Language

Answer: (d)
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7. Maximum number of states of a DFA converted from a NFA with n states is

(WBUT 2018]
a) n b) n’ c) 2" d) None of these
Answer: (c)
8. Regular Expression is accepted by (WBUT 2018]
a) Finite Automata b) Push Down Automata
c) Turing Machine d) All of these
Answer: (d)
9. The production grammar | S —» aShb, S —» abb) is [WBUT 2019]
a) Type-3 grammar b) Type-2 grammar
c) Type-1 grammar d) Type-0 grammar
Answer: (b)
10. The reduced grammar of § — ABla, A > ais [WBUT 2019]
a S—a. A-a b) S»alA4A. A a
c) S—a d) S —aa
Answer: (C)

11. What is the highest type number to the grammar given by the following

production rules [MODEL QUESTION]
S—+Aa, A—-c/Ba, B-abc
a) zero b) one c) two d) three

Answer: (d)

12.1f G=(|S},|a}.|S — §5,] §), the languages generated by G is

[MODEL QUESTION]
a)L(G)= ¢ b)L (G)=a"
c)L(G)=a¢ dL(G)=a"ba"
Answer: (a)

13. Which of the following grammars generates strings with any number of 1's?

[MODEL QUESTION]
aS-old, A-¢ b) § »I15.5 »¢
€)S-=25L5-¢ d) (b) & (c)
Answer: (d)
14. Given a grammar G a production of G with a dot at some position of the right
side is called MODEL QUESTION]
a)LR (1) itemof G b) LR (0) item of G
c) Both (a) and (b) above d) None of these
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Answer: (b)

15. Which of the choice in an operator grammar equivalent for S — SAS/a,

A — bsb| b Assume S is the start symbol [MODEL QUESTION]
a) S—» SbAbS| a,A—>b b) S->SbSbS| SbS|a
c)S—> SAS| a, A bsb|b d)S - SbS|b
Answer: (b)
16. Grammar S — aAb.A — aAb| ais in [MODEL QUESTION]
a) LR (1) notin LR (0) b) LR (0) but not in LR (1)
c) Both LR (0) and LR(1) d) Neither in LR (0) and LR (1)
Answer: (a)

17. What is the language of the grammar with the following production rules?

S — ASb|c [MODEL QUESTION]
A= a
a) {a”cb" ne lN} b) :.rch‘:re :a} "':~
c) jacy|ye|b}*| d) None of these
Answer: (a)

18. A grammar has the following production:
S —» aSSb|a bSa
Which of the following sentences are in the language that is generated by this

grammar? [MODEL QUESTION]
a) aaaaabb b) aabbaabb c) bbbaabbaa d) All of these
Answer: (a)

19. Take a look at the following grammar:
S — AaC Bd

A-» BC
B —}bB‘F

C — acc$|

For which non-terminals N is symbol a part of the collection follow N? Give the
best answer. [MODEL QUESTION]

a) | 4| b) | 4,.C}
c) |4,B,C| d) |4,B,C.8)
Answer: (a)
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Short Answer Type Questions

1. A long sequence of pulses enters a two-input, two-output synchronous
sequential circuit, which is required to produce an output pulse Z = 1 whenever the
sequence 1111 occurs. Overlapping sequences are accepted; for example, if the
input is 01011111......... , the required output is 00000011...........
i) Draw a state diagram.
i) Select the assignment and show the excitation and output tables.
(WBUT 2004, 2008]

Answer: o -

() "‘
10

00
040
Next State, Z
Present State Inputx =10 | Inputx =1
B Al B0
B | 4.0 | GO
C | A.0 | D.0
D | A.0 C./
Y, Y 7
BILF =0 x=1 | x=00  x=]
A=200 | 00 0l [0 0
- B->01 (00 11 | 0 0
C=2>11 [ 00 10 10 0
D->10 | 00 11 0 |

2. What are the limitations of sequential circuit? (WBUT 2009)
Answer:

A sequential circuit can only represent a fimite-state machine. In such a machine, an
arbitrarily long sequence of input symbols 1s bound to create a peniodic output with a
period not more than the number of states in the machine. Thus, computations which

needs to remember an arbitrary number of past input symbols, for example in recognizing
a'b”, n>0, cannot be implemented by sequential machines. By the same reasoning, a
sequential machine cannot multiply two arbitrary length binary strings.

3. Define: (i) Alphabet
(i) Recursive languages

(ili) Languages

[MODEL QUESTION]}
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(iv) Regular languages
Answer:
(i) Alphabets:
An alphabet X is a finite set of symbols.
Example:
X =\labccde [.g hij kIl ,mn,

0, p,q,r,s,,uv,wx,y,z;

Example:
z, ={0.1
Example:
The set of lexical elements ot a programming language (keywords, syntax, 1dentifiers
cle.).

(i1) Recursive Languages:

The recursive languages and recursive scts arce those languages and sets accepted by
Turing machines and unrestricted grammars.

Recursively enumerable sets, r.c. languages

The sets, languages, that can be gencrated (cnumcerated) where all strings in the sct,
language, ol a given length can be gencrated. IT both a sct and its complement are
recursively enumerable, then the sct s recursive,

(iii) Languages:
A language L over an alphabet A is a collection of words on A, A" denotes the set of all
words on A. Thus a language 1. is simply a subsct of A",
eg., X= {a, b} then

¥ = {i,a,b, aa, ab, ba, bb, aab, bbb ..}
The set

{a, aa, aab}
1$ a language on X. Because it has a finite number of sentences, we call it a finite
language. The set

[.= {a"bh" : n=0}
1s also a language on . The string aabb and aaabbb are in the language L, but the string
abb 1s not in L. This language 1s infinite.

(iv) Regular Languages:
Let L be a language over A. then L 1s called a regular language over A. il there exists a
regular expression r over A such that L = L(r).

4. a) Write down the operations of languages. [MODEL QUESTION]
b) Write down the applications of Grammars.
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Answer:

a) The operations of Languages are:
(1) Union: L,V L,

(1) Intersection: L, M L,

(111) Complementation: L =% — L
(iv) Concatenation: L L, ={uv|uel, veL,}

b) The applications of Grammar are:

e Specifying syntax of programming language

e Representing syntactic structures in natural languages

e Models of computation
Context-free grammars are the most commonly used kind of grammar in computer
sclence.

5. What do you mean by Distinguishable and Indistinguishable states?
[MODEL QUESTION]

Answer:

Two distinct states, S1, and S, , of a machine M are distinguishable 1t and only 1f there
cxists at Icast onc finite input scquence which, when applied to M, causcs dilTerent output
sequences, depending on whether S, or S is the initial state,

The sequence which distinguishes these states 1s called a distinguishing sequence of the
pair (S,.,S, )

It no distinguishing sequence exists for the pair (.S, ). then the states are said to be
indistinguishable.

The principle of state minimization of a finite state machine 1s based on the principle of

identifying equivalent classes for states which are indistinguishable in the ornginal
machine and then assigning one state per class in the reduced machine.

6. If G = ({S}, {0, 1}, {S—051, S— *}, S, find L(G). [MODEL QUESTION]
Answer:

As S— ™15 a production, S= *.So " 1s1n L(G). Also, foralln= 1.
S=0S1=0°S1F=---=0°S1" = 0°1"
G G G
Therefore, 0'1"e L(G) forn=0
Hence. 0°1" Inz20)c L(G)
To show that L(G)c {071 | n 20}, we start with w in L(G). The derivation of w starts

with S. If S— ”* 1s applied first, we get *. In this case w = *. Otherwise the first
production to be applied 1s S—0S1. At any stage if we apply S— 7, we get a terminal
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string. Also, the terminal string 1s obtained only by applying S— . Thus the derivation
of w 1s of the form S?{}"SI“ :G*r{}“ 1", 1e, L(G)c {017 | n=0}.
Theretore, L(G)=1{0"1" | n=0}

7. For a grammar G the set of productions P is S-—>aA, A-—>bbA, A—c. Describe
the language L(G). [MODEL QUESTION]

Answer:
S = aA = abbA = abbbbA =ab' A= .

In

= ab™ 4= ab™"c

L L(G)= {ubz"c:"n > 0’.

Long Answer Type Questions

1. Draw the Merger graph, Merger Table, Compatibility graph and then minimize the

following: [WBUT 2011, 2016]
Present Next State, o/ p
| State ilp=0 lilp=1 | ilp=2 ilp=3
A - C, 1 E, 1 B, 1
B E,0 - - -
C F,0 F, 1 - -
| D - [ B, 1 = |
E - F,0 A0 D, 1
F cC,0 - B, 0 C,1
Answer:
Step 1: Draw the arc of compatible pair. Compatible pair means that two present state
entries of the next state should not contlict. P

Here AB, BC, EF, ete are non-conflicting pair,

On other hands DE 1s a conflicting pair, because
output of I; 1s conflicting 1.¢. B consist the next
state output of I; 1s | whereas E contain 0.
Similarly CE, DF are also conflicting so these are
non-compatible pair.

Note: now the merger graph displays all possible
pair of state and their implied pair, and since a pair
of state 1s compatible only 1f its implied pair 1s.
Step 2: Check and determine whether the implied
pair are indeed compatibles. A pawrr (5p5,) is
incompatible 1f no arc 1s drawn between vertices S, and S,. In such a case, 1f (S,5,) is
written space of an interrupted arc, the entry (S,5,) 1s crossed off, and the, corresponding
arc 1s 1gnored.
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Here the condition for (BF) to be compatible 1s that (C'E) be compatible, but since there 1s
no arc drawn between C and E, (CE) 1s incompatible and the arc between B and F 15
ignored. Thus states B and F are incompatible.  Next, it 1s necessary to check whether the
incompatibility of (BF) does not invalidate any other imphed pair, that 1s, 1t (BF) 1s not
written in the space of another interrupted arc, and so on. The interrupted arcs which
remain in graph, after all the imphed pairs have been ventied to be compatible are
regarded as solid ones.
The merger graph of Machine M reveals the existence of compatible pairs:
(AB),(AC)HAD),(BC),(BD),(BE) (CD),(CF),(EF)
In order to find a minimal set of compatibles, which covers onginal machine and can be
uscd as a basis for the construction of the minimal machine, it 1s ofien uscful to find the
set of maximal compatibles Recall that a compatible 1s maximal 1t 1t 1s not contained n
any other compatible. In terms of the merger graph, we are looking for complete
polygons which are not contained within any higher-order polygons. |A complete
polygon 1s one 1n which all possible (n-3) n/2 diagonals exist, where n 1s the number of
sides in the polygon.] Since the states covered by a complete polygon are all pair wise
compatible they constitute a compatible; and 1f the polygon 1s not contained; higher-order
complete polygon, they constitute a maximal compatible.
In the merger graph the set ot highest-order polygons are the (48CD) and the arcs (CF),
(BE), and (EF). Generally, alter a complete polygon ol order n has been found, all
polygons of order n —1 contamed 1n 1t can be 1gnored. Consequently, the tnangles (458C),
cte., are not considered. Thus the following set of maximal compatibles for machine M 1s:
{(ABCD),(BE),(CF),(EF)}

2. A long sequence of pulses enters a synchronous sequential circuit, which is
required to produce an output pulse - =1 whenever the sequence 1001 occurs.
Overlapping sequences are accepted.

i) Draw a state diagram

ii) Select an assignment and show the excitation and output tables. [WBUT 2015]

Answer:

a)1)
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i)

Present State ivext State, £
| Input x =0 Input x = 1

A | A.0 B0

B | A0 .0

G | D.0 A0

D | 4,0 | C.1

Y, Y; Y4
Vi¥2 x=() x=1 x=() =1
A=200 00 01 0 0
B—=>01 00 11 0 0
C=>11 10 00 0 0
D=10 00 11 0 1
3. Convert the following Mealy machines into Moore machine. [WBUT 2015)
w'l

Answer:

4. Draw sequence detector diagram, table, k-map and circuit for the sequence 0101
which generates a 1 as output after every 0101 sequence. Consider overlapping of
sequences. (WBUT 2018]
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Answer:
Sequence detector:
p: 01010101 -oeeeen
o/p: O001T0T1T0T --eevenees
1/0 0/0 1/0
Dagram
, Nexl State
| Present Slale 7P =0 Iy
A B0 A0
B [ B.0 ' C.o
C BX .o
| D A0 lco
Table - '
;. K-map:
Llet A—00,B—01,C—10,D—1l

Present Stale

Next State

'p=0 Vp =
Nz Ny % A z,
A 00 01, 0 00, 0
B 01 01, 0 10, 0
10 11, 0 10, 0

D 1 01, 10,
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FORMAL LANGUAGE AND AUTOMATA THEORY
Forip=20 r Forivp=1

Circuit:

T >~ ) (7.3) UnbR=a

5. Draw the merger graph, merger table, compatibility graph and then find the
minimal closed covering with justification of the following machine:

- NS, ol/p [NS,0lp
ip=0 ip=1 ip=2 ip=3
A - | C, 1 | E, 1 | B, 1
B E,0 B - | =
C F,0 F, 1 | = | =1
D - - | B, 1 =
E - F,0 A0 D, -
: C,- = | B,0 ¢, 1
Answer:
Similar to Long Answer Type Questions No. 1 of Chapter 1.
6. Define: Chomsky hierarchy of Languages. [MODEL QUESTION]

Answer:

Type 0, Grammar 1s any phrase structure grammar without any restrictions.

To define the other types we need a definition.

In a production of the form ¢Awy->da y, where A 1s a vanable, ¢ 1s called the left context

v, the right context and éa w the replacement string.
FAT-13
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Example: (a) i) In abAbcd-=abABbcd, ab is the left context, bed 1s the right context,
a=ab

i) In AC-=A, A 1s the left context, * 1s the right context. a=" The production simply
erases C when the left context 1s A and the nght context 1s .

iii) a) In C-> " the left and right context are *.a=" The production simply erases C when
In any context.

Type I, Grammars 1s a production of the form ¢Aw-=¢a v 1s called type 1 production 1f
a # . In type | production erasing of A 1s not permitted.

A grammar 1s called Type I or context sensitive or context dependent 1l all the
productions are Type | production. The production S->" 1s also allowed in a Type 1|
grammar, but in this casc S docs not appear on the R.H.S of any production.

Example: (b) i) In aAbcD->abcDbceD 1s the type | production. a, bcD are the lett
context, and right context.

ii) AB -> AbBc 1s a type | production. The left context 1s A and nght context 1s *.

iii) A-=abA 1s a type 1 production, The both left and rnight context 1s .,

Type 2, Grammars is a production of the form A->a ,where A BeVyanda e(Vyw )"
In other words, the L_H.S has no left context or nght context.

A grammar 1s called Type 2 or context free grammar i all the productions are Type 2
productions.

Example: (¢) S -=Aa, A -=a, B -=abe, A =", arc type 2 productions.

Type 3, Grammars 1s a production S == * 1s allowed in type 3 grammar, but in this casc S
does not appear on the right-hand side of any production.
A grammar 1s called Type 3 or regular grammar ([ all the productions are Type 3
productions.
Example: (d) S -=aS, A -=a, A -=aB, arc type 3 productions.
Language: A language I. over an alphabet A is a collection of words on A, A™ denotes
the set of all words on A. Thus a language L 1s simply a subset of A
¢.g, X={a, b} then

¥ = {A, a, b, aa, ab, ba, bb, aab, bbb ...}
The set

{a, aa, aab}
1s a language on £. Because 1t has a finite number of sentences, we call it a finite
language. The set

L=1{a"d": n=0}
1s also a language on X. The string aabb and aaabbb are in the language L., but the string
abb 1s not in L. This language 1s infinite.
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REGULAR LANGUAGES & FINITE
AUTOMATA

# Chapter at a Glance

Deterministic Finite State Automata: (DFA) An automaton, a language
recognmtion device, can also be delined ngorously. A determumistic [inite stale automaton 1s a
quintuple M = <q,1,0 ,q¢.1=, Where:

e (Qisa finmte set of states;

e lisa linite set of inpul symbols;

e & is the next-state function 8 : Q x 1> Q;

e gy €Q1s the mual state;

e F C Qs the set of final states (or accepting states).
The function 8: Q x 1 —Q can be extended o the domamn Q x I#*, delining the lunclion 6% as
lollows: 6%(g.A)=q lor cachq €Q
0%(g.xa)=0(0%(g.x).a) lor cach x €1% , a €l. The language L(A) accepled or recognmized by the
aulomalton A 1s delined as the sct ol words accepled by A.

Non-deterministic Finite Automata (NFA): A nondeterministic finite automata
15 a quintuple M= <Q.10,qo.F= where:

e () is a finite set of states;

e lisa linile set ol inpul symbols;

e O1s Lhe, possibly partal, transition function

o 5 0Qx(lufnl) o2

e qp €0Q s called the imtial state;

e F €0Q s called the set ol Lnal states

Mvhill-Nerode theorem and minimization to eliminate useless states.

The Myhill-Nerode Theorem says the [ollowing three stalements are equivalent:

The set L, a subsel ol Sigma star, 1s accepted by a DFA. (We know this means L 1s a regular
language. )

L 1s the umion of some of the equivalence classes of a nght mvanant (with respect to
concatenation) equivalence relation of hinite index.

|et equivalence relation RL be defined by: x RL vy if and only if for all z €X’ star, xz 1. exactly
when vz €L Then RL 1s of finite index.
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Regular Expressions/Grammars:
A regular expression E over | denotes a language [.(l1) over |. The syntax of regular expressions 1s
defined inductively together with the languages they denote:

1. The constants £ and @ are regular expressions, with L(g) = {&] and L(®) = ].
For each a in |, a 1s a regular expression, with [.(a) = a}.
Il E and F are regular expressions, then (E + F) 1s a regular expression, with L(E +
F)=LIEyJL(F).
4. IfE and F are regular expressions, then (EF) is a regular expression, with L((EF)) =
[L(E)I(F).
Il £ 15 a regular expression, then (E¥) 1s a regular expression, with L{(E¥)) =
(L(E))*.
Precedence rules for saving parentheses: * has highest precedence, then concatenation, then +

b 1

LA

Pumping Lemma for Regular Language: The Pumping [.emma is generally used to

prove a language 1s not regular

Multiple Choice Type Questions

1. Choose the correct statements: (WBUT 2006, 2012]
a) moore and mealy machine are FSM with output capability
b) any given Moore machine has an equivalent Mealy machine
c) any given Mealy machine has an equivalent Moore machine
d) moore machine is not an FSM
Answer: (a), (b) and (c)

2. Pumping Lemma is generally used for proving whether [WBUT 2006, 2016]
a) a given grammar is regular
b) a given grammar is not regular
c) two given grammars are equivalent or not
d) none of these

Answer: (b)

3. A solution to the equation R =0+ RP is [WBUT 2007, 2013, 2017, 2019]
a) R=QP* b) 0 =RP* c) P=RQ*  d) R=PQ*

Answer: (a)

4. Which of the following sets is regular? | [WBUT 2007, 2012]
a) {a" i=n"_n>= l} b) {a‘” pisa prime}
c) {wu-': wisin |a,b}* } d) {a?" = 1}

Answer: (d)
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FORMAL LANGUAGE AND AUTOMAITA THEORY

5. The value of L(¢#*) is [WBUT 2007, 2019]
a > b) |&; c) { | d) none of these
Answer: (c)

6. The regular expression representing the set of all strings over :.T, y} ending

with xx beginning with y is [WBUT 2007, 2012]
a) xx(x+y)*y b) w(x+y)*x c) y(x+y)*xx d) y(xy)*xx

Answer: (d)

7. Regular expression (a| 5)(a|b) denotes the set [WBUT 2007, 2012}
a)la,b,ab, aa| b){a,b, ba, bb) c){a, b d) |aa, ab, ba, bb)

Answer: (d)

8. Palindromes cannot be recognized by any FSM because [WBUT 2007, 2012)
a) an FSM cannot remember arbitrary, large amount of information
b) an FSM cannot deterministically fix the mid-point
c) even or the mid-point is known, an FSM cannot find whether the second
half of the string matches the first half
d) all of these
Answer: (c)

9. If S is the number of states in NDFA then equivalent DFA can have maximum of
[WBUT 2008, 2019]

a) S states b) S-1 state c) 2°states d) 2°-1 states
Answer: (¢)
10. DFA has [WBUT 2008]
a) single final state b) more than one Iinitial states
c) unique path (for a set of inputs) to the final state d) all of these
Answer: (¢)

11. What is the highest type number to the grammar given by the following

production rules S—Aa, A—c|Ba, B—abc (WBUT 2008]
a) zero b) one c) two d) three

Answer: (d)

12. Given an arbitrary NDFA with n states, the maximum number of states in an

equivalent minimized DFA is at least (WBUT 2008]
a)n° b) 2" ¢) n! d) None of these

Answer: (d)

13. Which of the following regular expressions over {0, 1} denotes the set of all

strings not containing 100 as a sub-string? [WBUT 2008]
a) 0*(1*0)* b) 0*1010* c) 0*1*01* d) 0*(10+1)*
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Answer: (d)

14. Which of the following is regular? [WBUT 2008, 2019]

a) Strings of 0's, whose length is a perfect square
b) Strings of all palindromes made up of 0’s & 1’s
c) Strings of 0's, whose length is a prime number
d) Strings of odd number of zeroes

Answer: (d)

15. a (a+b) is equivalent to [WBUT 2009, 2013]

a) a" +b b) (ab) c)a b d) None of these
Answer: (d)

16. Which is true of the following? [WBUT 2009]
a) Merger graph is a directed graph c) both are directed
b) Compatible graph is a directed graph d) None of these

Answer: (b)

17. Merger table is a substitute of [WBUT 2009]
a) Merger graph b) Compatible graph
c) Minimized machine d) Finite state machine

Answer: (a)

18. The loop-free testing graph indicates that (WBUT 2010]
a) the machine has finite memory b) the machine has non-finite memory
c) the machine has finite states d) the machine has non-finite states
Answer: (a)

19. Input sequence of an information lossless machine can be determined from the
knowledge of (WBUT 2010]
a) only output sequence
b) output sequence and initial state
c) output sequence, initial state and final state
d) initial state
Answer: (a)

20. Consider the following regular expression: R =(ab+abb)* bbab

Which of the following is not in the set denoted by R? [WBUT 2010]
a) ababab b) ababbabbbab c) abbbab d) abbabbbab

Answer: (a)

21. Which of the following is correct? [WBUT 2010, 2016)
a) Language can be derived from the FA
b) Regular expressions can be derived from the FA
c) FA can be derived from the language d) Both (a) & (b)

Answer: (d)
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22. DFA converted from an NFA with n states can have maximum (WBUT 2009]
a) n states b) ! states c) 2" states d) ", states

Answer: (¢)

23. The following production rules of a regular grammar generates a language L
S—aS/bS/alb

The regular expression forL is [WBUT 2011]
a) a+b b) (a+h) c) (a+b)(a+b)* d) (aa+bb)a*h*

Answer: (b)

24. Moore machine output depends on [WBUT 2011)
a) input b) input and present state
C) present state d) none of these

Answer: (c)

25. DFA has a transition function (WBUT 2011]

a) Ox to O b) Ox> to 2 c)both (a)and (b) d) none of these
Answer: (a)

26. If () is the number of states in the NFA, the equivalent DFA can have maximum

number of states (WBUT 2011]
a) O b) O-1 c) 20-1 d) 2¢
Answer: (d)

27. What is the RE for the language set strings with at least one 1, one 2 and one
3?7 [WBUT 2012]
a) 1+2+3 b) 11* 22* 33* c)1* 2* 3* d) both (a) and (b)

Answer: (b)
28. The basic limitation of FSM is that [WBUT 2012, 2016]

a) it can't remember arbitrary large amount of information
b) it sometimes recognize grammar that is not regular

c) it sometimes fails to recognize grammar that is regular
d) all of these

Answer: (a)

29. Can a DFA simulate NFA? (WBUT 2012]
a) no b) yes c) sometimes d) depends on DFA

Answer: (b)

30. The logic of pumping lemma is a good example of (WBUT 2013, 2019]
a) The pigeon-hole principle b) the divide and conquer technique
c) Recursion d) Iteration

Answer: (a)
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31. Which of the following strings can be obtained by the language /. = {u’b:' iz 1}
(WBUT 2013, 2019]

a) aaabbbbbb b) aabbb c) abbabbba d) aaaabbbabb
Answer: (a)
32. Which string is not accepted by the following FSA? [WBUT 2013]
. |
% 1
0
I
0
a) 00111 b) 00110 c) 01010 d) 11010
Answer: (a)
33. Regular sets are closed under (WBUT 2014, 2015]
a) Union b) Concatenation
c) Kleene Closure d) All of the above

Answer: (d)

34. Let N be an NFA with n states and let M be the minimized DFA with m states
recognizing the same language. Which of the following is NECESSARILY true?
[WBUT 2014, 2015)

ajms<2" b)n<m
c) M has one accept state dm=2"
Answer: (a)

35. The string 1101 does not belong to the set represented by
[WBUT 2014, 2015, 2017]
a) 110%(0+1) b) 1(0+1)*101
¢) (10)*(01)*(00+11)* d) (00+(11)%01)"
Answer: (¢)

36. A=(a+b)*a and B=bh(a+b)* then A intersection 5 willbe [WBUT 2016]

a) (a+b)*ab b) ab(a+b)* c) ala+b)*b d) b(a+b)*a
Answer: (d)
37. The string 1101 does not belong to the set represented by [WBUT 2016)
a) 110*(0+1) b) 1{0+1)*101
c) (10)*(01)*(00+11)* d) [00+(11)*0|*
Answer: (d)
38. An automatais alan ........ccoeeviinnne device. [WBUT 2016]
a) acceptor only b) acceptor / rejector
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C) rejector only d) generating
Answer: (b)
39. & -level equivalence is possible between two finite automata [WBUT 2016]

a) if all equivalence above £ -level exist between them
b) if all level equivalence up to 4 —1 level already exist
c) if both contain at least &/ number of states
d) if both contain exactly &1 number of states

Answer: (b)

40. In Moore machine, output is associated with [(WBUT 2017]
a) present state only b) next state only
c) present state and input d) none of these

Answer: (a)

41. Regular grammar is (WBUT 2017])
a) context free grammar b) context sensitive grammar
C) non-context grammar d) none of these

Answer: (a)

42. Regular expression is accepted by (WBUT 2017)
a) Finite automata b) Mealy machine
c) Pushdown automata d) all of these

Answer: (d)

43. Pumping Lemma for Regular Expression is used to prove that (WBUT 2018]
a) Certain sets are Regular
b) Certain sets are not Regular
¢) Certain Regular Grammar produce Regular Expression
d) Certain Regular Grammar does not produce Regular Expression

Answer: (b)

44. Number of vertices of a Merger graph is (WBUT 2018])
a) The number of state of the machine  b) Number of compatible pairs
c) Number of states combinations d) None of the above

Answer: (a)

45. Number of vertices of a compatible graph is (WBUT 2018)
a) the number of states of the machine b) number of compatible pairs
¢) number of states combinations d) None of the above

Answer: (b)

Short Answer Type Questions

1. What is a regular expression? Give a complete procedure to convert a regular
expression into its equivalent NFA. Using that procedure convert
01[((10) +111) +0] 1 into its equivalent NFA. (WBUT 2003]
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What is regular expression?
Answer:
Let

i) r, =(10)
i) r,=(r +11)
iii) 7, =(r, +0)
i) r,=rl

v) r.=01r,

Corresponding nfa of regular expression 7, 1s

R

OR,

.’n

Corresponding nfa of regular expression 7, 1s

In this way the final nfa 1s

O
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2 NS, Z

PS I I ls

A cC,0 E, 1 -

B | C,0O E- -

Cc B- C0 A-

D B.0 C,- E, - Table1

E —~ E,.0 A -
For the incompletely specified machine shown in table-1, find a minimum state
reduced machine containing the original one. (WBUT 2004, 2008, 2012]
Answer:
Compatible pairs = AB, AD, BC, BD, BE, CD, CE, DE
1 A,

Final merger graph

Compatibility Graph

D o—Aﬁ BE) o
Merger table ;ﬁﬁ
B v
C < | P
D | B | B | BE
[ x v x x
A 13 C D
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B |,
X CE
D CE CE
k b v
A B
Next step merger table.
B v
L3 i »
D X X BE
I x v X X
A B C D
Final merger table
3. State Myhill-Nerode theorem. [WBUT 2005, 2007, 2008, 2010, 2019]
OR,
State Myhill-Nerode theorem with the definition of equivalent relation and
Invariance. (WBUT 2013]
Answer:

Statement of the Theorem
The Myhill-Nerode Theorem says the following three statements are equivalent:
1. The set L, a subset of Sigma star, is accepted by a DFA. (We know this means L
15 a regular language.)
2. L 1s the union of some of the equivalence classes of a right invanant (with
respect to concatenation) equivalence relation of finite index.
3. Let equivalence relation RL be defined by: x RL v if and only if for all z €X'
star, xz €L exactly when yz €L.. Then RL 1s of finite index.

4. Prove that the language /.= (0" |”

n >0} is not regular. [WBUT 2006, 2007, 2012]

Answer:

Suppose L 1s regular. There exists a fimite state automation m which accepts L. Suppose
M has k states. Let w = a*b*. Then |w| > k. By the pumping Lemma w = xyz where v is
not empty and w, = xy'z is also accepted by M. If v consists of only a’s or only b’s the
w> will not have the same number of a’s as b’s. If y contains both a’s and b’s, then w;
will have a’s followed b’s. In either case w, does not belong to L, which 1s contradiction.
Thus L 1s not regular.
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5. Minimize the following machine to standard form: [WBUT 2006, 2008)
PS NS, z
X=0 [ X=1
A E, 0 C,0
B C,0 | A0
C B, 0 G,0
D G, 0 A 0
E F, 1 | B,0
F E,0 D0
G D, 0 G, 0
Answer:
Let’s do the partitioning process.
Partitions | Reason
P.=(ABCDEFG)
R=(ABCDFG) (E) Ehas o/p=1oni/p=0
P,=(BCDG)(AF)(E) (AF) goesto Eon ifp=0
P=(BD)(CG)AF)(E) (BD) goestoAdon i/ p=1
P, =(BD)(CG)(A)F)E) A goesto Cbut FgoestoDon i/ p=1
P.=(BD)(CG)(A)(E)(F) Final partition.
Let (d)=« E NS Z
X=0 | X=
(BD)= p = 5.0 v 0
(CG)=y g |70 | a0
(F)=>é 4 5.0 7,0
(F)=@0 ) 0,1 f£.0
| 0 0,0 7,0
Reduced machine
6. Prove that following identity: r(s +t)=rs+rt. (WBUT 2007)
Answer:

Suppose R, S and T denote the languages for r, s, and t, respectively.
Now, [{s+1)=SUT.

Hence Lir(s +1))=R(S U T)=RS U RT [from Set theory| = L(rs + 1)
Hence L(r(s + t)) = L(rs + ). QED.

7. Construct a regular grammar G generating the regular set represented by
P=a*b(a+b)* [WBUT 2007, 2010, 2016]

Answer:
Construct a regular grammar G generally the regular set represented by

P=a+b(a+b)*
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We construct the DFA corresponding to P using the construction 1s given the following

figure.
O——0O——C C

(a+b)*

DFA with * moves

After eliminating “-moves, we get the DFA straight away,
a, b

DFA without * moves

Let G={(4,.4). (a,b). P, 4| where P is given by

A, = aA, A —ad

A, — bA, A — bA

A, b A—a
A —b

(7 1s required regular grammar.

8. Let R be an equivalence relation in |0} * with the following equivalence classes:

[ 1, =to}
[0], =10}

[00], = {0}’ U{0}' U0} v
Show that R is a right invariant. [WBUT 2007, 2014, 2015]
Answer:
If R is a right-invariant the for all x, y, z xRy => xzRyz.
Clearly, | |g has the null-string, [0]g has only the string 0 and [00]y has strings 00, 000,
0000, etc.
Suppose x and y are in [ |g. Then, x = y = null. Hence xz = z and vz = z and zRz 1s
trivially true.
Suppose x and v are 1n |O]g. Thenx =y =0.If z1s from | |g, then z = null, 1e., xz = x
and yz = y. Hence xzRyz. If z 1s from [0]g, then z = 0. Thus, xz = 00 and yz = 00. Hence
xz = yz implying that xzRyz. Finally, if z 1s from [00]g. z has at least two 0-s. Therefore
xz as well as yz have at least three zeroes and hence both belong to [00]g, 1.e., xz R yz.
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Suppose x and y are in [00]g. Then both x and y have at least two 0-s. Hence irrespective
of what z 1s, xz as well as vz will have at least two 0-s and thus both belong to [00]g.
Thus xzRyz.

So we see that for all cases xRy == xzRyz. Thus R is right invariant,

9. Consider the set L =|a'b’c' | where i, j, k are integers and i, j, k=1].1s L

regular? Justify your answer. [WBUT 2008, 2019]
Answer:
Suppose L is regular
Let n be given by pumping lemma.
€~ | —> &~ I—> «— ]k 5 k
Letw=
aaaa........... abb,.......... bb.....bbb.......... bee.....ce C

Be broken up as shown|y|>0

Hence xy'z € L. r =0 by pumping lemma. k p<n n

w.zx:=)[]ﬁ..<..l]lg....{lZZ..) ...... 2

et r=0 has less 1's than 2’s, thus leading to a contradiction.

10. What do you mean by Inverse machine? Write the definition of a lossless
machine. [(WBUT 2008]

Answer:
An inverse M ' 1s a machine which, when excited by the output sequence of a machine M,

produces (as its output) the input sequence to M, after at most a finite delay. Evidently, a
deterministic inverse can be constructed only if M 1s lossless, and it can be constructed so
that 1t produces M s mput sequence after just a fimite delay 1if and only 1f M 1s lossless of

fimite order.
A machine 1s to be (information) lossless 1f the knowledge of the imitial state, the output

sequence, and the final state 1s sufficient to determine uniquely the input sequence.

11. Convert the Mealy Machine (given below) to a Moore Machine.  [WBUT 2008]

Present | Next State | i/p=0 Next State | i/p=1

State | State | Output | State | Output
a, _|q ERY 0

Q; Q, 0 Q, 1

Q; Q~| U 04 | 'u

Q, Q, 1 Q; 1
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Answer:
The Mealy machine constructed form transition diagram 1s

Mealv circunt

The equivalent Moore circuit 1s given by

12. Construct a Mealy machine which is equivalent to the Moore machine given
below: [WBUT 2009]

NS
x=0 | x=1

4 q, | 9
9, 95 9,
| 92 9, Kl
qs Go 9

A1 _ I s

Answer:

E TR q.1
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13. State the difference between DFA and NFA. [WBUT 2009, 2010]
Answer:

In a DFA, these can be no & - transitions. Also, for a given state q and a symbol ag ),
there can be at most one entry. An NFA does not have any of the above restrictions.

14. Design an NFA which accepts set of all binary strings containing 1100 or 1010
as substrings. [WBUT 2009, 2010, 2016]

Answer:

15. What is the basic difference between Mealy machine and Moore machine?

[WBUT 2009]
OR,
Define and compare Moore and Mealy machines. [WBUT 2015]
Answer:
Moore Machine

The limitation of FA 1s that 1ts output 1s imited to a binary signal “accept/don’t accept™.
Models in which the output 1s chosen from some other alphabet and in which the output
1s associated with the state 1s called Moore machine.

A Moore machine 1s a six-tuple (O,Z,ﬂ,&,l,q“) where Q, z, o and (, are as in a
DFA. A is the output alphabet and A 1s a mapping from Q to A giving the output
associated with each state. Any Moore machine gives output l(q,}) In response to input

€. The DFA may be viewed as a special case of a Moore machine, where the output
alphabet 1s {0, 1} and state q 1s “accepting” if and only if A(q)=1.

Input h
"Il Comb |
- Ckt
PI. ! ! “ ' oy
Seate | 1 e Output
Ckt

Memory e
Output Is Only a Function
ol Present State

Block diagram of Moore Machine
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Mealy Machine

A Mealy machine 1s a sequential machine in which output 1s associated with each state
transition.

The output of the vending machine example, presented in class, is that of a Mealy
machine.

A Mealy machine is a six-tuple M = (Q.Z, A A,q¢), where Q is a finite non-empty set of
states, £ 1s the mput alphabet, A 1s the output alphabet, A : QxX — Q 1s the state
transition function, and A: Q xX -> A 1s the output function.

The A function gives the output symbol associated with the transition from state g on
input symbol a, 1.€.,

Mg a)=ze A

Notice the six-tuple does not have a set of final states. That 1s because sequential
machines do not have final states.

The length of the output string 1s equal to the length of the input string. The state
transition diagram for a Mealy machine M 1s almost 1dentical to the diagram for finite
automata; the output symbol 1s denoted on the edge by appending to the input symbol, a
slash (7/7) followed by the output symbol. Sequential machines are used to design
sequential circuits.

It
" Comb |
Ckt
Present ‘ — Output
State | .| Comb
Ckt
Memory
Output Is Function of
Present State AND Present

Input
Block diagram of Mealy Machine
OR Part also:
Moore vs. Mealy Machine
Moore Machine: Output only depends on present state
Mealy Machine: Output depends on both the present state and the present input,

16. In response to an unknown input sequence, the machine given below produces
the output sequence 1110000010. Find the input sequence to the machine if it is

known that its initial state is A and final state is F. [WBUT 2009]
NS, z
PS x=0 x=]
A ' B, 1 'C,0
B D, 1 B, 1
c E, 1 B, 0
D A 0 E,O0
E F,0 D, 1
F D,0 A 1
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Answer:
This problem 1s best solved by tracing backwards from state F. We see that the only F, 0
entry 1s for E and x = 0. Hence the second-last state 1s E. Proceeding similarly. We get

Output: 1110000010
Possiblestates FABDEFDACEF
ABE
BC

But we know that the first state is A and since the first output is 1, the next state i1s B.
Also, since the next output 1s 1, the next state 1s B or D. But we have found that this state

1s B or E. Hence, the state 1s B. So, the state transition are:
A> BB DD EDFDDI>ADCD ED>F

Hence, the input string 1s: 0101000110

17. Is the following machine information lossless? If yes, find the order of

losslessness. _ [WBUT 2009]
NS, z
PS | x= (0 | x=1
A A0 B,0
& C,0 D,0
C D, 1 C, 1
D | B, 1 A, 1
Answer:

The first step of this testing procedure 1s to check each row of the transition table,
whether there 1s two identical next state entries associated with the same output symbol.
From the above table 1t 1s clear that. there 1s no 1dentical next state entries.

Now we have to construct the output successor table.

Testing table for Machine-M

PS 1z=0 z=1
A (AB) —
B (CD) —_
- w— (CD)
D — (AB)
AB (AB) (CD) =
CD — (AB) (CD)
AC — —
AD —_— —
BC w— w—
BD —— —

The lower part of the testing table 1s constructed from the compatible pair of states of the
upper part of the table. In the lower part of the table all the imphed pairs have been taken
as a row heading.
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Fig: Testing graph for machine M

From the lower part of the testing table it is clear that, there i1s no compatible pair with
repeated entries. This 1s necessary and suttficient for a machine to be lossless.

So clearly the given machine is lossless.

In the above testing graph the length of the largest path1s / = 2.

Hence the order of losslessness, y=/+2=2+2=4

18. Show that [ = { a” | p1s prime} is not regular. [WBUT 2009]

Answer:

L={a": P is Prime}

et 1. be regular. et “adversary” choose n.

Letz—a", where P > n. Clearly |z| >= n.

l.et adversary choose a decomposition uvw satisfying the conditions ol pumping lemma.
Letju/=p.|vi=qand |w|=r

So we have;

q=0

prq=n

ptqtr=>P

By pumping lemma, uv'w is in [.. In particular, let us choose 1 = q" and let y = uv? w.
By pumping lemma, y should be in [

Thusly|= p+q q” +r

By Fermat’s theorem, "= s * P + g for some integer s.

Hence:

y|=p+s*P+q+r=s*P+(p+q+r)=(s+1)*P

Since (s + 1) * P 1s not a prime, vy 1s not 1n L, leading to a contradiction. So L 1s not
regular.

19. a) State the pumping lemma for regular language. [WBUT 2010]
b) Using pumping lemma prove that the set . —01'|; =1/ is not regular.

Answer:

a) Formal statement of the Pumping Lemma
Let L be a infinite Regular Language. Then there exists some positive integer n such that

any z € L with |z|=n
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Can be decomposed as
Z=Uuvw

with ‘m: <n,
and M >1,
such that z=uv'w,
1Isalsom L forall i=0,1.2,.. .
The two commonest ways to usc the Pumping LLemma to prove a language 1s NOT
regular are:

e show that there 15 no possible n for the (there exists n), this 1s usually

accomplished by showing a contradiction such as (n+1)(n+1) < n*n+n
e show there is no way to partition z into u, v and w such that uv'w is in I

b)l.= {a"h"n =0}

Let L be regular. Let “adversary” choose n.

We choose 7z = a"b”. Obviously, |7 == n

Now, let adversary choose decomposition z = uvw such that uv| <= nand |v| = 0.

We note that whatever be the decomposition, the string uv consists only of 0-s and v has
at Icast onc 0. Therclore, for 1 1, uv’ has more 0-s than uv and henee the string uv'w has
more 0-s at the beginning than there are 1-s at the end, allowing us to conclude that uv'w
1s not in [, Henee L 1s not regular, QED.

Note: Similar logic can be applied to prove the languages

[.={a"b* n=>0,k>n} non-regular,

20. Draw the transition diagram of a finite state automaton that accepts all strings
over {0, 1}

a) having odd number of 0’s

b) having even number of 0's and even number of 1's. [WBUT 2010]
Answer:

a) (1¥01%)* + 1*

h) (0*1*0*!1*)*
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21. State the difference between DFA and NFA. [WBUT 2010, 2018]
Answer:

.

AA AN

1.

The transition function for nfa 1e delta 1s multi valued where as tor dfa 1t 1s single
valued.

Checking membership 1s easy with dfa where as 1t 1s difficult for nfa

Construction of nfa 1s very casy where as for dfa it 1s difficult

Space required for dfa 1s more where for nfa it 1s less

Backtracking is allowed in dfa, but 1t 1s not possible in every casi in nfa.

For every input and output we can constuct dfa machine, but 1t 1s not possible to
construct an nfa machine for every input and output.

There 1s only | final state in nta but there can be more then | final state in dfa.

22. Convert the following NFA to DFA. [WBUT 2010]

g 1

0
Answer:
NFA
State/ 0 l
— 4, dy-49, qd
@@
q, o o
DFA
Q . Qﬂ Ql

-y [‘?u] ['?us‘fl] [‘h]
90.9) | [90.9.9:] [91.9:]

_‘?w‘h] [‘?:] [‘?1]
(9,-9,-9:] | [90-9-9:] [91-9.]
[‘3-1] ¢ [‘?z]
@ 4.] [4.]
@ ¢ ¢
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23. Construct a NFA with £ or A transition for »=(11+0)" (00+1) . [WBUT 2011, 2012]

Answer: e a

. ] ] € () 0 <
(0
=

24. Construct a DFA diagram from the NFA given below: [WBUT 2011, 2012)

Answer:

. ) n
The NFA diagram: | A

0
Em.u.l.

According to the above diagram, the transition table will be formed as:

Present _ 1p 1p
_ slale _ () |
1s Qo 190, Ui § |9
190, Y1 § o, Q1 i Q2
1q1, Q2 qQ: 1qu. 92

Now, according to the above table the DFA diagram will be,

The DFA Diagram
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25. What are Kleene Closure and Positive Closure? Give example for both.

[WBUT 2011, 2012]
OR,
What is Klenne's star? Give example. What is positive closure? Give example.
[WBUT 2016)

Answer:

For a Regular expression R, Kleene closure. denoted by R™*, is defined to be the
expression obtained by concatenating zero or more

R -s. Thus, R* = ¢|R|RR|RRR|...

closure, denoted by R+, 1s defined to be the expression on the other hand 1s obtained by
concatenating one or more R -s. Thus, R+ =€ R\RR\RRR‘ ..

, where the vertical bar means disjunction. A Positive

Example:
Suppose R =a|bb Then,

R* = £|a|bb|aa|abb|bba| bbbb)
R+ = a|bb|aa |abh‘bba‘bhbb‘

26. Give the Regular Expression for the DFA using Arden Theorem.
[WBUT 2011, 2012, 2016)

Answer:

The state equations are

¢, =£+q0+g,0 ()
¢, =ql+q,l+q,1  ..(2)
q; = 4,0 (3)

Substituting (3) in (2) we get:

¢, =q1+q,(1+01) _.(4)

We know that if R=0+ RP. then R =QF°
Hence, from (4),

¢, =q1(1+01)*  ..(5)
Substituting (3) and (5) in (1)
We get:

¢, =€+4,0+q,00
=&+¢,(0+1(1+01)*00)
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orq, =&(0+1(1+01)*00)*

= (0+1(1+01)*00)*
Which is the RE for the given transition diagram.

27. Using Pumping Lemma show that L=|a"b":n=0} is not regular.

[WBUT 2011, 2012)
Answer:
Let L be regular. Let “adversary” choose n.
We choose 2= a"b”, Obviously, |7| ==n
Now, let adversary choose decomposition z = uvw such that uv| <= n and |v| = 0.
We note that whatever be the decomposition, the string uv consists only of 0-s and v has
al 1cast onc 0. Therefore, for 1> 1, uv' has more 0-s than uv and hence the string uv'w has
more (-s at the beginning than there are 1-s at the end, allowing us to conclude that uv'w
1s not in [.. Henee L. 1s not regular, QED.
Note: Similar logic can be applied to prove the languages

[.= {a"b* n>0,k>n} non-rcgular.

Suppose L 1s regular. There exists a fimite state automation m which accepts L. Suppose
M has k states, et w = a*b*. Then |w| = k. By the pumping I.emma w = xyz where vy is
not empty and w, = xy'z is also accepted by M. If y consists of only a’s or only b’s the
wa will not have the same number ol a’s as b's. I y contains both a’s and b’s, then w,
will have a’s followed b’s. In either case w, does not belong to L, which 1s contradiction.
Thus . 1s not regular,

28. Convert Mealy Machine to Moore Machine. [WBUT 2011, 2012, 2016]

Answer:
According to the above diagram the Melay machine 1s transition diagram will be,
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1s, 414
| _ 193, 71 )
Qo | Q. 7o) Q21 74
Qa1 | 1qw. 2 121, 41§

The corresponding Moore Machine will be,

Present | NS
State p=0 Output
q. q: 7|
Yoo 2 72
21 2 L]
Yio C K £
{1 q3; 7|
29. Is the following machine information lossless? If yes, find the order of
losslessness. [WBUT 2011]
NS, 7z
X=0 X=1
A 4,0 B. 0
B C,0 D, 0
C D, 1 C 1
D B, 1 A,
Answer:

Test of information losslessness

NS, t
PS x = () x= 1
A A0 B.0
B C,0 D. 0
C D, 1 C, 1
D B. 1 Al

The first step of this testing procedure 1s to check each row of the transition table,
whether there 1s two 1dentical next state entries associated with the same output symbol.
From the above table 1t 1s clear that, there 1s no identical next state entries.

Now we have to construct the output successor table.
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Testing table for Machine-M
PS z=1 z=|
A (AB) —
B (CD) —
C — (CD)
D | — (AB)
AB (AB) (CD) —
CD — (AB) (CD)
AC — —
AD — —
BC — —
BD — —
The lower part of the testing table 1s constructed from the compatible pair of states of the
upper part of the table. In the lower part of the table all the implied pairs have been taken
as a row heading.

F1g.: Testing graph for machine M

From the lower part of the testing table 1t 1s clear that, there 1s no compatible pair with
repeated entries. This 1s necessary and sufficient for a machine to be lossless.

So clearly the given machine 1s lossless.

In the above testing graph the length of the largest pathis /=2

Hence the order of losslessness, y = [ + 2

30. Test whether the following machine is definite or not [WBUT 2011]
i) by using synchronization tree

ii) by using repeated derivation of contracted table

iii) if the machine is definite,

what is the order of definiteness? Justify.

. Next State
Present State a=0 a=1
A A B
B  C B
C A D
D C B
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Answer:
level
(ABCD)
0
0 l |
|
(AC) (BD) !
0 1 0o | 1
| I | | ,
(A) (BD) (€) (B)
0 |
,—l—l 3
(C) (B)

It is clear that the tree is terminated by rule 2. So machine is definite machine,
Herek=3

Therefore order of the definiteness 1s 3.

31. a) Give DFA which reads strings from |a.5| and with aaa.

b) Construct a DFA equivalent to M =1|q,.q}.|0.1}.5q,.1q,||. is given by the

state table. (WBUT 2012]
State/ 0 1
q0 q0  |q1
q1 q1 q0.,q1

Answer:

a)

b)

Assuming q, to be the final state.

32. Design a Finite automata that accepts set of strings that every string ends with
00 over alphabet {0, 1}. (WBUT 2013]

Answer:
FA that accepts set of strings that every string ends with 00 over alphabet |0, 1}
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33. What will be regular expression over the alphabet {a, b}, for the language
L:{a"b'" n>=4.m <=3}‘? [WBUT 2013]

Answer:
The regular expression over the alphabet {a, b}, for the language

L= {ﬂ"b"‘ n>=4 m<= 3} 1s as follows : Separate into cases m =0, 1, 2, 3. Generate 4

or more a’s, followed by the requisite number of 5’s.
So, the regular expression for the following language is aaaaa (A + b + bb + bbb).

34. Design a two input two output sequence detector which generates an output ‘1’
every time the sequence 1001 is detected. And for all other cases output ‘0’ is

generated. Overlapping sequences are also counted.
[Denote State Graph, State Table and perform State assignment)
[WBUT 2014, 2015]

Answer:
Before designing this circuit some clanfications regarding sequence detector 1s needed.

Let’s assign the input string as 1001001
We have to design the circuit 1s such a way that 1t will take one input at a time. The mput
can be either “0" or *17 (two types of input). The output will be also two types, either “(F
or “I’. The circuit can store (memorize) the mput string up to four clock pulses
(t._, tor).
If the input string 1s placed according to clock pulses, the output is as follows:

: L &L L L L &

P 0 0 | 0 0 |
OP 0 0 0 | 0 0 l

The first input at 7, 1s 1 and as there 1s no input from ¢,_, to 1, the input sequence does not
equal to 1001, So the output will be 0. Similar cases occur for the inputs upto ¢, .
However at time 7, the mput from 7, to ¢ becomes 1001, hence the output “17 1s
produced at time 7, . At time 1, and ¢, the input string from ¢, , to ¢, are 0010 and 0100,
respectively. Therefore, the output “0" 1s produced. At ¢, clock pulse the input string 15
1001, hence output 1’ is produced. As the output “1" at ¢, is overlapped from 7, to ¢,
and from 1, to ¢, , this 1s called overlapping condition.

001‘
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In this case the state diagram 1s to be drawn first according the following process:

In state S, input may be either ‘0" or “1’. If given input “0°, there 1s no chance to get
1001. Hence it loops on S, with output “0°. If the input is ‘17, there is a chance to get
1001 then machine moves to §, producing output “0)°,

In S, again the input may be either 0" or “1". If it i1s *1°, the input becomes 11. There is
no chance to get 1001 by taking previous inputs. But again there 1s a chance to get 1001
by considering the given input “1°. Hence 1t will be in state S, . (If it goes to 8, then there
will be loss of clock pulse, 1.e, from §, by taking input “1°, again it has to come to §,,
1.e., one extra input, 1.e., one clock pulse 1s needed and hence the output will not be in
right pattern). If the input is “0°, the input becomes 10 — by considering the previous input
and there 1s chance to get 1001, so it will come to §, .

In S, 1f it gets input 0, the imput becomes 100 by considering the previous input and 1t
has a chance to get 1001, so it can shift to S,. But if it gets “0°, it has no chance to get
1001 considering the previous input, but there i1s a chance to get 1001 by considering the
given input “1°. So it will shaft to S, as we know by getting *1" 1n §, the machine comes
to 3,.

In §, 1f it gets *0°, the input will become 1000, but it does not match with 1001.

Therefore, it has to start from the beginning ie., S,. As overlapping condition 1s
accepted, hence from the last *17 of 1001 if it gets 001 only, it will give an output ‘1"
Therefore, it will go to S, .

State table:
A state table can easily be constructed from the above state diagram.
PS NS, O/P
X 0
St St 0 Sl 0
S, 5,.,0 S,,0
S, 5,.0 S,5.0
S, 5,,0 A

FAT-42



FORMAL LANGUAGE AND AUTOMATA THEORY

State assignment:
The states must be assigned to some binary numbers to make a digital circut. This 18
called state assignment. As the number of states 1s four, only two digit number 1s

sufficient to represent the four states (23 = 4) .

Let’s assign
S, to 00
S, 0 01,
S, 11,
S, 0 10.
After doing this state assignment the state table becomes.
PS(»y,) NS(¥Y) 0P (z)
X 0 I 0 I
00 00 01 0 0
01 Il 0l 0 0
I 10 0l 0 0
10 00 01 0 I

The digital function can easily be derived from this state assignment table:

Y Y, z
X X X
=XV. 0 1 0 1 0 |1
b =Xy, . Niya Ny, Y.y,
L=X+») 00 0 0 00 0 1 00 0 0
==Xy, 0l I 0 01 1 1 ] 0 0
11 1 0 1] 0 1 |1 0 0
10 0 0 10 0 1 10 0 1
35. Define NFA. Construct equivalent DFA from the given NFA.
Present State ::"t Sta:n
~—q0 190, q1 | g2
1 | g2 | q1
@ at |z
[WBUT 2014, 2015, 2017, 2019)

Answer:
In automata theory, a non-deterministic finite automaton (NFA), or non-deterministic

finite state machine, 1s a finite state machine that (1) does not require input symbols for
state transitions and (2) 1s capable of transitioning to zero or two or more states for a
given start state and input symbol. This distinguishes it from a deterministic finite
automaton (DFA), in which all transitions are uniquely determined and in which an input
symbol 1s required for all state transitions. Although NFA and DFA have distinct
definitions, all NFAs can be translated to equivalent DFAs using the subset construction
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algorithm, 1.e., constructed DFAs and their corresponding NFAs recogmze the
same formal language. Like DFAs, NFAs only recognize regular languages.

State table
| 0 | |
q, (9,.9,) (9 )
(anql) (quqlrch) (qlsq:)

(9,,9,.9,) (9,,9;)
(qUQJ) (qqu:)

36. Construct Finite Automata equivalent to the Regular Expression.
L=ab(aa+bb)(a+b)"b. [WBUT 2014)
Answer:

37. Minimize the machine using equivalent partitioning (WBUT 2015]
Present state Next state, output

A E

o0Om
mmm




Answer:

Po = (A,B,C,D,EF)

P, =(A,C.E) (B.D.F)
P; =(A,C) (E)(B,D)(F)

E ' C,0 F,1
F B,0 cC,0
Say: (AC)»>a , E->pB.(BD)> A .F-> 5
The standard form of the reduced machine 1s:
PS NS
x =10 x =1
a B0 Al
A | a0 5,1
A |80 Al
o A0 .l

38. Convert the following NFA into an equivalent DFA.

Answer:

£ jiﬁ a=1
>4y o s 4, o+ 9>
g, q: -
q, [ - q,
q: 45
L :EO | a=1
(90, 4,) (44 9:)
| (90.9,9;) | (40, 4:)
(90:4) | (90:9:.9;)
(90, 94:) | (94592.9;)
(‘?nvqn‘h) (%a‘hr‘h)
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a=|

39. Design a two-input two-output sequence detector which generates an output ‘1’
every time the sequence 1010 is detected. And for all other cases output ‘0’ is
generated. Overlapping sequences are also counted. Draw only state table and
state diagram. (WBUT 2016]

Answer:
The input string 1010100 1s placed according to the clock pulses, and it looks like the
following

L, L L L L L |Iﬂ‘|[liln \l
P 1 0 I 0 1 0 0

oP 0 0 0 1 0 1 0 Fig: Overlapping Sequence

And the output becomes as given earlier. Overlapping portion 1s 10, as shown in above
figure. The state diagram 1s in following:

Fig: State diagram

State Table: From the previous state diagram, a state table as follows can easily be
constructed.

Next State, O/P
Present State  X=0

S 5.0 5, 0
Sz 53,0 S:,0
51 S0 54, 0
S, S, 0 ... 0
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40. Find the string which is applied on state ‘' )’ producing output string 10011110
and final state ‘' D’ for the machine given below:

) NS,o/p
s x=0 x=]
A Al C, 1
B E.0O B, 1
C D, 0 A,0
D ,0 B, 0
E B, 1 A, 0

[WBUT 2016]
Answer:
First we need to prove the machine 1s information lossless. For this we need to construct
a testing table for information lossless. It the machine 1s information lossless then and
only a single input string can be found for a single beginning state and single linal state,
The testing table for information lossless:

NS
PS 70 7=
A (AC)
B E B
C (AD -
D | (BC) B
E A B
AC | - —~
AD | - _
BC | (AE)DE) | -
AE | - (AB)(BC)
DE | (ABXAC) | -
AB | - (AB)(BC)

The testing table does not contain any repeated entry, The machine 1s information lossless
machine. The output successor table for the given machine:

NS, v/p

PS 7= 7=

A - (A, 0). C,
D

B E. O | B, |

C (D.0), (A 1) |-

D (C,0L(B,1) |-

E Al B, 0O
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Transition 1s as follows:

e A
0, 00
10 __¢
10 I/
— A - — A
/1 00 _ 04 ok Wi
BR——RBR——F——A T L
Tk

Beginning state B and final state D 1s obtained from one path with mput string 10100010.

41. Define DFA. Derive the DFA for the regular language 0(0 +1)*1 for the symbols

2.=1{0, 1}. (WBUT 2016]
Answer:

1* part:

A determunistic fimite automaton (DFA) 1s a S-tuple. (Q.X, 0, qo.F), where. Q 1s a finite
set called the states, X 1s a fimite set called the alphabet, 0 : Q * X — Q 1s the transition
function, g0 € Q 1s the start state, and F € Q is the sct of aceept states.

0.1
n 1 r/_‘-_‘_‘-\ln
@—@

42. Construct a minimum state automaton from the transition table given below:

2™ part:

PS x =1 x=1
qq 9, q,
4, q, q,
q, q, q,
) 43 4
q. qs ds
qs E q,
q,. q,. q, are final states. [WBUT 2016]

Answer:
In the finite automata, the states are {q.:.,q,,qg-.-th-h#?ﬁ} . Name this setas §, .

So 1909292, 93. 9. 95

All of the states are () equivalents.
In the finite automata, there are two types of states: final state and non-final states. So,
divide the set of states into two parts, O, and Q-.
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O =19,.9..9:} O, =19:.9..9:|

SI n {{q“,ql,q;} 1{"3*"4“"5}}

The states belonging to the same subset are 1-equivalent because they are in the same set
for string length 1. The states belonging to different subsets are 1-distinguishable.

For input 0 and 1, g, goes to ¢, and g, , respectively. Both of the states belong to the
same subset. For g, and g, with input 0 and 1, the next states are ¢,,4q,, and gq,.q,
respectively. For both of the states, for input 0, the next state belongs to one subset, and
for input 1, the next state belongs to another subset. So, ¢, can be distinguished from g,
and ¢, .
The next states with input 0 and 1 for states ¢,,q,, and g, belong to the same subsct. So,
they cannot be divided

S, 140} 190,92} .19:.94,9: )|
g, 1s the single state in the subsct. So, 1t cannot be divided.
For states g, and g, with input 0 and 1, for both of the cascs, one state belongs to onc
subset and another state belongs to another subset. So, they cannot be divided.
The next states with input 0 and 1 for states g,,q, and g. belong to the same subsct. So,
they cannot be divided. So n the next step,

Si : {{QH} !{qlr‘h}!{qhq.u(ﬂ}}
S, and §, are equivalent.
As step (n—1) and step n are the same, there is no need of further advancement.

In the minimized automata, the number of states 1s 3.
The minimized finite automata 1s presented in tabular format as follows:
Next Stale

{‘?Jr‘i'u‘ﬁ} \ 93,94, 95 } {‘hr‘h&‘h}
But {g,}.19,}.and }g¢,.q,} do not exist under the column of present state. They are not

states of the mimimized finite automata, but they are subset of the states. In the next state
columns, by replacing the subsets by proper state, the modified table becomes
Next State
State 1/P=0 1/P=1

{% ’ {‘?1 4 ,
19,9, 19,.9,} 145.9..9}
19:.9..9:} | 19:.9..9s) | {49:.9..9:]
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As g, is the beginning state of the original finite automata, {g,| will be the beginning

state of minimized finite automata. As g¢,,q,, and g.are the final states of the original
finite automata, the set of the states containing any of the states as element is final state.
Here, all the states are contained in a single set {‘1;1‘!4.-%} and, therefore, i1t 1s the final
state. By replacing {q,} as A, lg,.q,] as B, and [g g, .q.} as C, the modified
minimized finite automata becomes,

Next State

State 1/P=0 [/P=1

> A B B

B B C
© _|c C

The transitional diagram of the minimized tinite automata 1s given 1n following figure.

43. Design a two-input two-output sequence detector which generates an output 1
every time the sequence 1101 is detected. And for all other cases output 0 is
generated. Overlapping sequences are also counted. [WBUT 2017, 2019]
Answer:

The sequence 1s 1101. We have to start from S,. It we get input O, then there 1s no
chance, so 1t 1s conflined in S, producing output 0. If we get input 1 then there 1s a chance
to get 1101, so the control moves to S, producing output 0 (as we have not till got 1101
as mput). In S; 1f we get 0 then there 1s a chance to get 1101 considering the last 1, so the
control will be contined 1n S, producing output 0. In S, 1f we get | then there 1s a chance
to get 1101 so the control moves to S; producing output 0.

In S; 1if we get 0, there 1s a chance to achieve the string 1101, so the control moves to S,
producing the output (0. But in S; 1l we get 1 then there 18 no chance to get the string
1101, so mn this case we have to start again from the beginning 1.e., S,. In §, also, 1f we
get 0 then there 1s no chance of achieving the input 1101 so the control moves to the
beginning producing output 0, but if we get 1 then the string 1101 1s achieved, thus
producing the output 1. As overlapping sequence 1s also accepted, the control moves to
S,, so that by getting 101, the sequence detector can produce 1.

=y == I
- as o= &
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The state diagram 1s given below -

00

Figure 1
The state table for the sequence detector,

PS NS O/P

| X 0 1
S | S, 0 [ S, 0
S, 18,0 [S,0
B |S,0  [8,0

Ss S0 [S,1

44. Define Deterministic Finite Automata. What do you mean by NFA with -moves.
[WBUT 2018]

Answer:
Definition of DFA:

DFA 1s a S-tuple.
(Q.- 1:! 5'- o F)
(O — hinite sct of states

X — [imte set ol alphabets
d — transition function

O0:ZxQ0—->0
g, — start stable
F — scts of final states

NFA with 4-moves:
Let O be finite set.

[.et £ be a finite set of symbols,
", O be transition function defined as.

OxZIU{A} —2¢
g, — be a state in Q

and A4 be a subset of Q.

", A 1s set of accepting states.
So, NFA with 4 -moves, 1s a S-tuple

10.X. q,.0, 4
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. Basically, any NFA is also a NFA with A -move

45. Construct the language for the grammar G =(|S}|.(a.b).5.P), with P given

by
S — aSh

S A [WBUT 2018)
Answer:

G=({S}, {a.b}, S, P) with P given by
S—aSh, § - A
S—s>aSb—sa>b—ab
S—o>aSb—aal bb—aa>bb— aabb
: S—s>aSb—>aalbb—aaal bbb— aaabbb
So, the Language 1s — “Equal no. of a s tollowed by equal no. ot & 's with Null™.
L(U)z{a"b"; n::l]}

46. What is Homomorphism? Find the homomorphic image of /. = |aa, aba} where

h is defined as /i(a)=ab and h(b)=bbc. [WBUT 2018

Answer:

1* Part:

Homomorphism:

A homomorphism 15 a map between two algebraie structures of the same type, that
preserves the operations ot the structures.

S, [ :A— B where two sets 4, B having same structure.

Then, say “*’ 15 a binary opcration,
= f(x*y)=1(x)*f(»)

for every pair of (x,y)e 4

2" Part:
L=\aa, aba}

;m:hcrc h(a)=ab, h(b)=bbc
h(a a)=h(a) h(a)=ab ab
h(a b a)=hla) h(b) h(a)=ab bbc ab

. Homomorphic image of L 1s —
ltabab, ab bbc ab|

FAT-52



47. Construct a DFA for the following regular expression: (WBUT 2019]
R=(11+0)*(00+1)*.

Answer:

Construction of DFA:
R=(11+0)*(00+1)*

48. Construct a Finite Automata Equivalent to the Regular expression:
[(WBUT 2019]

[. = ablaa + uh)(u +h)"‘b
Answer:
I.=ab(aa+ab)(a+b)*h

(O——0)—

Long Answer Type Questions

1. a) In response to an unknown input sequence, the machine of table-4 produces
the output sequence1110000010.
Find the input sequence to the machine if it is known that its initial state is A and

final state is F. PS NS, Z
| x=0 x=1
A B, 1 C,0
B D 1 B, 1
D E, 1 B, 0
F A0 E,O0
F F,0 D, 1
F DO A 1

Table-4
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b) Find the minimal inverse machine of the machine given in table-5. [WBUT 2004]

NS, Z
re x=0 [x=1
A C,0 D, 1
B D,0 cC 1
Cc A 0D B,0
D | C,1 | D,1 | Table-5
OR,
Show that the following FSM is information lossless of finite order:
PS NS, Z
| x=0 Xx=1
A |[C,0 |D1
B D0 cC, 1
c [AD B,0
D cC, 1 D, 1
Table-5
Also find its order of information losslessness. [WBUT 2008]
Answer:
a) We use the backward sequencing to get
A BBDUEVFDAZCIEF
1 1T 0 00 0 01
Hence, the input sequence 1s
0101000100
b)
E C1 [D1 |
Machine-M

This machine 1s loss less of order 3. If we know the mitial state and the values of three
successive outputs, which are produced due to transition from this mitial state, then we
can determine the first input to the machine.

Now the present states of the inverse machine can be defined by a set of triples, which 1s
denoted by (S(¢),Z(r+1),Z(t+2)) where S(r) is the possible states of the original

machine M and Z(7+1), Z(z+2) are 2 outputs.

FFor the above machine we have the following triples:
(A,0,0) (B,0,1) (C,0,0)
(A,1,1) (B,1,0) (C,0,1)

The rest of the triples are not defined.

Thus the inverse machine has present states defined by the eight triples shown above.

Now the next state of the inverse machine can also be defined by triples.

The first member of this triple 1s the state to which the machine M will go consuming the

first input symbol.

(D,1,0)
(D,1,1)
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The second member is nothing but the third member of the present state of the inverse
machine and finally the third member 1s the present output of M.,
The state table of the corresponding inverse machine is shown below:

Machine-M'

NS, X
PS =\ [z=1
(A0,0) (C.0.0)0 [(C.0,1)0
(A1) [ (D101 [(D.1,1).1
(B0,1) [(D,1,0),0 [ (D,I,1)0
(B,1,0) (C.0,0),1 [ (C0,1)1

(C00) [(A00),0 [(BO1)]
(€0)  [B,10).,1 [(ALDDO
(D.1,0) [(C.0.0),0 [ (C.0,1).0
(D.1,1) [ (D,1,0).1 [ (D,1,1).]

2. a) Construct a minimum state automaton equivalent to a given automation M

whose transition table is given below: (WBUT 2007]

Input

a b

4y 4

q> 4qs

q; q,

4o ] s

9y s

4 4,

q I B

Answer:

Since all states are distinguishable, the DFA 1s already minimized.
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b) Find the regular expression corresponding to the following figure: [WBUT 2007]

[ |

(M

4

i

U E

Answer: )
0°1° (0101

3. a) Find the equivalence partition for the machine shown in Table. Show a
standard form of the corresponding reduced machine and find a minimum-length

sequence that distinguishes state A from state B. [WBUT 2007, 2012, 2015]
PS NS, Z
[ X=0 |X=1

A B, 1 H 1
B F, 1 D1
Cc |D,0 | E1
D |C,0 [F,1
E D1 C.1
F C. 1 C, 1
G C. 1 D, 1
H [C,0 A 1

Answer:
Po,=(ABCDEFGH)
P,=(ABEFG)(CDH)
P,=(AB)(EFG)(CDI

)

P;=(A)(B)(EF G)(CDH)
Py=(A)(B)(EF G)(CD)(H)

P; =(A) (B) (EF G)(C D) (H) « Final equivalent partition

leta=(A)p=(B),y=(LFQ),
6 =(CD), e =(H).
Hence the standard form machine

There are no 1-length or 2-length sequence that distinguishes A and B.

1S

NS. Z
_PS x=10 x=l:
La 1 = |
B [v.1 |51
ly [8,0 14,1
& [8,0 |71
€ |01 a, |

FAT-56




FORMAL LANGUAGE AND AUTOMATA THEORY

The sequence 000 distinguishes A and B
In state A, the output1s 111
In state B, the output 1s 110

b) For the incompletely specified machines shown in Table-2 find a minimum-state

reduced machine containing the original one. (WBUT 2007]
Table - 2

PS ID I

A |EDO B,0

B F,0 A0

C E, - C,0

D |F,1 |D,0

E |C1 C,0

F D, - B,0
Answer:

A R C n F

Procedure

e Wrte down all compatible pair in respective cell.

e An “x’1s mnsecrted in cell where the states have conflicting outputs. Here A and D
have conflicting output. Similarly AE, BD, BE having contlicting output.

e Inscrt a check mark in cell CE because state E contamn State C.

e (ross those cells having incompatible pair. Here cell BFF contain incompatible
pair DF so ignored the cell BF.

(CF)

-

Compatibility Graph
AC)

(BC)

CE
(€5) (AB)

~

(AF) /

(DE) (CD)

The set [(AB), (AC), (BO), (CD), (EF)} = (ABC), (CD). (EF)} 1s a minimal cover of
the above machine.
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4. a) For the following machine shown in Table determine whether or not it is
lossless. If it is lossy, find the shortest output sequence produced by two different

input sequences with the same initial and final states. If it is lossless, determine its
order.

NS, Z
PS [X=0 [x=1
A A0 |B,0
B C,0 D,O
C D,1 [C,1
D B, 1 A 1
b) Design a minimal inverse of the machine shown in Table (WBUT 2007]
ps | NS.Z
| X=0 [X=1
A |C0 |D1
B DO C.1
C |[A0 |BO
D C.,1 D 1

Answer:

a) As another illustration, the above test 18 apphed to machine Mg of Table (1), This
maching 1s shown to be lossless ol order 3, since its testing graph (Fig. a) 1s loop-free and
the longest path 1s of length 1.

Fig: Testing graph for machine M,

Table (1): Machine M, Table (n1): Testing table for M,

ps NS, z | _PS z=0_ =0

x=10 =1 4 (AB) B.0

A A, 0 B, 0 B (CD) D.0

B co | Do C : C.1

C D. | C 1 = —__| 4.

: 1B (ACHAD)
D 51 1 4] BOBD) | -

CD - (AC)HAD)
(BCHBD)
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b) We have the following triples:

(A,0,0) (B,0,1) (C,0,0) (D,1,0)

(A,1,1) (B,1,0) (C,0,1) (D,1,1)
The rest of the triples are not defined.
Thus the inverse machine has present states defined by the eight triples shown above.
Now the next state of the inverse machine can also be defined by triples.
The first member of this triple 1s the state to which the machine M will go consuming the
first input symbol.
The second member 1s nothing but the third member of the present state of the inverse
machine and finally the third member 1s the present output of M.

The state table of the corresponding inverse machine 1s shown below: -
Machine-M'

NSO X

'S =\ =1
(A0.0) | (C.0MO | (C,0.1)0
(A 1,1 | (D 1L,0)1 | (D, 1,1),1
(B,0,1) | (D,1,0),0 | (D,1,1),0
(B,1,0) | (C.0,0),1 | (C,0,1),1
(C,0.0) | (A0,0).0 | (B.0.1).]
(C,0,1) | (B,1,0),1 | (A,1,1).0
(D.1.0) | (C00).0 | (C,0.1)0
(D10 | (D 1,001 | (D, 1,1),1

5. a) Design a 2-input 2-output Mealy machine, which takes as input a binary
stream and generates an output of 1 only when a sequence of the pattern 01011 is
found in the input stream. Design should be clearly justified. [WBUT 2007, 2010]
Answer:

The required Mealy machine 1s given below:

NS, Z
P x=0 [x=1
A | B,0 A0
B |B,0 C,0
C__ [D.o A0
D |[B.0 E, 0
E D.0 |F1
I | B, 0 A0

Justification of Design

The forward moving (1.e, A 2 B 2 C 2 D - E - F) transitions can be trivially
justified. Also justified are 1 transitions from states A, C and F to state A because this
indicates the sequence has been broken completely and scanning must begin again from
state A.

We note that the sequence starts with a 0 and upon receiving the first 0, the state 1s B.
Hence, if the sequence breaks in any state B, D or F upon receiving a 0, we should count
this 0 as the first possible symbol of the input and begin from state B.
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Getting a 0 in the state E i1s a special case. State E 1s reached upon receiving the
subsequence 0101, If a 0 1s recerved, the sequence 1s 01010, the last three symbols of
which (1.e. 010) 1s the first three symbols of the sequence to be recognized. But the state

which 1s reached upon receiving subsequence 010 1s D. Hence the 0 transition from state

E should be state D. 0

00 0 10 o(C 1/1 o

Al

00 00
State recogmzing
i o one s e Rasic String largest suffix of
bl:u | BHML;HIHL Tending Possible basic string
™ q possible
C 0] A, 1 A
B.0 00 B
D 010
B 0101 1 011 A
F' 01011 2.0 e =
E.0 01010 D
F.0 010110 B
F.1 010111 A

b) From the Mealy machine above find the equivalent Moore machine. [WBUT 2007]
Answer:

The Mealy machine designed mn part a) produces output 1 only when there 1s a transition
Into state I.

Hence the equivalent Moore machine 1s:

NS Output

S Ix=o [x=i

A B TA o
B |[B C 0
C_|pb TA 0
D |B E 0
E D [F 0
F B A 1

c) Check whether the Mealy machine you obtained is a minimal one or not. Give
proper justification to your answer. [(WBUT 2007]

Answer:
The designed Mealy machine 1s NOT minimal. If we begin with the nitial partition
PO = (ABCDEF), we will get P1 = (ABCDF )(E) because only 1n state £ we get output 1.
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Thereafter, states D, C and B form independent sets but states A and F are
indistinguishable.

The minimal machine 1s therefore:

NS, Z

i [X=0 [X=1

A B,0 A0

B |BO |CO

C _|DO0 JAQO

D [BO E, 0

E_[DO Al
6. a) Find a reduced grammar equivalent to the grammar (WBUT 2009]
S >ada. A->bBB.B-—>ab . C —>ab.

Answer:
Clearly C 15 a uscless symbol. Eliminating C, we get,
S —sada. A—->bBB. B — ab

Now we replace all occurrences of B on rhs of production using 8 — ab . getting:
S —sada. A—-babab

Now we simularly substitute A, getting
S — a ba ba ba

which 1s the equivalent reduced grammar.

b) Explain the concept of 2-way finite automata. (WBUT 2009]
Answer:

In a onc-way (determimistic) linite automata, after every state transition, the input “head”
moves to the ‘next’ input, 1.€., to the ‘right’. In a two way finite automata, the “head’ can
move cither to the “right” or to the “left”.

More formally:

A 2DFA 1s a quintuple M =(0, Z 0, 4q,, F) where Z 1s a finite set of input symbols,
Q is a finite set of states, g, €() is a “start state” and F < Q is a set of accepting states.
S is a map from Ox» to Ox{L.R}. If 8(g.a)=(p.L), then in state g, scanning
symbol a, the 2DFA enters state p and moves its head “left”, if &(q.,a)=(p.R), the

2DFA enters state p and moves “right”.

A 2DFA accepts a string 1f 1t moves “right” beyond the last symbol, at the same time
entering an accepting state.

It can be proved that if L 1s a language accepted by a 2DFA then L 1s a regular set.
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7. a) What do you mean by k-equivalent states? [WBUT 2009, 2011]
b) Minimize the following machine by partitioning the distinguishable states:

Present i/p=U ilp=1

Sne Next State | olp | Next State | o/p

A E 0 |D |1

B F 0 |[D | 0

C E 0 |B | 1

D F 0 |B | 0

E G 0 |F 1 1

F B 0 |C | 0

G c 1 |H | 0

H A 1 |G | 0
c) Give definition of lossy and lossless machine. [WBUT 2009]
Answer:

a) Two states S, and S of a finite state machine are said to be K equivalent it there

exists No input sequence of length K or less that produces different outputs depending
upon whether S or§ s the initial state.

b) Initial partition £, =(ABCDEFGH)

Partition ol T-disunguishable states = E =(ACENBDF)GIT)

Partition of 2-distinguishable states = P, = (ACKENBDYFNGIT)
Partition of 3-distinguisbable states = P, = None

So, mmimal machine has 5 states.

Letusmap: (AC)—> P (E)—>Q (BD)—> R (F)—Sand (GI)—>T
The minimal machine 1s:

¢) A machine M 1s said to be (information) lossless 1f the knowledge of the imitial state,
the output sequence and the final state 1s sufficient to determine unequally the input
sequence.

A machine that 1s not lossless is said to be lossy.
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8. Draw the merger graph, merger table, compatibility graph and then minimize the

following machine: (WBUT 2009]
Next State, o/p Next State, o/lp |

Frosont siate ilp=0 |ifp=1 |i/lp=2 | i/p=3

A - C, 1 EL11 [B,1

B E, 0 - - -

C F.0 F, 1 - - 1

D - - B,1 |-

£ - F,0 A0 'D, -

| F C,- - B0 |C,1

Answer:
Merger Graph

(AR)(CD) __ (BF)

B C
Merger Tale Compatibility Graph
B | v /{AB} (CF) e (AC)
C [CF | EF (LF) € (RC)
| ~ ! ~ \ (RF)
D | BE (CD) /
E | = v X x (AD)
F | = CLh v x é[B)

A B C D E

From the compatibility graph, we get |(AB), (CD), (EF)} as a closed covering of

compatibles.
Minimal Machine
: NS, 7
oS ip =0 ip=1 p=2 i/p=3
(AB)— « ».,0 Bl 7.l a.l
(CD)— 7.0 7] ) -,
(EF) =7 B.— y,0 a,0 Sl
9. a) What is regular language? [WBUT 2009, 2010, 2018]
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Answer:
A regular language 1s a formal language defined over a finite alphabet such that ever

string in the language can be:

a) Accepted by some NFA/DFA
b) Described by a regular expression
¢) Generated by a Regular (1.e. Type-3) Grammar.

b) Find regular expressions over > =|a.b } for the languages defined as follows:

i) L1 ={a"‘b"‘ ;m>n}

i) L2= {af" b*™' \nz0,mn 20}

iii) L3={b"ab" :m>0,n>0) [WBUT 2009, 2010, 2018]

Answer:

i) Not possible since the language 1s not regular.
ii) (aa)*b(bb)*

i) bb*abb+

c) Find the regular expression for following transition graph. [WBUT 2009, 2010]
OR,

Construct the regular expression corresponding to the state diagram given below:

[WBUT 2013]

Answer:

The state equations are

g, =£+¢q,0+4g,0 A1)
¢ = ¢ +¢.1+4¢, (2)
g, =q,0 (3)
Substituting (3) in (2) we get:
G, =q1+q,(1+01)  _.(4)

We know that if R =0+ RP, then R =0P"
Hence, from (4),
g, =q,1(1+01)* .{5)
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Substituting (3) and (5) in (1)
We get:

g, =£+4q,0+gq,00
=£+¢,(0+1(1+01)*00)
orq, =&(0+1(1+01)*00)*
= (0+1(1+01)*00)*
Which is the RE for the given transition diagram.

10. a) What is information lossless machine? [WBUT 2010]
b) Consider the machine shown in the following table: [(WBUT 2010, 2014)
Next State

Present State :XIO X=1

A | A1 cC,1

B |E,0 | B, 1

| C 'D,0 |A0 |

D |C,0 B,0

E B, 1 A D
Is this machine information lossless of finite order? If yes, find the order p.

Answer:
a) A machine 1s to be (information) lossless 1t the knowledge of the mitial state, the
output scquence, and the final state 1s sulTicient to determine unmiquely the input
sequence.

b) Step I: Check each row of the state table for an appearance ot two 1dentical next-
state entries associated with the same output symbol.

Here (AC) is a compatible pair, since both 4 and C are the output l-successors of A.
Similarly, the pairs (40) and (BC) arc compatible pairs,

Step 2: If no 1dentical entries appear, the next step 1s to construct the output successor
table.

These pairs are used as row headings for the lower part of the testing table. Pairs (4E)
and (DE), which are implied by (BC), arc now made row headings, and so on. Nole
that contrary to the testing procedure for finite output memory, the testing table for
information losslessness does not necessarily include all distinet pairs of states, but only
the compatible ones.
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Testing table of machine M

PS | z=0 z =1

A . (AC)

B E B

L (AD) -

D | (BQ) - ,
E A B

AC - -

AD - -

BC (AE)DE) -

AE - (AB)(BC)

DE (ABYAC) -

AB - (AB)(BC) Testing graph for machine M

The testing graph G of machine M is derived from the lower hall of the testing table.
The testing table does not contain any compatible pair consisting of repeated entries.
So the machine 1s information lossless.

11. Consider the following machine: (WBUT 2010]
Present State IHext StTte
[ b4 2 ls
A | - - |E1 |-
B |C,0 [A1 |BO |-
C C.0 [D,1 |- A 0
D - E.1 |B,- |-
E | B,0 |- |C,- |B,0

I) Draw the merger graph.

ii) Draw the merger table.

Iil) Draw the compatibility graph.

iv) Find the minimal closed covering with justification.
Answer:

Step I: First draw the merger graph of machine.

The set of maximal compatibles derives from the merger graph contain four members and
is given by {(ACD).(BC),(BE).(DE)!}
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Step 2: The compatible pairs and their implied pairs are usually obtained by the merger
graph, and since a set of states is a compatible if and only if every pair of states in that
set is compatible, then for a given , the set of compatible pairs defines uniquely the
entire set of compatibles .

Here from the above merger graph, an arc leads from vertex (4D) to vertex (BE) because
the compatibility of (BE) 1s implied by that ot (4D). No arcs emanate from (4C) since
no other compatible 1s implied by it, and so on,

Step 3: Scleet closed subgraph in the compatible graph.

12. Construct the minimum state automata equivalent to given automata M defined

below: [WBUT 2010]
3 a b
> {, q. q
A 4
*'11 2 Yo
Y4 q;
Qs i [ q:
s I 4 4
L 1 4 Qs
(* g; indicates that q; is the final state)
Answer:
qQ | =
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b

{Q{n‘?-ﬂ}*{QI*-'??}*{QJ}*{‘I‘}’{‘?“} — A l?) B
) ¢y 41 B C E
> A B " D E S : A
D E C

E A k.

13. a) What do you mean by Distinguishable and Indistinguishable state?
[WBUT 2011, 2012, 2016]

swer:
?::ro ;il;tinct states, S1, and S; . of a machine M are distinguishable 1t and only 1f there
cxists at least one finite input sequence which, when applied to M, causes different output
sequences, depending on whether 5, or § is the initial state.
The sequence which distinguishes these states is called a distinguishing scquence of the
pair (S‘,,,Sj )

Il no distinguishing scquence exists for the pair (S 5 ) then the states are said to be

>,
indistinguishable.

The principle of state minimization of a linite statc machine 1s bascd on the principle of
identifying equivalent classes for states which are indistinguishable in the ornginal
machine and then assigning onc state per elass in the reduced machine,

b) Use Myhill Nerode Theorem to minimize the following finite automata:
(WBUT 2011, 2012]

Answer:
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Next we can see that delta (a, 0) = b, and delta (d, 0) = g and (b, g) 1s marked, so, (a, b)
gets marked too. Similarly we can mark,

._gl L

f .

.c .‘H' x

-d -H 4 X

C . x X

| b X i _ X X

-H - 1 -1 X X lx
| a g f e d c | b

In the next round we can find that delta (d, 1) = g and delta (g, 1) = e where, (g, e) 1s
marked. So, (d, ) will be marked. Similarly we can mark

- | -

[ X

¢ X

.d . * x X I

C X X X X

b X x x X

a X X X b X X
h | 2 | e ]d C

Here {a} 1s completely distinguishable state.

Hencee the indistinguishable states arc (¢, g), (I, h), (¢, h), (b, 1, (b, d). This can be refined
to get indistinguishable sets of states as: {e, b, t}, e, g}, {d, h}

We get the minimized DFA as shown in [igure,

14. a) Construct a DFA from the NFA given below:

State/Z /P
0 1
— Qg Qo Qs Q, Q,
| Qs N
| Qs ] e Qy
Q; (Final State) | Q Q
b) Construct A NFA for the regular expression (0+1) 1(0+1). [WBUT 2013]

Answer:
a) DFA from the NFA: Here Null transitions are replaced by New (N) states
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States Input
0 |
| Qo | 1Qu . Qs} 1Qo, Q4
| 101 Qr N
| Qs N Qs
| 1Q0. Q4} 1Qu, Qs} 1Q0. Q4. Oy}
100, Q4) 1Q0, Q3, Q4 [Qa. Q)
| 1Q0, Q3, QO 1Q0, Q3, Q4 1Qa, Qs, O
| 1Q0, Q4, Qff 1Qo, Q5. Qyf 1Q0, Q4, Qpf
The following are the states that have been renamed.
Qo] =S
[Qp, Q3] =A
Q0. Q:, Q¢ =B
[Qo, Q4] =C
[Qo, Qu, Q] =D
[Qs] =F
Q] =G
Q= E

b)

15. Minimize the following machine by applying Myhill-Nerode theorem. [WBUT 2013]

PS NS
X=a =b

A B ‘ E
B C D
Y H |
D () | H
E O F G
F H |
G O H [
H H H
| | [
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Answer:

There 1s no unreachable state in Fig. 1 so we can directly apply Myhill-Nerode theorem
as follows:
Q={4,B.,C.D.E.F.G,H I}

Z{a,b}

Iniuial state = A
F={C.D,F.G)
(Q-F)={A,B,E I
We use an ordered FxF={(C’,D),(C'.,F),{C,G),(D,F),(C,G),{F,G)}
and
(Q-F)x(Q-F)={(4.B).(4.E).(A,H).(4.1).(B.E).(B,H).(B.1),
(E.H)(ET),(H.T);
Transition table will be following:

5/ a
— A

B
*C
*D

E
*F
*G
H

b
E
D
I
H
G
!
/
H
! !

~ T T T ~a N ®
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Step I: Now build the matrix labeling the "p" rows A,B,C ... and labeling the "q" column
A,B,... and put the dashes on the diagonal and below the diagonal

A|B | C |D|E|F |G |H)|I

T QMmN = .
|
|
|
I
|

K2
m |~
[

Step 2: Now mark X at (p, g) in upper triangle such that p in F (Final states) and q in
(Q — F) or (non-final states) as subscnpt ot p 1s lower than the subscript of q or p In
(Q-F)and qinF and p is lower than q.

F=|C,D,F,G|

Q-F={ABEH.]I)
Fx(Q—-F)or(O-F)xF such that p is lower than q.
=HCEN(CH)(CI)(DE)(DH)(DI)(FH)(F.1).(G.I),(G,H),

(4.C).(4.D).(4.F).(4.G).(B.C).(B.D).(B.F).(B.G).(E.F).(E.G)!
Now mark x in the matrix given in Fig: 3.

A|B|C|D|E|F|G|H|I|
A | - x | x x | x
B|l-|~-| x| x X | x
Cl-|-|- X x | x
D|l-|-|-]-]x x | x
E|l-|-1=-1=-|-1]x1x
F — - - —_ —_ — x X
G|l-|-|-1-|-|-|-]|x] x
Hl-|-=-|=-|=-]=|-=-]|=1]-=
Il =-|=1=|<=]|=|=|=1=]=
Fig: 3
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Step 3: Mark 'x" and " 0’ in the matrix:

First we are considering Q — F
Q-F={AB,EH I}, soordered pair of

(Q-F)x(Q~F)={(A.B).(AE).(AH).(A1).(B.E).(B.H).(B.I).(E.H),

(E.1),(11,1))
* Now we will select (p, q) from (Q-F) x (Q-F) and find (r,s) as
r=d&(p,a),s=06(q.a), if (r, s) is X or x then (p, q) will be x. If (r, s) is neither X nor x
then (p, q) will be "0".
— for (4,B),r=0(A,a)=B, s=d(B.,a)=C.

It can be check from matrix in Fig. 3 that (B,C)is * so (A,B) will be x.
— for (4,E).r=06(4,a)=B,s=6(E.a)=F
(B,F) isalso xso (A E) will be x.

— for (4,.H).r=06(4A.H)=B.5s=6(H.a)=H
(B,17) is not * butitis x so (A, /7) will be x,
— for (4.1),r=6(4.a)=B,s=06(1.,a)=1
(B.I) is not < butitis x so (4,7) will be x.

— for (B,H),r=5(B,a)=C,s=8(H,a)=H
(C,H) is xso (B,H) will be x.

— for (B,1),r=38(B,a)=C,s=8(1,a)=1
(C.1) is x so (B,1) will be x.

— for (E,H),r=8(E,a)=F,s=5(H,a)=H
(F.H) is x so (E,H) will be x.

— for (E,1),r=8(FE,a)=F,s=8(1,a)=1
(F.1) 1s xso (E,1) will be x.

—for (H,1),r=8(H,a)=H,s=5(1,a)=1
(H.I) is neither x nor x so (H,1) will be "0".
Now consider F =|C,D,F,G)

Ordered pair of F x F ={(C,D),(C,F).(C,G).(D,F),(D,G).(F.G)}
— for (C,D),r=06(C,a)=H,s=6(D,a)=1
(H,I) is neither x nor x so (C,D) will be "0".
— for (C,F),r=6(C,a)=H,s=6(F.,a)=H
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(H.H) is dash so (C,F) will be "0".

— for (C,G),r=6(C,a)=H,s=5(G,a)=H

(H,H) 1s dash so (C,G) is"0".

— for (D,F),r=6(D,a)=1,s=6(F,a)=1

(1,H ) 1s dash so check (H,7), it is also neither * nor x so (D,F) is "0" entry.
— for (D,G),r=6(D,a)=1,5s=6(G,a)=1

(D,G) 1s also "0" entry.

— for (F,G),r=08(F,a)=H,s=6(G,a)=11

(1,1 is dash so (F,G) will be "0" entry.

Rest of the entries 1n upper tnangle will be "0". Now fill the “"x" and "0" in matrnx given
in Fig. 3.

| lalB|c|D[E[F|G|H]I
Al - x| x| x|x|x|x|x|x
Bl -|-|x|x|0|x|x|x|x
Cl=-1=-1-=-10]x 00| x| x
D|-|-|-]-]x[0]0]x|x
Fl-|-|—-|-|—-|*|x]|x]|x
Fl-|-|-]1=-|=-1-10]x]x
Gl-|-|-|-|-]-|-]|x]|x
H|l-|-|-|-|-|-1-1-10
Lef-f-J-f-J-J-f-f-|-
Fig: 4

The 0" at (B, E)means (B, E) is a state in minimum machine.
So 1if resulting minimum machine 1s M= (Q’,Z' Lo A F'J

O =({A},{B,E}.{C.D,F,G},{H,I})
F'=({C.D,F,G))

A=A
Now consider Fig. 1 (given DFA) and draw the transition table for minimum machine as

5((4}.a)={B.E]
Since §(A,a)=8 ingiven DFA, B is in {5 £} state of minimized machinery on the same
way, the transition table for M” 1s

FAT-74



5y a h I

>4 \B.E} \B.E]

|B.E) |C,D,F,G} | |C,D,F,G|
*|C,D,F,G] {H,1} \H 1|

{H,I} {\H,I} {H, 1]

So minimized machine 1s

{ A) - M
(B,E] - N
(C.D.F.G! - P
{H.I| - R

Fig: S Minimized DFA

16. Using Pumping lemma prove that L = {{a”li = 1} is not regular. Construct Finite

Automata equivalent to the Regular Expression.

L=ab(aa+bb)(a+b)*b. [WBUT 2014]
Answer:
Supposc [. in regular and we get a contradiction. Let n be the number of states in FA

accepting L.
Let w=a" . Then ‘ w| =n' >n by pumping lemma we can write

w=xyz with |.1}‘ <nmand |y|>0

Consider x}*jz*‘x};:lﬂx +3|y|+|z]>|x|+|»|+]| 2]

as | y|>0. This means n’ =|xyz |=|x +‘y\+‘:‘-«:|xy‘:

as | xy|<n,|y|<n. Therefore

‘.ty":: =|x|+3|y|+|z|€n" +n
Le., n"<‘:¢y’:‘§n’+n5n’+3nl+3n+l

strictly lies between n’ and (n+ l)‘i but 1t 1s not equal to any one of them.

Hence, ‘ xy'z

Thus ‘xy’:‘ in not perfect case and so xy'z ¢ L. But by pumping lemma xy'z e L. This

1S a contradiction.
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17. Convert the following Mealy machine to equivalent Moore machine.

I/P=0 I/P=1
PresentState  NextState | O/P | Next State | O/
q0 | q1 1 | 92 | 1
q1 | g3 0 | q0 1
q2 | g4 0 | g3 | 1
q3 q1 0 q4 0
g4 | 92 1 | 94 | 0
[WBUT 2014, 2017, 2019]
Answer:
State Output
dy !
q, 0, 1
q; 0, 1
g, 0
9 0, 1
State Redesignated
State Output Redesignated
qp 1 4y
QI ﬂ- I ‘?m ? ql |
q, 0,1 R £
q, 0 q,
q-l 0= l Q-ln ) Q-II
Moore Machine Table _
Present State | Next State | Output
x=1) x=1 _
qq G 41 | l
ql" | q_i ‘?n l 0
q q; 4, _ l
v _ 4w d, | 0
45 44 q; | !
q, _ 40 q 40 - 0
44 q: q4 _ 0
q.4 q1 410 I
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18. Find equivalent partitions and minimize the following Finite State Machine.

NS, z
PS =0 x=1
A |BD0 H, 1
B [C0 G, 1
C B, 0 F, 1
D F, 1 C, 1
E B, 1 C 1
F |B1 B, 1
G C.1 B, 1
H D, 1 A, 1
[WBUT 2014]
Minimize the following incompletely specified machine. (WBUT 2014, 2017]
NS, z
PS
| I Iz F
A A 1 D, C,
‘B |A_ b [E_
 C E,0 | A1 | o
o & AT [
E E,0 g C, _
Answer:
1% Part:

Equivalence partitions are
Py, = (ABCDEFGH)
P, = ((ABC) (DEFGH))
P, = ((ABC) ((DH) (EFG)))
P; = (((A) (BC)) (D) (H)) (EFG)))
Py = (((A) (BC)) (((D) (H)) (EFG)))

Minimization: We know that equivalent partition 1s unique.

So, P: = (((A) (BC)) (((D) (H)) (EFG))) 1s the unique combination. Here, every single set
represents one state of the mimimized machine,

Let us rename these partitions for simplification.

Rename (A) as Sy, (BC) as S;, (D) as Ss, (H) as Sy and (EFG) as Ss(A) with input 0 goes
to (B) and so there will be a transaction from S, to S; with input 0. (A) with mput | goes
to (H) and so there will be a transaction from S, to Sy with input 1. (BC) with input 0
goes to (BC) for mnput 0. There will be a transaction from S; to S; for mput 0. (BC) with
input 1 goes to (FG). There will be a transaction from S; to S5 for input 1.

By this process, the whole table of the minimized machine is constructed.
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The minimized machine becomes

Next State, z

Present State X=0 X =
Si(A) 5, () Se, |
S:(BC) Ss, () Ss, |
SiD) Ss, | Sa,
S4H) Ss, | Si,
S{EFG) S,, | S,

2™ Part:
re =(ABCDE)

P, = (AB)(CDE)

This 1s the final partition.
Hence minimized machine 1s:

NS, Z
_ e I, 1 [T,
S =(AB) S5, 1 S, — _ Sy, —
S; - (CDE) S;, U S]._. l S;, —
19. Consider the following state table
Present state | Next state, output
1 12
Iy | E, 0 B,0
B | F,0 A, 0
C | E, - C,0
D | F, 1 D,0
| E | C, 1 C,0
F | D, - B, 0 |
a) Draw the merger graph. b) Draw the merger table.
c) Draw the compatibility graph.
d) Find the minimal machine which covers that machine. (WBUT 2015)
Answer:
a)

(EF) _CF }I
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b), ¢) & d) Refer to Question No. 10(b) of Long Answer Type Questions.

20. Consider the N.F.A given by the following diagram (WBUT 2015)

':l.b
_o>—&

Find the equivalent D.F.A without e-transition.

Answer:
State | a [ b
Qo | Q] | &
Q, | 1Qy) | 1Q, Q,)
1Q1, Qy) | 1O} 1Q1, Qy, Q4
1Q1, Q2, Q1 1 Qi) 1Q1, Q2. Qs

So the equivalent DF A, 1s

21. Using Pumping lemma prove that [ = {a"’b" n=z l} Is not regular. [WBUT 2017]

Answer:

At first, we assume that L 1s regular and n 1s the number of states.

letw=ab'. Thus lw|=2i>1.

By pumping lemma, let w = xyz, where |xy| = 1.

letx=a" y=a" and z=a'b’, wherep+q+r=np#0,q#0,r#£0. Thus |y| #0.
Letk =2. Then xy'z=a"a""a'b'".

Numberofa=(p+2q+r)=(p+tq+r)+q=n+gqg
Hence, xy'z=a""b'. Since q # 0, xy"z is not of the form a'b"
Thus, xy"z1s not in L. Hence L 1s not regular.

22. State and prove Arden’s theorem in regular expression. [WBUT 2017]

OR,
State and prove Erden’s Theorem. (WBUT 2018]
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Answer:

In order to find out a regular expression of a Finite Automaton, we use Arden’s Theorem
along with the properties of regular expressions.

Statement —

Let P and Q be two regular expressions.

It P does not contain null string, then R = Q + RP has a unique solution that 1s R = QP*
Proof -

R=0Q +(Q + RP)P | After putting the value R = Q + RP|

=Q+ QP+ RPP

When we put the value of R recursively again and again, we get the following equation —
R=Q+QP+QP +QP . .

R=Q(+P+P'+P'+_...)

R=0QP* [As P* represents (e +P+P2+P3+ )]

Hence, proved.

23. Construct Finite Automata equivalent to the Regular Expression
L=ab(a b)(ab)*b. (WBUT 2017]

Answer:

Answer:
Using Arden’s theorem —
R=0+RP, R=0P*

". Here,
¢, =¢+¢,0+q,0+gq,0
4, =q,1+q,1+¢q,1
q; =4q,0
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4, = q,]

g, =€+4,0+q,0+gq,
9o = 4ol +q,1+4q,]

4o = Gl + ;11 +¢g,1
Go = Gp1 +¢,011+¢g,]
[ =‘hl+‘fu(]+0“)
g, =q1(1+011)*

g, =&+q,0+q,0+g,

g, =€+q,10+q,0+gq,
q,=¢+4q,010+¢,00 +gq,

g, =&+q1(1+011)*010+¢,1(1+011)*00 + g,

g =¢+q,(1(1+011)*010+1(1+011)*00 + £)

g, =&(1(1+011)*010+1(1+011)*00+ £) *

g, =(1+(1+011)*010+1(1+011)*00)*

g, = g1 =¢,01=¢,1(1+011)*01
=(1(1+011)*010+ 11+ 011)*00)*1(1+ 011)*01

~. Final regular expression:

(g, +a)=((1+(1+011)*010+1(1+011)*00)*1(1+011)*) (£ +01)

RV

L R U R P

25. Design an NFA which accepts set of all binary strings containing 1100 or 1010
as substrings. (WBUT 2018]

Answer:
. ANFA over £={0,1}" with 1100 or 1010 as substring.
. Regular expression:

(0+1) 1100(0+1) +(0+1) 1010(0+1)

(UH)‘ 1n+|)'

{(}+|}' {{}+l)‘

On0,L0L0LON0L®
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M/C: (0+1) 1100(0+1) +(0+1) 1010(0+1)

26. Construct a minimum state automata equivalent to a given automata M which

transition table is given below: | (WBUT 2018]
State .—:P"' ; |
| _I"?l}'l | qu ‘?1
q | 49: qs ]
q, E d,
4, | 9o qs
2 | 4, 2 |
q | 9 e
qs q 4,
Answer:
State l:Pm b
_}qﬂ | q" 1 ‘?a
4 49> s
4, | 95 | 94
q; | 9o | 95
q4 | 9o | 9s
q5 | 9 | 94
s | 9 | 95

. Partition algorithm 1s apphed —
Po=(% 4 9. 9 9. 4 q,)

PL=P,
As, here not any state has same outputs and also no same state transition.
So, the given m/c 1s itself the mimimized one.

27. Construct the merger table, merger graph, compatibility graph and minimal

machine for the following Machine: [WBUT 2018]
PS | NS, 2 |
L | 12
A E, 0 B,0
B F,0 A0
C |E, - X
D F, 1 D,O
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E | C, 1
F D, -

[c,0
B, 0

Answer:
Refer to Question No. 8(a), (b), (c) & (d) of Long Answer Type Questions.

28. Construct testing table, testing graph for the following machine and test

whether it has finite memory or Not, if yes then find the order. [WBUT 2018]
PS NS, z
_I=0 x=1
A ' B,0 D, 0
B |C,0 C,0
C _ D,0 A0
D | D,0 A, 1
Answer:
. NS.z
PS x=10) x=1
A B.0 D. 0O
B C.0 C.0
C .0 A0
1) D, 0 A, l
Testing Table:
PS 0/0 0/1 1/0 1/1
A | B - | D _
B | C | - C -
C | D - A —
D | D - ' - A
(AB) | (BC) - | (b -
(AC) (BD) - (AD) N
(AD) (BD) - - -
(BC) (CD) - (AC) -
(BD) (CD) - - —
(CD) ) ) )

(discarded)
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Testing Graph:

.. Here, 1n this testing graph, 3 no loop so, we can say 1t 1s a linite memory machine.
S Order ()= Maximum length path (£) + ]

. Here,
(4B — BC — AC — AD — BD — CD)
T
max. path length 15 6
pu=6+1=17
29. Construct the minimum state automation equivalent to given automata \f
defined below: _ BUT 2019]
Present State . Mot P
| a=0 | a=1
— QM‘ Q‘\ Ql
0, 0, Os
0, 0, O,
0, 0; O,
QS Qﬁ Ql
O, 0, O
0, 0, O

where (), in the final state.
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Answer:

Next State
Present State e -—
-0, 0. 0
0 0. 0.
() 0. 0,
0. 0. 0.
0. 0, 0.
0 0 0.
0 0. 0
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CONTEXT FREE LANGUAGES

# Chapter at a Glance

Context—Free Languages (CFI1.'s) played a central in role natural languages since the 1950°s, and
in compilers since the 1960°s.

Context-Free Grammars (CFG's) are the basis of BNF-syntax. Today CFI.'s are increasingly
important for XMI. and their DTD’s.

The Language of Grammar:

Il G(l",T _P.S) 1s a CFG, then the language ol G 1s I,({}) = {m e T - S§—= ml 1.¢. the set ol
-
strings over T derivable [rom the start symbol. II'G is a CFG, we call L(G) a context -free

language.

Parse Trees: Parsc lrees are an allernative representation o derivations and recursive
mlerences. There can be several parse trees lor the same sinng.

Ideally there should be only be only one parse tree for each string. i1.e. the language should be
unambiguous

Unlortunately, we cannot always remove the ambiguity.

Ambiguity in Grammar/ Languages:

Let G= V,T.P.S ) be a CFG. We say that G 1s ambiguous 1s there 1s a string 1n T# that has more
than one parse tree.

If every string in L{G) has at most one parse tree, (i 15 said to be unambiguous,

Chomsky Normal Form:

We want to show that every CFL (without £) is generated by a CFG where all productions are of
the form

A— BC,ord > a.
Where and are vanables, and 1s a Terminal. This 1s called CNF, and to get there we have to.

Eliminate useless symbols, those that do not appear in any derivation §— . for start symbol §

and terminal @.
Eliminate & productions, that is, productions of
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The form A — &.
Eliminate unit productions, that is, productions of the for 4 — B, where 4 and B are

varables.

Greibach Normal Form:

A Context Free Grammar 1s said o be in Greibach Normal Form 1l each rule in the grammar has
one of the following [orms.

. A—> aAAd, ... A

2. A> a WHERE A A eV,,i=L2....... nanda e )

Il € belongs 1o the language of the grammar, the rule A4 — £ (where S 1s the start symbol) is
also permitted.

Greibach's Theorem: Every Context Free language can be gener- ated by a Context Free
Grammar which 1s 1n Greibach Normal Form GNF.

The above theorem imphies that given a grammar G (which gencrates the language L(G), the
grammar can be converled w0 an equivalent grammar ¢° which 18 1n GNF such that
L(G')=L(G).

Multiple Choice Type Questions

1. A grammar in CNF may contain productions like [WBUT 2007]
a) A8 b) 4 BC c) A—>abB d) 4> aBCD

Answer: (b)

2. L=la"b"c",wherenel} is [WBUT 2009]
a) regular b) context free but not reqular

c) context sensitive but not context free d) none of these
Answer: (¢)

3. Which of the following productions is in CNF? (WBUT 2009]
a) S —ad b) S4— AS c) S—> AB d) All of these

Answer: (¢)

4. Which is more suitable for an Ambiguous Grammar? (WBUT 2009]

a) All ambiguities can be removed

b) Ambiguity can be removed by setting priority

c) Only inherent ambiguity can be removed

d) There is no suitable rule for removing ambiguity

Answer: (¢)

5. The class of CFG is not closed under (WBUT 2011]
a) concatenation b) intersection
C) union d) repeated concatenation
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Answer: (b)
6. Consider the CFG (WBUT 2011]
X —-XY
X—-=zX/bX/a
Y—>Ya/Yb/h
Any string of terminals, which can be generated by the CFG
a) has at leastone b b) ends with a
c) has no consecutive a's or b’s d) has at least 2 a’s
Answer: (d)
7. A grammar that produces more than one parse tree for some sentence is said to
be (WBUT 2011, 2019])
a) contiguous b) ambiguous c) unambiguous d) regular
Answer: (b)
8. ACFG, S »>aS/bS/alb,is equivalent to [WBUT 2011]
a) (a+h) b) (a+b)(a+b) c) (a+h) (a+h) d) all of these
Answer: (b)
9. (P+Q) =" [WBUT 2012]
a) (P +Q) b) P+ 0 c) (P Q) d) both (a) and (c)
Answer: (d)
10. Which of the following production is in CNF? [WBUT 2013)
a)S 7 aA b) SA 7 AS c)S 7 AB d) All of these
Answer: (¢)

11. Consider the following language: L= {a“b“c"’d nz l}

Lis [WBUT 2013]
a) CFL but not regular b) CSL but not CFL
c) Regular d) Type 0 language but not type 1
Answer: (b)

12. Consider the grammar S — aSAb/e

A — bAle o
The grammar generates the strings of the form a'b’ for some i, j20. What is the
conditions of the values of i and |? [WBUT 2014, 2015]
a)i=| b)j=2i c)j22i dis)

Answer: (d)

13. Which of the following common in both CNF & GNF? [WBUT 2014, 2015, 2017]
a) (NT) — (Single T) (String of NT) b) (NT) — (Single of exactly two NT)
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c) (NT) — (String of NT) d) (NT) — (Single T)
Answer: (d)

14. Consider the languages:

L= { (W \u--' € 0.1} %

L= : W#W" (0,1} *] , where # is a special symbol

L, ={{WW|W e1{0,1}*|

Which one of the following is true? [WBUT 2014, 2015, 2017]
a) /., is a deterministic CFL b) /., is a deterministic CFL

c) L.is a CFL, but not a deterministic CFL
d) L,is a deterministic CFL

Answer: (b)

15. A context free grammar is not closed under (WBUT 2016]
a) Product b) Union
c) Complementation d) Kleen star

Answer: (¢)

16. Context sensitive grammar can be recognized by (WBUT 2016]
a) deterministic push down machine
b) non-deterministic push down machine
c) FSM
d) linearly bounded memory machine
Answer: (d)

17. Which of the following is most general phase structured grammar?

a) Regular b) Context sensitive [WBUT 2016]
c) PDA d) none of these

Answer: (b)

18.CFL is language. (WBUT 2018]
a) Type 0 b) Type 1 c) Type 2 d) Type 3

Answer: (¢)

Short Answer Type Questions

1. Convert the following context free grammar into an equivalent grammar in CNF:
S — adbB

A—>abAB/aAA/la (WBUT 2006, 2007, 2010, 2019]

B — bBaA/aBB/b
Answer:
Let us assume that a and b may be represented as C and D respectively.
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So, the products are as follows:-
S—CABD

A—CDABI|CAA|a
B—DBCA|CBBb

(C—a

D—b

et us assume that AA be E, BB be F, CA be G and DB be H. So the productions are:-
S—GH

A—GH

B—GH

C—a

D—b

E—AA

F—BB

G—CA

H—BD

2. a) What do you mean by a sub-tree of a derivation tree? [WBUT 2008]
Answer:

A subtree of a denivation tree 18 a partial derivation tree such that, for any node ol the
subtree, either all of 1ts children are also in the subtree, or none ot them are.

b) Consider G whose productions are S—aAS/a, A—SbA/SS/ba. Show that
S—aabbaa by constructing a derivation tree, by right most derivation, whose yield
is aabbaa. . (WBUT 2008]

Answer: -

S—raAS a S
—aSbAS yd T\\a
—aabAS S A

—vaabba$ Vs N,

—aabbaa (proved).

3. Reduce the following grammars to GNF: [WBUT 2008]
S—A0, A—0B, B—0A, B—1

Answer:

As 1L 1s already in GNF form, so there 1s no requirement for converting it into GNF,

4. Write the CFG for the language [WBUT 2008, 2012]
L={0"1'2* | i=j or j=k).

Answer:

S—ABB

A —0A|0

B—1B2/12
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5. Let G be a grammar [WBUT 2009, 2010]
s—>0B|14,4->0|0S|144,B 1|15 |0BB.

For the string 00110101, find
i) leftmost derivation
ii) rightmost derivation
iii) derivation tree
OR,
Convert the following Context-free grammar into an equivalent grammar in CNF
SolA/08

A—144/05/0

B—=08B/15/1 [WBUT 2011]
Answer:

1) S >08=0088 =0018=00115 = 001108 = 0011018
= 00110108 = 00110101

1) S=08=0088=00815=008108= 0081015
= 00810108 = 00810101 = 00110101
O 13
71N,
I /\
¢ 1 T
/\,
0
/\
IS
/ \
0o B

6. Let G be the grammar (WBUT 2011]
S—oaB/ba, A—>al/aS/bAA. B—>b/bS/aBB

For the string aaabbabbba , find
a) leftmost derivation
b) rightmost derivation

C) parse tree.
Answer:

a) S=aB = aaBB = aaa BBB = aaabBB = aaabbSB
—> aaabba BB = aaabbabB = aaabbabb§ = aaabbabbba
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b) S =aB = aaBB = aaBb§ => aaBbba => aaaB Bbba
=> aaaBbSbba = aaaBbaBbba => aaaBbabbba = aaabbabbba

¢) .
7\

AN,

s
: H/\Bb /\il
N

b I/ \H
|

o]

7. What is Griebach Normal Form (GNF) for Context Free grammar?
Convert the following grammar into GNF [WBUT 2011, 2012, 2016)
S—ABb/a

A—>aaAd'B
B—hbAb

Answer:
A Context Free Grammar 1s said to be in Greibach Normal Form 1f each rule mn the
grammar has onc¢ ol the following forms:

I. 45 a4 4, ... 4

2. 4> a
where, ;4 eV, i=12..... nanda e X

If £ belongs to the language of the grammar, the rule 4 — g (where § i1s the start
symbol) 1s also permitted.

Greibach’s Theorem: LEvery Context Free Language can be gener- ated by a Context
Free Grammar which 1s 1in Greibach Normal Form GNF-.

The above theorem implies that given a grammar G (which generates the language L(G),
the grammar can be converted to an equivalent grammar G’ which i1s in GNF such that
L(G")=L(G)

For Step-0, we need to add a rule Y — b . So we start the main process of conversion of
the grammar to GNF with the rules:

S - ABY|a
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A—raa,ﬂﬁ
B - bBY
Y = b

There 1s no immediate left recurstion in the grammar.
We select the order S, 4, B.Y . Clearly there 1s no need for nonterminal substitution.

So, the final grammar in GNF is:
Y b

B — bBY
A —> aad|bBY

S — aaBY|bBY BY|a

8. Find a GNF grammar equivalent to the following CFG: [WBUT 2012]
A — A A,

A, —> A4A4\b
A, — AA\a

Answer:
Given:

A — A A,
A, > A A D
A > A4AAla

The grammar 1s already in CNF.
Round-1
A — AA,

A, — AA,A|ad|b
A, = A A,

a

Round-2
A = A Ay A Ay ad, Ay | bA,

But this requires removal of left recursion
A —> aA A,Z|bA,Z \ad, A |bA,
Z > AA,AAZ|A A, A A,
Ay = A Ay A)|aA b
A, > A A,

a
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Round-3
A - aA A, Z |bA,Z |aA, A, |bA,
Z = aA A, ZA, A AZ)
bA,ZA, A A, Z|
aA A, A, A A7)
bA, A, A AZ
ad, A, ZA Ay A A,
bA,ZA, A 4|
aA A, A, A A,
bA, A, A A,|
Ay = aA A ZA A |bA,ZA A |
ad A, A, 4,|bA, 4, 4, |ad |b
Ay = aA A7 A, |bA,ZA|aA A, A,
The grammar 1s now in GNF,

bhA, A, |a

9. Find the Context Free Grammar for the following language .- |a"h™"c™ -n,m >= 0.
(WBUT 2013]

Answer:

Letus assume CFG=G=(V_,V,, P, S)

V. ={§, 4, B}, non terminals

V. =1a,b,c}, terminals
P (production rule) is defined as follows:
S—> AB
A—> adbb/e
B—c¢Ble

10. Construct grammar of the following.
a) Construct the grammar for the language aitbmcn, where 1+m=n [(WBUT 2014]
b) all even integers up to 998. [WBUT 2014, 2017]

Answer:
a) S -> aAc ; A->bBclaAc| epsilon; B->bBcl|epsilon

b) S==AB|AAB|02/4/6/8; A-=0[1]2(3/4/5/6/7/8/9;: B->0|2|4|6/8

11. Convert the following grammar into GNF.
S —+ AAla
A - SS/b [WBUT 2014, 2017]
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Answer:
S — AAla
A—-SS|b

A— AAS aS | b
A—aSZ|bZ|aS|b

L—ASZ | epsilon

So the GNF

S — aSZA |bZA |aSA |bA |a
A—aSZ|bZ|aS|b

Z — aSZSZ | bZSZ | aSSZ | bSZ

12. a) What is parse tree?

[WBUT 2015]

b) Consider the CFG

S-> aaB
A->bBb/ ¢
B-> Aa

Find the Parse tree for the string aabbababa.

Answer:

a) A parsc tree 18 an entity which represents the structure of the derivation of a terminal
string from some non-terminal (not necessanly the start symbol). The definition 1s as n

the book. Key features to define are the root € V and yield € =7 of cach tree.

b)

For cach o € 3, there 1s a tree with root o and no children; its vicld 1s o

For cach rulc 2 — £, there 1s a tree with root 2 and onc child =; its yicld 1s =
Irt,,t,, .., t.arc parsc ftrces with roots ry, r.,, .., r.and respective
yields v, v, ..., ve,and 2 - r,r....r.1sa production, then there 1s a parse
trecc with root & whose children arc £, t., ..., t.. Its root 1s & and 1ts yicld

1S ViVse « « ¥n
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13. Let (- be thegrammar S — aB |ba, B —+ b | bS | aBB. [WBUT 2016]
For the string aaabbabbba find:

i) left most derivation

i) rightmost derivation

iii) parse tree
Answer:

i) S — aB — aaBB — aaaBBB— aaabbB_— aaabbaBB— aaabbabB— aaabbabbS —
aaabbabbba

WS =aB = aaBB = aaBbS = aaBbba = aaaB Bbba
—>aaaBbShba = aaaBba Bbba —> aaa Bbabbba — aaabbabbba

7\
AN
,/’R \\5
. H/\Uh /\a
¢
" /\
|

b

14. What do you mean by unit production? Remove unit productions from the
grammar

S4B, A—»a,B->C,C->D,D->b. [WBUT 2017]
Answer:
1* Part:
A unit production 1s a production 4 — B where both A and B are non-terminals. Unit
productions are redundant and hence should be removed.
Repeat the tollowing steps while there 1s a unit production

1. Select a unit production 4 — B, such that there exist a production B — a , where

@18 a terminal
2. For every non-unit production, B — a repeat the following step
|. Add production 4 — @ to the grammar
3. Eliminate 4 — B from the grammar

2" Part:

There are 2 unit productions in the grammar —
B—-C

C—-D
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For production C — Dthere isD — b, so we add C — b and delete C — D from the
grammar. Now we have B — C, so we add a production B - b and remove B — C from
the grammar.

Now we get the final grammar free of unit production as —

S —> AB

A—>a

B—>b

Cob

Now we can see that C 1s an unreachable symbol and so to get a completely reduced
grammar, we remove C from the CFG. Thus the final CFG s —

S —> AB

A—>a

B—b

15. Construct grammar of the following:

For the language a"h" , where n >= (). [WBUT 2017]
Answer:

L(G) = |ab, aabb, aaabbb, .....}

G={N,T,PS,}

N= {5,A,B]

T= {ab}

S, = starting symbol = §

P=S—>ad, A—>ad|bB., B> bB|¢

16. Define Left Linear and Right linear grammar. Construct grammar for the
following FA: [WBUT 2017]

Answer:
1" Part:
Left Linear Grammar: In a grammar, 1f all productions are in the form —

A->Baor A—->a, where A, Bely and aez*, then the grammar 1s called Lefl
Linear Grammar. Example: 4 — Aa|Bb|b
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Right Linear Grammar: In a grammar, if all productions are in the form -
A—>aBor A—>a, where A, Belv and « EZ"', then the grammar 1s called Right

Linear Grammar. Example: 4 —>ad|bB b

2™ Part:

The grammar G can be formally wnitten as a 4-tuple (N, T, S,, P) where -

N = {S,A_B,C}; N 1s a set of vanables or non-terminal symbols

T = {ab}; T 1s a set of terminal symbols

S, = Starting Symbol (S)

P = Production rules for terminals and non-terminals —§ - ad|bS, 4—aC|bB,

B—aS|bC, C—>e¢.

17. Remove the UNIT productions from the following grammar: [WBUT 2018]
S—>A4a|B
B— A|bb
A—al|bc|B

Answer:
Remove unit production,

S— A4a|B
B— A|bb
A—al|bc|B
= Here, three unit productions are present
S—>B, A58, B> A

S — Aa| A|bb

B—albc

A—>albc| A bb
So, B—albc|bb We can remove the void
S — Aa|a|bc|bb production 8 — B

A—albc|a|bc|bb

*. Final productions are — ¢, . productions

B—a|bc|bb can be removed.
S Aa|a|bc|bb (Ans.)
A—a|bc|bb
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18. Write the CFG for the language /. = {{}‘ V2 li=jor j= k} . [WBUT 2019]
Answer:
We can think of L as umon of two languages

L=L UL,

where L ={0'V2"|i=j} and L, ={0'V2", i=k]|

We can create simple grammars for the separate languages and union them:
S8 |8,

For L, . We simply ensure that the number of 0’s equal the number of 1's.
S —>382|4\¢
A—=>0A11 ¢

Similarly for ensuring that the number of 1’s equals the number of 2°s
S,—08, B¢
B—>182¢

This grammar 1s ambiguous. For x=0"1"2", we may use either §, or §, to generate x.

1. a) Let G be the grammar [WBUT 2006, 2009]
S—>aB/bA
A -5 alaS/bAA
B->b/bS/aBB
Find left most derivation for the string aaabbabbba.
a) leftmost derivation
b) rightmost derivation
C) parse tree.
Answer:
[ ¢t us number the rules
(1) § > aB
(2) S > bA
3) A—>a
(4) 4 —>aS
(5) A— bAA
(6) B—>b
(7) B—>bS
(8) B—aBB
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a) The left-most derivation (With = labeled with rule number) is:

O ® ©

S>aB—>aaBB—=aaBBB=—=aabBB
-

@

—> aaa bbabb S = aaa bba bbb A = aaabb a bbb a

aaabbSB=—>aaabbaBB=aaabbabB

b) S =aB = aaBB = aaBb§ = aaBbba = aaaB Bbba
= aaaBbSbba = aaaBba Bbba = aaaBbabbba = aaabbabbba

c) a/s\
/\\
S
/\
\

h

/\

2. a) E—E+E|E*E|a. Prove that the CFG with this production rule is ambiguous.
Remove the ambiguity from this grammar. (WBUT 2008, 2019]
Answer:

b) S—AB; A—a, B—C/b, C—D; D—E, E—a.
remove the unit production.
L={a" b" In2 0).Find a CFG to generate L°. (WBUT 2008]
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Answer:

Here unit productions are:

B—C,

C—D,

D—E,

And original non-unit productions are:-
S—AB,

A—a,

B—b,

E—a.

Next right side of all unit production replace only terminal symbol so the productions are
S—AB,

A—a,

B—b,

E—a.

Then the complete productions arc:-
S—AB,

A—a,

B—a|b,

F—a.

Supposew—a" b" € L.

Then awb=a""'b"" €L

Hencee required CFG is:

S— awb| £

3. a) Convert grammars to Greibach Normal Form (GNF). [(WBUT 2009]
) S—aSa|aSh|e
i) S—aSB|aShS |
Answer:
Strictly speaking, none of the given grammars can be converted to GNF since £ belongs
to the languages of both the grammars. However, we continue by ignoring the § — &
productions and adding 1t to the converted grammar.
i) The converted grammar in GNF 1s
S — adA
S —aSB

S—¢

A—a
B—b
i) The given grammar 1s incomplete since there are NO B productions given.

b) Find a reduced grammar equivalent to the grammar [(WBUT 2009, 2014, 2017]
S—ada. A—->bBB.B—ab,C —abB.
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Answer:
Clearly C 1s a useless symbol. Eliminating C, we get,
S —>ada, A—>bBB, B— ab

Now we replace all occurrences of B on rhs of production using B — ab, getting:
S s> ada, A—> babab

Now we simularly substitute A, getting
S — a ba ba ba

which is the equivalent reduced grammar,

4. a) Construct CFG for the following: [WBUT 2013, 2016]
i) Palindrome for binary numbers

i) L= {a"b“c"‘d"‘ m, n > 0}
iil) L=1a"h" |n+m)|

b) Convert the following grammar to CNF

S—ad/B/Cla

A—>aB/E

B —ad

C—cCD

D — abd [WBUT 2013]
c) Define non-generating and non-reachable symbols with example. [WBUT 2013]
Answer:

a) i) Consider /1., = {wc 3 iw= wR}

For example otto € I,

In finish language e.g. saippuakauppias €L, (“soap- merchant™)

madamimadam e L, .

Let ¥=1{0,1} and suppose L, were regular.

[et n be given by the pumping lemma. Then 0710% € L, In reading 0% the FA must
make a loop. Omut the loop: contradiction.

Let’s define L, inductively:

Basis: ¢,0,and 1 are palindromes.

Induction: 1If w 1s a palindrome, so are Ow( and Iwl.
Circumscniption: Nothing else 1s a palindrome.

CFG'’s is a formal mechanism for definitions such as the one for L

1. P - ¢
2. P - 0
3. P - 1
4. P — 0P0
5. P - 1PI
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0 and | are terminals

P i1s a vaniable (or nonterminal, or syntactic category)
P is in this grammar also the start symbol.
1-5 are productions (or rules)

ii) A CFL L 1s inherently ambiguous 1if all grammars for L are ambiguous.
Example: Consider, I. = {a"b”c“d"‘ nzlmz I} U {a”b‘“c’“d" n=lmz= l}..

A grammar for L 1s

S —  AB|IC

A — adblab

B — c¢Bd|cd

C - aCdlaDd )

D — bDc |bc I
[.ct’s look at parsing the string aabbeedd. C

S /J\d

/N 1N

A B i

SN 7N 2z
N 7N N\

From this we see that there are two leftmost denvations:
S ? AB?: MbB?aabbBi}aabchd ? aabbcedd And

A ? C i} aCd ? aalDdd ? aabDcdd ? aabbccdd

It can be shown that every grammar for L behaves like the one above. The language L 1s
inherently ambiguous.

iii) CFG for the following 1s given below:
L= {a"b"’ n# m}
If n+# m,then two cases are possible

Case - 1
n>m

L,={a"b":n:v-m}
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If G, be the CFG for L, language
GJ o (I":I, V; .l, P.-: S.J)
Vi=1s, 45"

V' =la,b)
Productions  P* are
S* > A4S,
S, —aSh/e
A—>adla
Case -2
n<m

L, = [0"1” :n{m}

If G, be the CFG for 1,
G, =(n".v". P s")
VE=1s%S,, B|

/2 -~ {a,b)
P® arc
§*—>S.B
S, >aS.b/e
B— bB/b
“. By combining (G, & G, ) we can write CFG for the above.

S — S§*/S® where § is the start symbol.

b)S sad/B/C/a
A—>aB/ E
B — aA
C—-cCD
D — abd

CNF— §>CA/C,B/C,C/CC
C,—a
C,—>e¢
A->CB/CE
B—>CA
C—->C,CD
C,—c
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C - XD
X 5CC

D—CC,C,
C,—b
C;.—>d
D—YC,
Y->CC,

¢) Deflinition of non-generating and non-reachable symbols with example.
S— AB|a

A= aA

B—b
A variable 1s non-gencrating 1 1t does not derive any string of terminals. In the above
example A 1s non-generating symbol.
A vanable 1s non-rcachable 1 the start symbol does not derive a string which contains
that vanable.
It X > w, A symbol y 1s unreachable 1f w string does not contamn y. In the above
example B 1s unreachable after deleting non-generating symbol A from production.

5. Prove that Context Free Languages are not closed under intersection.
[WBUT 2014, 2017]

Answer:
Consider the two languages

L ={a"b"c”" :nz0m =0}

and I, ={a"b"c" :n>0m >0}

There are several ways one can show that 1.1 and 1.2 are context-free. For instance, a
grammar for L1 1s

S - S182

S2 — aSIb|a

S2 —» ¢Sl A
Alternatively, we note that 1.1 18 the concatenation of two context — free languages, so 1t
1s context-free. But
L ~nIL.2=1{anbnen : n=0},
which 1s not context-free . Thus, the family of context-free languages 1s not closed under
intersection.

6. a) L->E+E E*E|a. Prove that the CFG with this production rule is
ambiguous. Remove the ambiguity from this grammar. [WBUT 2018]
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Answer:
1" Part:
E>E+E|E*E|a

. Say, string 18: a+a*a

I Derivation Tree 1 | Derivation Tree 2

/N I\

L <+ L

| /\ /\ |

| a
| O . O | T
| | | |
a a a A

.. S0, more than one derivation tree for the string generated from the grammar.
. The given grammar 1s ambiguous.(Ans.)

2™ Part:
Removing ambiguity:

ES>E+T|T
I'->T*F|F
F—-FEla

b) S->4B.: A-»a: B->C/b,C->D;D->E_E->a
Remove the unit production.
Answer:

Refer Question No. 2(b) 1" Part of Long Answer Type Questions.

[WBUT 2018}

7. a) Convert the following Context-free grammar into an equivalent grammar in
CNF: (WBUT 2019]

S>14108, A—>144108|0, B—>0BB|1S 1.

Answer:
(riven that —
S—=14/08

A—>144/08|0
B—0BB|1S |1

Step 1:

The given grammar 1s already completely reduced.

Step 2:

The productions already in Chomsky normal form are —

A0 ..
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B—1 ... (2)
These productions not in Chomsky normal form are —
S—14/08 ... (3)
A—>144|08 ... (4)
B—0BB|1S ... (5)
We will convert these productions in Chomsky normal form.

Step 3:
Replace the terminal symbols 0 and 1 by new variables ¢ and D |
This 1s done by introducing the following two new productions in the grammar —

(=0 ... (6)
D—1 A7)

Now, the productions (3), (4) and (5) modifies to —
S—=DAICH ... (8)
A—> DAA|CS .. (9)
B— CBB| DS L (10)

Step 4:

Out of (8), (9) and (10) the productions alrcady in Chomsky normal form arc —
S—=>DAICE (1)
A—->CS L. (12)
B— DS .. (13)

These productions will remain as they are
The productions not in Chomsky normal form arc

A—> DAA (1)
B— CBB .. (15)
We will convert these productions in Chomsky normal form.

Step S:

Replace 44 and BB by new variables E and F respectively.

This 1s done by introducing the following two new productions in the grammar
E— AA ... (16)

F— BB (1T
Now, the productions (14) and (15) modifies to —

A~ DE .. (18)

B—-CF .. (19)
Step 6:
From (1), (2), (6), (7), (11),(12),(13), (16), (17), (18) and (19) the resultant grammar 1s

S—-DA|CB

A—->CS|DE|0

B—- DS CF|I]

("0

D—1

E— AA
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F — BB

7.b) Let & be the grammar
S—aB|bAd. A—>a aS|bAA, B—->b|bS |aBB.

For the string aaabbabbab , find
i) leftmost derivation and rightmost derivation
il) derivation tree
ili) is this grammar ambiguous? (WBUT 2019]
Answer:
(v be the grammar
S—>aB|b4d, A—>alaS|b44. B— b|bS|aBB, given string 18 aaabbabbab
Parse |ree:
e The process of deriving a string 1s called as denvation.
e The gecometrical representation ol a derivation s called as parse tree or derivation
tree.
There are two types ol denvation tree
(1) Leftmost derivation, (1) Rightmost dernivation.
Now, leftmost derivation of the given grammar G 15 —
S—all

—aaBB (B —aBB)

— aaaBBB (B — aBB)
— aaabBB (B —b)

— aaabbB (B —b)

—» aaabbaBB (B — aBB)
— aaabbabB (B —b)

— aaabbabbS (B — bS)
—» aaabbabbaBB (S — aB)

— aaabbabbab (B — b)
Leftmost Derivation Tree:

N\,
P o

a B

/

d B

:l?\\

L/
/\
|

b

\
N,
|
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and Rightmost derivation of the given Grammar G 1s —
S->aB

—>aaBB (B — aBB)

—» aaBaBB (B —» aBB)

—> aaBaBbS (B — bS)

—» aaBaBbaB (S — aB)

—> aaBaBbab (B —b)

— aaBabbab (B — b)

— aaaBBBabbab (B — aBB)
— aaaBbabbab (B —b)

—> aaabbabbab (B — b)

Rightmost Derivation Tree:

N,
AN
SN,
b v 1 d)
/\
|

b

Here, the given grammar was unambiguous.
That’s why, leftmost derivation and rightmost derivation represents the same parse tree.

I.eftmost Dervation Tree = Righlmust Denvation Tree

8. How to inherent ambiguity? [MODEL QUESTION]

Answer:
A CFL L 1s inherently ambiguous 1f all grammars for L are ambiguous.
Example: Consider 1. =

{a"b"c"’d"‘ nzlmz l} U {a"b"c"d" nzlmz l}_
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A grammar for L 1s

S -  AB|C
A — aAblab
B — c¢Bd|cd
(' — aCd |uDd
D —  bDclbe

Let’s look at parsing the string aabbccedd.

/N /1N
SN /IN /1N
6 T N >

(b b/\t

b

From this we sce that there are two lelimost denvations:
S = AR — aAbB = aabbB = aabbcBd = aabbccdd

And
S=C=aCd = aaDdd = aabDcedd = aabbecdd
Im im im Jm (m

It can be shown that every grammar for L. behaves like the one above. The language L 1s
inherently ambiguous.

9. Write a short note on Parse Tree. [MODEL QUESTION]
Answer:

e If weL(G), lor some CFG, then @ has a Parse tree, which tells us the

(syntactic) structure of @
@ Could be a program, a SQL. - query, an XML- document, elc.
Parse trees are an altermative representation to derivations and recursive
inferences.
There can be several parse trees for the same string
Ideally there should be only be only one parse tree (the “true” structure) for each
string. 1.¢. the language should be unambiguous.
¢ Unfortunately, we cannot always remove the ambiguity.
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Constructing Parse Trees:
LetG=(V,T,P,S)becaCFG . A tree 1s a parse tree, for G if:
1. Each interior node 1s labeled by a variable in V.

2. Each leaf is labeled by a symbol in VU T U |}

Any € - labeled leaf is the only child of its parent.
3. It an intenor node 1s labelled A, and 1its children (from lett to nght) labeled

X, X... X,
then 4 > X X, X, eP.
Example: In the grammar

1. £ — /

2. E - E+E
3. £ - E=E
4. E - (E)

The following 1s a parsc tree:

This parse trees shows the derivation E= 171+ E

The Yield of a Parse Tree
The yield of a parse tree 1s the string of leaves from lefl to nght.
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PUSHDOWN AUTOMATION

# Chapter at a Glance

PDA: A pushdown automata (PDA) 1s essentially an € -NFA with a stack. On a transition the
PDA

Consumes an inpul symbol.

Gocs 10 a new slale (or stays i the old).

Replaces the top of the stack by any string (does nothing, pops the stack, or pushes a
string onto the stack).

’?.HI.MJ-—'

Deterministic PDA: A PDA P=(Q.21,6.q,.Z,.I") s deterministic il
. dlg,a, X ) 1s always empty or a singleton,

2. Il 5lg,a,X) 1snoncmply, then S(g,&,.X) must be emply.

Multiple Choice Type Questions

1. The intersection of CFL and regular language [WBUT 2006, 2012, 2019]
a) need not be regular b) need not be CF
c) is always regular d) none of these

Answer: (d)
LR i1saCFL. So it is correet, but (iv) should be the answer.,

2. The class of context free language is not closed under

[WBUT 2008, 2009, 2013, 2019]
a) concatenation b) union

c) intersection d) repeated concatenation
Answer: (c)

3. The grammar G=({5},{0,1}, P,S) where P=(S -051,S +0S5,S +S1,S +0}is a

(WBUT 2008]
a) recursively enumerable language b) regular language
c) context sensitive language d) context free language
Answer: (d)
4. Which of the following statements is wrong? [WBUT 2010]

a) A turning machine cannot solve halting problem

b) Set of recursively enumerable languages is closed under union

c) A finite state machine with 3 stacks is more powerful than infinite state
machine with 2 stacks

d) Context sensitive grammar can be recognized by a linearly bounded
memory machine
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Answer: (¢)

5. Context Free Grammar can be recognized by (WBUT 2010]
a) finite state automata b) 2-way liner bounded automata
c) push-down automata d) both (b) & (c)

Answer: (d)

6. A Push down automation is different from a finite automation because of

(WBUT 2011]

a) a read head b) a memory in the form of stack
c) a set of states d) all of these

Answer: (b)

7. The intersection of CFL & RE is always [WBUT 2014, 2015]
a) CFL b) RE c) CSL d) CFL OR CSL

Answer: (a)

8. PDA is the machine format of [WBUT 2018]
a) Type 0 Language b) Type 1 Language
c) Type 2 Language d) Type 3 Language

Answer: (¢)

9. The difference between finite automata and PDA (WBUT 2018]
a) Reading Head b) Input Tape
c) Finite Control d) Stack

Answer: (d)

10. Useless symbols in CFG are [WBUT 2018]

a) Non-generating symbol and non-reachable symbols
b) Null alphabets and null string
¢) Non-terminal symbols d) All of the above

Answer: (b)

Short Answer Type Questions

1. Design a PDA which accepts the language.

L={WEe (a, b)* | W has equal number of a & b}. [WBUT 2006, 2008, 2012, 2018]

OR,
Construct a PDA accepting the set of all strings over {a, b} with equal number of
a's and b’s. [WBUT 2009, 2010, 2019]
Answer:

Counting the number of @’s and &'s, which 1s easily done with a stack. Here we need not
even worry about the order of the a’s and b’s. We can insert a counter symbol, say 0, into
the stack whenever an a 1s read, then pop one counter symbol from the stack when a b 1s
found. The only difficulty with this 1s that if there a prefix of w with more b’s than a’s,
we will not find a 0 to use. But this 1s easy to fix; we can use a negative counter symbol,
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say 1, for counting the /s that are to be matched against @’s later. The complete solution
1s an nPDA

M :({q“,q}. } ,{a,b},{ﬂ,l,:} ,5‘0,:,{%}) with o given as
ﬁ(qﬂ.,«l,:)==(qf,:)}, 3(gy,a,z)= {(qu,ﬂz)}, J{qu,b,:)z{(qu,l:)},
5(4,a,0)=1{(g,,00)}, 3(40,5,0) =1(44.4)}, 3(go,a,1)=1{(g0,2)|

3(q,.b,1)= {(qn,l I)}
In processing the string baab, the nPDA makes the moves

(q,.baab,z) I (go.aab.1z) }(g,.ab.z) |(g,.b.02) I—(q.«,,.&,:) H‘H“L:)

and hence the string 1s accepted.

2. Construct an NPDA that accepts the language generated by the productions
S —alSa|bSh|c. Show an Instantaneous Description of this string abcba for this

problem. [WBUT 2007, 2018]
Answer:
S —> aSa
= abSha
— abcha
3. What are the nonempty transitions in an NPDA? [WBUT 2009, 2010, 2019]
Answer:

Each move an NPDA reads a symbol from the mput, changes the contents of the stack
(that 1s, pop a symbol off and/or push scveral symbols into the stack), and changes the
internal state of the npda.

Defimtion: Annpdaiis M =del(Q; X; I'; =, q0; z; F), where

Q 1s a (finite, nonempty) set of states,

2 18 the (finite, nonempty) input vocabulary,

[ 1s the (finite, nonempty) stack alphabet,

= QELE[Tg)L£1 ! imtesubsetsol QLT

a

1s the state transition function,

q0 2 Q 1s the imitial state,

z 2 1"1s the imuial stack symbol, and

F pn Q 1s the (finite, nonempty) set of accepting states.

An npda may include -moves of the form £(q; ; x).

Note that every moves pops off exactly one symbol from the stack.
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4. Construct a Push Down Automata equivalent o the following Context Free
Grammar G =(Vn, VL, P, S) with Vn={§, E}, Vt={0,1} and P is define transition

follows:
S->0S1/A

A-> 1A0/S/e
Now check the string 001011 is acceptable by this Push Down Automata or not.
[WBUT 2015]

Answer:

1" Part:

The PDA 1s defined as tollows:
A=({q}, {0,1}, {S,A0,1},8 ,q,S, ¢)
O 1s defined by the following rules:-
RI: 5(q, A, S)= {(q.081)}

R2: & (q, A, A)= {(q,150),(q,5)}

R3: 6 (q,0,0)= {(g, A)]

R4: &5 (q,1,1) = {(q, A)}

2" Part:
(q,001011,2) = (g, 01011,02) = (q,1011,2)=(q,011,12) == no rulc 1s specificd for the last
transition . Henee the given string is not aceepted by the PDA.

5. Construct a PDA to accept the language L = {a"b“c"‘; n,mal} by empty stack

and by final state. (WBUT 2018]
Answer:
Construct a PDA to accept the Language

/. ={a"b"c"'; n,mbl}

(b, al&)

(a, z/az)
(a, alaa)
Transition Functions: (Stack)

o(q,,a,z)=q,,az)
5(q,.a,a)=(q,,aa)
5(q,.b,a)=(q,,€)
5(q.b.a)=(q,.¢)

—

push ‘@’ from the beginning

pop whenever * b comes
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—

5(‘?”"*:):{‘?!*:) _
§(q,- " :) _ (‘?; 1 :) do, nothing for “ ¢ ’, accepted by the empty stack

(final state)

". Here, no. of a 's are equal to
No. of b's = so, push for “a " and
pop for " = approach 1s used.

6. Construct a Deterministic pushdown automata that accepts the language
[.=|a"ch™n 1| over the alphabet ¥ = {ab.]. [MODEL QUESTION]

Answer:
The NPDA

M =({90,91.42.4, }.{a.b,¢},(0,1),5,4,,0,{¢, | ) with
5(9,-0.0)={(4,.110)f

3(g.a,1)=1{(g,.111)]

5(g,,¢,1)=1(g,,111)]

J(qi.,b,l)z{(q“&)}

5(q,,4,0) {(q}, A]}
Here only change the state stack element.

7. Construct an NPDA which generate the language [MODEL QUESTION]
L ={a"b“ :n‘ﬁﬁ}u{a} :
Answer:
O=14,.9,.9,.9
Y =1a,b},
r=40,1},
z=0,

= :qi}
and the transition function are

5(g,,a,0)= {(t}, JO),(Q;,A)}‘
5(95,2,0)=1{(g5.2)}.
5(q,.a,1)=1(g,,11)},
5(q.b,1)= l(‘ha'i}:r
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5(g,,b,1)= {(‘I:')“)}*
5(‘?2*’1-0) » {(%,i)}

8. Construct an NPDA for the language [MODEL QUESTION]

L= {_we la,b} :n,(w) =n,,(w)} .

Answer:
Counting the number of a’s and b’s, which 1s easily done with a stack. Here we need not

cven worry about the order of the a’s and A’s. We can insert a counter symbol, say 0, into
the stack whenever an a 1s read, then pop one counter symbol from the stack when a b 1s
found. The only difficulty with this 1s that if there a prefix of w with more b’s than a’s,
we will not find a 0 to use. But this 1s easy to fix; we can use a negative counter symbol,
say |, for counting the b’s that are to be matched against @'s later, The complete solution
1s an nPDA

M :({q{,,qf},{ﬂ,b},{ﬁ,l,:},:‘S,U,:,{q_r}) with & given as
‘s(‘fnr;“!:): (qf’:)}’

| — —

In processing the string baab, the nPDA makes the moves
(g,.baab,z) F(q,,,aab,lz) |-(q,,,ab,:) |-(q,,,b,0:)

F(go.4.2) Flg,.4.2)

and hence the string 1s accepted.

9. State the applications of the pumping lemma. [MODEL QUESTION]
Answer:

The pumping lemma 1s extremely useful in proving that certain sets are not regular. To
prove a language to be non-regular following steps are followed.
1) Select the language L. you wish to prove non-regular.
2) The adversary picks n, the constant mentioned in the pumping lemma. You must
be prepared in what follows for any finite integer n to be picked, but once the
adversary has picked n, he may not change it.
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3) Select a string z in L. Your choice may depend implicitly on the value of n
chosen in (2).

4) The adversary breaks z into u, v and w, subject to the constraints that | uv | € n
and vz 1.

5) You achieve a contradiction to the pumping lemma by showing, for any u, v and
w determined by the adversary that there exists an 1 for which uv'w is not in L. It
may then be concluded that L. is not regular. Your selection of 1 may depend on n,
u, vand w.

1. Define Pushdown Automata. [WBUT 2006, 2009, 2010, 2011, 2012, 2018, 2019]
Answer:
A pushdown automaton s a [initc automaton that can make use ol a stack containing
data.
Pushdown automata difTer from normal finite state machines in two ways:

1. They can use the top of the stack to decide which transition to take.

2. They can manipulate the stack as part of performing a transition.
Pushdown automata choose a transition by indexing a table by mput signal, current state,
and the top ol the stack, Normal limite state machines just look by mput signal and
current state; they have no stack to work with, Pushdown automata add the stack as a
parameter for choice. Given an mput signal, current state, and a given symbol at the top
of the stack, a transition path 1s chosen,
Pushdown automata can also manipulate the stack, as part of performing a transition.
Normal finite state machines choose a new state, the result of following the transition,
The manipulation can be to push a particular symbol to the top of the stack, or to pop oft
the top of the stack. The automaton can alternatively ignore the stack, and leave 1t as 1t s,
The choice of manipulation (or no manipulation) 1s determined by the transition table.

2. Prove that CFLs are not closed under intersection and complement operation.
[WBUT 2008, 2010, 2016, 2019]
Prove that the intersection of a context-free language and a regular language is a

context-free language. [WBUT 2008, 2010]
OR,

Explain Ogden’s Lemma for CFL. [WBUT 2013, 2016, 2019]

Answer:

Ogden's Lemma
In the theory of formal languages, Ogden's lemma provides an extension of flexibility
over the pumping lemma for context-free languages.
Ogden's lemma states that 1f a language /. 1s context-free, then there exists some number
p = 0 (where p may or may not be a pumping length) such that for any string w in L, we
can mark p or more of the positions in w as "distinguished"”; then w can be written as

W= uvxyz

FAT-118



FORMAL LANGUAGE AND AUTOMATA THEORY

with strings u, v, x, v and z, such that v and y have at least one distinguished position
between them, vxy has at most p distinguished positions, and

uv 'xy 'z is in L for every i = ().
Note that this 1s tnivially true 1if the language 1s not infimite, since then p just needs to be
longer than longest string in the language.
Ogden's lemma can be used to show that certain languages are not context-free, in cases
where the pumping lemma for context-free languages 1s not sufficient. Observe that when
every position 1s marked as distinguished, this lemma 1s equivalent to the pumping
lemma for context-free languages.

Next Part:
[.ct L, be a context-free language and L, be a regular language. Then we have to prove

that L, M L, 1s context-free.

Proof:
Let M, =(0Q,%,T,4,,4,,z,F, ) be an npda which accepts L, and M, =(P,%,8,,p,.F,) be

a dfa that accepts I,. We construct a pushdown automation M =(Q, ¥ 1.,8,4,,%,F )

which simulates the parallel action of M, and M, ; whenever a symbol is read from

the input string, M simultaneously executes the moves of M , and M, . To this end we
let

Q=QxP 9o =(9:20), F=FxF,
and define & such that ((qt,p,),x)c:‘;'((q”p_,),a,b),
iff (¢.,x) €0, (q,,a,b), and  &,(p,.a)=p,

In this, we also require that @ = A, then p = p,. In the other words, the states of M are
labeled with pairs (ql, p, ) representing the respective states in which M, and M, can

be after reading a certain input string. It 1s a straightforward induction argument to show
that ((¢y.2).w.2) F ,,((4,.p,).x). with g, € F, and p, €F, if and only if

(44, w.2) |' ul{q,.t.?.., ), and 5 (py.w)=p,.
Therefore, a string is accepted by A if and only if it is accepted by M, and M, , that is,
ifitisin L(M,)nL(M,)=L NL,.

3. Construct PDA for /.= {ww" :w belongs to (0,1)}. [WBUT 2011, 2012)
OR,

Construct a PDA to accept L = {WW" |w belongs to (a, b) and W" is reverse string

of W} by empty stack and final state. [WBUT 2013]
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Answer:

Hear the main concept is that the symbols are retrieved from a stack in the reverse order
of their insertion. When reading the first part of the string we push consecutive symbols
on the stack. For the second part, we compare the current input symbol with the top of
the stack, continuing as long as the two match. Since symbols are retrieved from the stack
in reverse of the order in which they were inserted, a complete match will be achieved 1f
and only if the input is of the form ww”.

An apparent difficulty with this suggestion 1s that we do not know the muddle of the
string, that is, where w ends and w" starts. But the nondeterministic nature of the
automaton helps us with this; the nPDA correctly guesses where the middle 1s and
switches states at that point. A solution to the problem is given by

M = {Q,Z,F,J,q“,:-;f.}-r
Q= {‘fﬂ~‘Il~q: }'
X = la,bj,

l'-{u,b,:],

F=1g,}
The transition function can be visualized as having several parts: a set to push w on the
stack.

‘;(‘fu:“r”)= {(‘!u:"‘“)}:—
&(go,b,a) = (go,ba)}
&(gy,a,b) = lg,,ab)}
&(g0,b.b)= {(g4.0b);,
olg,.a.z)= {(‘?ma:)}ﬂ

5(‘?0:!7: :) - {(QU:b:]}:
a set to guess the middle ot the string, where the nPDA switches trom state g, to g,.

6(g,.4.a)=1{(g,.a)}.

5(‘?{:1’7’*&') = {(ql'b)}'
a set to match w™ against the contents of the stack,

5(g,.a,a)={(g,,A)\
5(g,.b,6)=1g,.2)}.

8(g,.4.2)=(g,.2)}.

to recognize a successful match.
The sequence of moves in accepting abba 1s

(¢,-abba,z) | (¢,.baa,az) Hg,.ba,baz) Hg,.ba,baz) Hg,,a,az) Ha,.4.2) Hga.2)
The nondeterministic alternative for locating the middle of the string 1s taken at the third

move. At that stage, the PDA has the instantaneous descriptions (g, ,ba, baz) and has two

and finally

choices for its next move. One is to use &(g,.b.b)= {(g,.bb)}, and make the move
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(q",b{lﬂ,ﬂ:) F(qﬂ‘ﬂ‘bba:)
The second is the one used above, namely 5(g,.A.b)={(g,.b)}. only the latter lcads to
acceptance of the input.

4. Construct an equivalent PDA for the following CFG. [WBUT 2013, 2016]
S > aAB/bBA
A—>bS/a
B—>aS/b

Show an ID for the string abbaaabbbab for the PDA generated with stack
description.

Answer:

1 Part: Constructing the PDA

We note that the given grammar 1s already in Greibach Normal Form.

Hence, our PDA has only one state —— q (1.e., Q = {q}), which 1s also the start state and
the final state ((1.c., F=®).

The mnput alphabet 1s clearly X = {a, b} and the stack alphabet consists ot only the non-
terminals, 1.c. I'={S, A, B}, with § as the start symbol.

The required PDA 1s <Q, X, I, 0, q, S, ®=, where o0 1s:

(g, 8, S) = {(q, AB)}

(q.b.S)= {(q, BA)}

(q.a, A)= i(q. €);

(q, b, A)={(q, S)}

(q.a, B) = {(q, S)}

(g, b, B)={(q, 2)}

2" Part:
Instantaneous Descriptions (IDs) torm string abbaaabbbab.
(q abbaaabbbab, S)
(q, bbaaabbbab, AB)
- (q, baaabbbab, SB)
- (q, aaabbbab, BAB)
- (q, aabbbab, SAB)
- (q, abbbab, ABAB)
- (q, bbbab, BAB)
- (q, bbab, AB)
- (q, bab, SB)
- (q, ab, BAB)
- (q, b, SAB)
(q, &, BAAB)
Smce the ID 1s NOT (q, &, €) and there 1s no input to scan, the PDA rejects the string.
Note: The above 1D corresponds to the below mentioned left-most derivation in the given
grammar:
S ¢ aAB ¢ abSB ¢ abbBAB ¢ abbaSAB ¢ abbaaABAB éabbaaaBAB ¢
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abbaaabAB ¢ abbaaabbSB ¢ abbaaabbbBAB ¢ abbaaabbbaSAB ¢
abbaaabbbabBAAB (No further derivation possible).

5. Define PDA by giving a block diagram. (WBUT 2014, 2017]

What is the difference between DPDA and NPDA? [(WBUT 2014]

Design a Non Deterministic Pushdown Automata for accepting the string L = {(Set

of all palindromes over a, b)} by Empty stack [(WBUT 2014]
OR,

Design a non-Deterministic Pushdown Automata for accepting the string
L= {lf-’(‘H-”‘" |\ Wela,b) *} and " is the reverse of W by Empty stack. [WBUT 2017]

Construct an equivalent PDA for the following Context Free Grammar.

S —»aA

A - aABC/bB/a

C-c

Show an ID for the string aabbbc for the PDA generated. [WBUT 2014, 2017]
Answer:

1* Part:
A pushdown automata (PDA) is a seven-tuple:  P=(0,2,1,8,q,,7,,F),
where
e () 1s a finite set of states
e 2} isa finite nput alphabet.
e [ 1sa tinite stack alphabet ,
o 5:0xXulelxl’—>2%"" s the transition function,
e g, 15 the start stale,
e / el isthe start symbol for the stack, and
e [ < Q 1sthe set ol accepling stales,
A PDA is essentially an &-NFA with a stack.
On a transition the PDA

1. Consumes an input symbol.

2. Goes to a new state (or stays in the old).
3. Replaces the top of the stack by any string (does nothing, pops the stack, or
pushes a string onto the stack).

Finite
Input — state Accept/reject
control
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2" Part:
Difference between DPDA and NPDA
1. The transition function & 1s atmost single-valued for DPDA, multi-valued for an

NPDA. Formally: |5(q,,u,h)‘=0 or I, forevery geQ,aeXZ e} and be F .

2. Both NPDA and DPDA may have ¢ -transitions; but a DPDA may have a
&£ -transition only 1f no other transition 1s possible.

3" Part:
Null string may belong to the Language set. The PDA will be designed in such a way that
null string can be accepted by the PDA. The transitional functions will be

5(qy,a,2) (40, 3%),
5(qy.0.2,) (40 2:5,)
5(qy,a,2) (40,55 ). (41, 2).
5(q,.b.2,)—(q,.22).
5(qy,a,2) (40, 5%),
5(%15-.-:;)—)(%*::::)-(‘?1*’J*)*
‘5‘(%*"::!)_)(‘1”’1)!
5(q,.b.2,)—>(q,,4)

5(q,,A,z,)—>(g,,4) //this function is for accepting null string,
o(q,.4,z,)—>(q,.4) accepted by empty stack,
5(q,.4.2,)—>(q,.z,) accepted by final state.

4™ Part: Question is wrong.

6. Explain how a string be accepted by a PDA? [WBUT 2017]
Answer:

There are two different ways to define PDA acceptability.

Final State Acceptability

In final state acceptability, a PDA accepts a string when, after reading the entire string,
the PDA 1s in a final state. From the starting state, we can make moves that end up in a
final state with any stack values. The stack values are urelevant as long as weend up in a
final state.

Fora PDA (Q, )., S, 8, qu, I, F), the language accepted by the set of final states F 1s -
LIPDA) = {w|(qo, w, ) F* (q, &, x),q € F}

for any input stack string x.
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Empty Stack Acceptability

Here a PDA accepts a string when, after reading the entire string, the PDA has emptied
Its stack.

Fora PDA (Q, )., S, 0, qo. L. F), the language accepted by the empty stack 1s —
L(PDA) = {w|(qo, w, I) F* (q, &, ), € Q]
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CONTEXT SENSITIVE LANGUAGES

% Chapter at a Glance

Context Sensitive Grammar: A context-sensitive grammar is a formal grammar ¢ =
(N, X, P, S) such that all rules in 7 are of the form aAf} — ayf}

with 4 in N (1.e., A4 1s single non-terminal) and ¢ and § m (N U X)* (1.e., @ and [} strings of non-
lerminals and terminals) and v in (V U X) (e, ¥y a nonemply string ol non-terminals and
lermunals), plus that a rule ol the form § — & with € the emply stnng, 1s allowed 1l S does nol
appear on the nght side of any rule. The name conrextr-sensitive 1s explained by the a and [} that
lorm the context of 4 and determune whether 4 can be replaced with y or not. This 1s diflerent
from a context-Iree grammar where the context ol a non-lermunal 1s not aken nto consideration.
A formal language that can be described by a context-sensitive grammar 1s called a context-
sensitive language. That i1s one of the four types of grammars in the Chomsky hierarchy.

Properties of Context Sensitive Languages:
¢ The union, intersection, and concatenation of two context-sensitive languages 1s context-
sensilive.
e  The complement ol a context-sensiive language 1s conlext-sensilive.
¢ Fvery context-free language 1s context-sensitive,

Multiple Choice Type Questions

1.ThesetA= |a"b"c" I n=1273,..}Is an example of grammar that is

[MODEL QUESTION]
a) Regular b) Context free
c) Context sensitive d) None of these
Answer: (¢)
2. L={a"b"c", wherenell is [MODEL QUESTION]
a) regular b) context free but not regular

c) context sensitive but not context free d) none of these
Answer: (¢)

3. The accepting automata for the context sensitive language is
[MODEL QUESTION]
a) linear bounded automata b) finite automata
c) push-down automata d) all of these

Answer: (a)

FAT-125



POPULAR PUBLICATIONS

4. The language L= (0n 1n 2n where n>0) is a [MODEL QUESTION]
a) Regular language b) Context-sensitive language
c) Context free language d) Recursive enumerable language

Answer: (b)

5. The following grammar is [MODEL QUESTION]
S aablbaclaB
S—>aS| b
S—>abbl ab

ba — bdb| b
a) Regular b) Context-free c) Context sensitive d) LR (k)
Answer: (c¢)

6. The vernacular language English, if considered a formal language is a
[MODEL QUESTION]
a) regular language b) context - free language
c) context - sensitive language d) none of these

Answer: (¢)

Short Answer Type Questions

1. Show that every context sensitive language Is recursive. [MODEL QUESTION]
Answer:

Suppose 1. is gencrated by the CSG G, The modified machine M’ sull uscs the markers
<and>, and they remain in place; however, M’ 1s no longer prohibited from moving its
tapc head to the cight of =, The LBA M simulates a derivation in G, using the second
“track” of the tape between the two markers. At the end of each iteration of this
simulation, M’ performs two additional steps.  First, M’ copics the current string of the
derivation onto the empty portion of the tape to the nght. In effect, this results in M’
keeping a history of the derivation, the string on the tape to the right of the = marker
looks like this:

SAa,; A A ... Aa,

Where oy 18 the current string after the ith iterations of the simulation.  Second M’
determines whether «,,, the most recent string, 1s a duplicate of any of the previous ;s
and crashes 1l 1t 1s.

With this modification, 1t 1s no longer possible for M' to loop forever. Eventually, one of
three things happens. Either the current string in the simulated derivation matches the
original mput x, in which case M’ halts; or an iteration of the loop results in a string
longer than x, in which case M’ crashes; or one of strings obtained shows up for the
second time (because all these strings are length |x| or shorter), in which case M’ crashes.
The strings x for which some sequence of moves of M’ result in the first outcome
precisely those that can be generated by G. We conclude that L 1s accepted by a NTM
for which every sequence of moves ends n a halt or a crash.
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2. Write down the properties of Context sensitive Language. Describe Context
sensitive grammar. (MODEL QUESTION]

Answer:
1" Part:
¢ The union, intersection, and concatenation of two context-sensitive languages 1s
context-sensitive.
¢ The complement of a context-sensitive language 1s context-sensitive,
e Every context-free language 1s context-sensitive.

2" Part:
A context-sensitive grammar 18 a formal grammar G = (N, X, P, §) such that all rules in P
are of the form

aAp — ayp
with 4 in N(1.¢c., A4 15 single non terminal) and a and B in (N U X)* (1.¢., a and p strings of
non terminals and terminals) and y in (VU X) (1.e., Y a nonempty string of non terminals
and terminals), plus that a rule of the form
S— ¢
with & the ecmpty string, 1s allowed i’ S docs not appear on the right side of any rule.
The name context-sensitive 1s explained by the a and 3 that form the context of 4 and
determine whether A can be replaced with y or not. This 1s different from a context-free
grammar where the context of a non terminal 1s not taken into consideration. A formal
language that can be described by a context-sensitive grammar 1s called a context-
sensitive language.
That is one of the four types of grammars in the Chomsky hierarchy. Of the four, this is
the lcast ofien used, in both theory and practice.
Computationally the context-sensitive languages are equivalent with linear bounded non-
deterministic Turing machines. That is a non-deterministic Turing machine with a tape
of only kn cells, where n 1s the size of the input and £ 1s a constant associated with the
machine. This means that every formal language that can be decided by such a machine 1s
a context-sensitive language, and every context-sensitive language can be decided by
such a machine,

3. Construct a context sensitive but not context-free grammar.
[MODEL QUESTION]

Answer:
letG=(|A,B,C K}, {a,b} S, P)
Where the symbols have their usual meanings.
Here P consists of the following production rules:
S—> AB|BA
AB—aC
BA— bK
C— bK
Coa"
K—b
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Here, we have more than one non terminal at the L..H.S of the production rules.
Hence a3

Where a = = (VUT)

Here |a = I; this condition 1s not being satistied.

Hence G 1s certainly context sensitive.,

1. Prove that,

If L ¢ 2" is a context-sensitive language, then there is a linear bounded automation
accepting L. [MODEL QUESTION]
Answer:

Suppose that G = (V, 2, S. P) i1s a CSG generating L. We let the tape alphabet of our
machine M contain pairs (a, b), where a, b € 2w V w {A}, in addition to element of X
other symbols may also be needed.
The first action taken by M 1s convert the tape configuration.

<X) X2 ... Xp~

o

<Ax1,A) (X2, A) L. (X, A)=

Next, M places S in the second track of square 1 and starts a loop exactly as beflore,
except that the machine crashes 1t the string produced n the second track during any
itcration has length greater than n, As before M may exit the loop at any time, When it
docs, 1t crashes 1 the second track doces not match the input in the first track. Because G
1S context-sensitive, a string appearing in the denivation ot x € L cannot be longer than x,
sO that 1f the [.LBA begins with input x there 18 a sequence of moves 1t can execute that
causes 1t to halt. Conversely, if x ¢ L, then M either crashes or loops forever, because no
simulated derivation 1s able to produce a string x.

FAT-128



TURING MACHINE & UNDECIDABILITY

“ Chapter at a Glance

Turing Machine: A Turing Machine is a 7-tuple M ={Q,TI",b, 2., 5,90, I} where:
e (s a finite set of states
e [ isafinite set of the tape alphabet/symbols
e beTlis the blank symbol. the only symbol that is allowed 0 occur on the tape
infimitely ollen at any step during the computation

e 2cI'\ {b} 1s the set ol input symbols

e 0:0xl'> Qxlﬂx{f., R} is a partial function called the rransition function,

where /. 1s head move left and K 1s head move right

0 . i
o« D ¢ is the initial state
e F < O isthe set of final or halting slales, accepling or rejecling.

Turing machine as Decider:

We have scen that the TM-s M5, M; and M, thal were used [or compuling mteger [unctions did nol
have any FAIl -ure state. Also, it is clear that whatever be the inputs given (subject to conforming
to our unary notation of numbers), the TM eventually comes to a SUCCess halt

Funcuons hke NEXT, PREV, ADD, clc., 1¢., lor which such TM-s can be constructed, are called
Primitive Recursive Functions.

Any function that can be constructed as a finite number of compositions of other primitive
recursive lunctions are themselves pnnmitive recursive lunctions. For example, we can deline the
multiplication operation PROD(m, n) as: PROD\m,n)= ADD(m,m),(n~1)times

Turing machine as Enumerator:

T'he language of a Turing machine (when 1t 15 an enumerator) 1s the set of strings that the tm
generates as output. For tm m, we often use the notation I(m) to denote the language enumerated
by m.

A Language I 15 Turing Recognizable if there exists some TM which when given any string from
[. as input on 1ts tape, will come to a success halt in finite time. It however, the input to the TM 1s
NOT from L, the TM 1s not guaranteed to come to a fatlure halt in finite time.

Universal Turing Machine: The simulation by Ma proceeds as per the “program”™ described
below:
|. Store s and p in the working memory
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2. If's happens to be a SUCCess halt state of’ Mb, halt with success; else il s happens 1o be a
FAllLure halt state of Mb, halt with failure.
3. Note the current input of Mb (1.e., the symbol at the p-th position of Mb 's tape) and store 1t
in the [imite control (see Sec-14.5). Let thas current input be x.
4. Search for the tple (s, x, 1, @, d), i.e., whose si value is s and the a value is x.

5. Store t value, w and d values of the tuple in finite control

6. Proceed 1o the p-th position on the tape of Mb and write w. Make § <. Make p <« p+1]
if d is “right” else make p « p-1

7. Goto Step-1

Looking at or description of Ma, we lind that no matter what the description of Mb 1s, 11 can be
simulated. In Formal language parlance, a TM like Ma 1s known as a Universal Turing
Machine.

Multiple Choice Type Questions

1. A shift register is [WBUT 2013])
a) Mealy M/C b) Turing M/C c) Moore M/C d) All of these
Answer: (d)

2. Difference between Turing Machine & Two way FA is in [WBUT 2014, 2015, 2017]
a) Input Tape b) Read write head c) Finite Control d) All of these

Answer: (d)

3. Which of the following statements is false? [WBUT 2014, 2015, 2017)
a) The halting problem of Turing machine is undecidable
b) Determining whether a context free grammar is ambiguous is undecidable
c) Given two arbitrary context free grammars G, and G;. It is undecidable
whether L(G,) = L(G;)
d) Given two regular grammars G; and G, It is undecidable whether
L(G4) = L(G;)
Answer: (d)

4. Which is not a part of the mechanical diagram of “‘Turing Machine'? [WBUT 2018]

a) Input Tape b) Read-write head
c) Finite control d) Stack
Answer: (d)
5. Which of the string is accepted by Turing Machine? [WBUT 2018]
a) L=a"c"b",where m.n=>0 b) L=a"b"¢c,n,i>0
c) L=a"b"c",where n=>10 d) All of these

Answer: (d)
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6. A PDM behaves like a TM when the number of auxiliary memory it has, is
[MODEL QUESTION]

a) 1 or more b)0
c) 2 or more d) None of these

Answer: (¢)

Short Answer Type Questions

1. What do you mean by Halting problem of a Turing machine? [WBUT 2008, 2013]

OR,
Why a Turing machine is called linear bounded Automata? [WBUT 2008]
OR,
What is halting problem in Turing machine? [WBUT 2015, 2016, 2019]
Answer:
1" Part:

A Turing Machine 1s a mathematical object to define “Computing”, It has a “doubly-
infinite™ tape for mput and a state machine that governs its running. A Tuning Machine
can bchave like an algorithm, especially for problems with “yes/no” answer, In such a
case, the machine starts with the description of a problem on the mput tape and comes to
a “Yes” halt or a “no” halt depending upon the result. However, 1t may happen that the
machine never comes to any of he halts and go on running.
A rclated concept of “Universal Turing Machine™ 1s a Turing machine that can take two
things as mput —

a) a coded description of the state machine of another Turing machine ‘M’ and

b) the input given to M. The Universal Turing Machine then proceeds to “simulate’

M.

The halting problem of Turing Machine 1s the question whether there can be a Universal
Turing Machine that 1s given to simulate ANY machine ‘M’ with ANY mput ‘@, with
answer Yes / No depending upon whether M halts (1.e. M does not run forever) or docs
not halt, respectively, on mmput “@ °.
Turning proved that the halting problem 1s unsolvable 1.e. there can be no such machine as
described.

2" Part:

A linear bounded automata is anon deterministic turing machine satisfying the following

two conditions.

1. lIts input alphabet includes two special symbols ¢ and S, the left and night end
markers respectively.

2. The LBA has no moves left from or rnight from S, nor may it print another symbol
over ¢ or $.

The linear bounded automaton 1s simply a turning machine which mstead of having

potentially infinite tape on which to compute, i1s restricted to the portion of the tape

containing the mput x plus the two tape squares holding the end —markers.
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An LBA will be denoted as
M=(Q, 2. .06, qo ¢.95 F)where Q. 2. I', 8, gy and F are as for a non-deterministic

TM: ¢ and § are symbols in X, the left and nght end-markers. L(M), the language
accepted by M, is {w|w is in (2-{¢, $)" and q, ¢ w S aqp for some q in F}

2. Construct a Turing machine that accepts all strings over {0, 1} with an even
number 0's and even number of 1’s. (WBUT 2011]

Answer:
The requited Turing Machine 1s

ﬁff - (:q",q“qz -.quq,-".n !Q#-IH LI*,A,‘“‘] ’ 1‘$IQI}-"[‘?.‘H-T f"qﬁ-.uf })
where O is as given below:

5(44,0)=(4,,0,R)
5(qy,1)=(g;,0,R)
5(q,,A)=(gSUCC,A,L)
(‘h 0)=1(g,,0, R)
(¢1.1) = (45,0
(¢,,A) = (qu_n_ L)
(42.0)=(45,0,R)
5(q,,1)=(g,,0,R)
b(q.. .-3) (gFAIL.A.L)
5(g3,0)=(q,,0,R)
o(q,.1)=(q,.0.R)
(q_,,,:i] (gFAIL . A.R)

ﬁ-:i"-n%

>
-t‘:

3. Design a Turing Machine that recognizes the language of all string of even
length over the alphabet {a, b}. [WBUT 2013]

Answer:
Let Turing Machine (7)=(Q,%,T,d,q,.h)
la

b}
la, b, #)
{

- qﬂrqhh}

)
r
Y
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Here 1s h half state when machine halts after accepting the language, ¢, 1s initial state

a b “
g% (g9.a.L) (g,.b,L) (h.#,N)
4, (gy,a, L) (¢, b, L) Undefined move
h Undelined move Undelined move Accepl

a/(a,1) b/(b L)

4. State and State Transition of a Turing Machine [MODEL QUESTION]
Answer:

The control unit of a TM 1s a state-machine with a finite number of states.

In the beginning, the TM 1s 1n a state called the initial stare. At this time, the characters of
the input string (or simply, input) to this TM is writicn on the tape with a distinctive
blank character marking the

end of the mput. It 1s possible that the mput string 1s “null”, 1.e_, there 1s no or empity
input. The head of the TM mitially 1s on the first character of the input (or on the blank
character 1f there 1s no input).

IT the current state 1s an accept state, the T™ stops or halts and we say that it has come 1o
a Success Halt.

Similarly, il the current state 1s an reject state, the TM also stops or halts and we say that
it has come to a Failure Halt.

5. Define the terms: Recursively Enumerable Set. [MODEL QUESTION]
Answer:

The class of (“decision”)problems for which 1t 1s possible to formulate a Turing Machine
that will definitely come to a halt (success or failure) in finite time, 1s called the
Recursive Set. Eventually 1 the answer to the decision 1s “yes’, 1s called the Recursively
Enumerable Set.

In the definition of recursively enumerable set, we have not ensured that if the answer 1s
‘no’, the Turing Machine will definitely halt.

6. Turing Decidable” is a subset of “Turing Recognizable”.-Explain.

[MODEL QUESTION]
Answer:
A Language L 1s Turing Recognizable if there exists some TM which when given any
string from L as mnput on its tape, will come to a success halt in finite time. If however,
the mput to the T™M 1s NOT from L, the T™M 1s not guaranteed to come to a failure halt in
finite time.
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A Language L 1s Turing Decidable if there exists some TM which when given any string
from L as mput on its tape, will come to a success halt in finite ttime AND 1f the input to
the TM 1s NOT from L, the TM will come to a faitlure halt in finite time.

Clearly “Tuning Decidable™ 1s a subset of “Turing Recognizable™.

7. Design a Turing Machine to compute n mode 2. [MODEL QUESTION]
Answer:
The T™ that performs computation of n mod 2 1s given below:
ﬂ'q
j 1I/A L
; \d,f‘d-. H}f A/A LT T\ A/A R \.m L/‘
k_ , \__/ \ ,;1, i S \ ,«’
S If AL
T aas

The numenc tunction that assigns to each natural number n the remainder when n 1s
divided by 2 can be computed by moving to the end of the input string, making a pass
from nght to left in which the 1’'s are counted and simultaneously erased, and either
Icaving a single 1 or lcaving nothing,

8. Design a Turing Machine for concatenating strings. [MODEL QUESTION]
Answer:

Consider the concatenation function

cal: 2* x2* > 2*
A TM computing this function 1s obtained simply from the delete TM of Q.20 and 1s
given in figure below for alphabet {a, b},

aa, K aa, L
ah, R hh 1
Ia
| xq a
A/A L | ]
@ |

\VA R 7N ::. L > LA/a s N
—p .C +—|>n.r.~:.+ —p e p(h |
\__/ \__/ __/ v,

Because natural numbers are represented by strings of 1’s, and because 1n unary notation
adding two natural numbers corresponds to concatenating the two strings, a simplified
one-symbol version of this TM computes the addition function from N x Nto N .

9. Proof that L is not recursively Enumerable. [MODEL QUESTION]
Answer:

Suppose L; were L(M) for some T™M M. Since 1415 a language over alphabet (0.1}, M
would be in the list of Turing machines we have constructed, since it includes all TM's
with input alphabet {0,1}. Thus there 1s atleast one code for M, say I; that1s, M =M,
Now.ask if w,1s in L,
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1. If w,is in Ly, then M, accepts w, But then, by definition of L, w, i1s not in Ly because
[.4 contains only those w; such that M; does not accept w;

10. Define PCP. [MODEL QUESTION]
Answer:

PCP stands for POST CORRESPONDENCE PROBLEM. The Post Correspondence
Problem (PCP), introduced by Emil Post in 1946, 1s an undecidable decision problem.
The PCP problem over an alphabet ) 1s stated as follows. Given the following two
lists, M and N of non-empty strings over ) —

M = (X, X2, X3,.000ennns , Xq)

N = (¥1s Y2 ¥ou-- 0000004 Yu) o e .
We can say that there is a Post Correspondence Solution, if for some 1,15,............ ™
where | =1, = n, the condition x;; ....... Xik = Vil coeeee- vix satisties.

rCr

Iy | An algorithm | b An algorithm

Fig: Reduction proving the undecidability ol Post's Correspondence Problem

It consists of two lists of strings over some alphabet 2; the two list must be ol equal
length. This instance of PCP has a solution, 1f there 1s a sequence of one or more integers
that when interpreted as indexces for strings in the A and B lists, yicld the same string.
The Post's correspondence problem 1s: an instance of PCP, tell whether this instance has a
solution,

Long Answer Type Questions

1. a) Design a TM that accepts |0"1"|n > 1| [WBUT 2013, 2016]
b) Design a TM which can multiply two positive integers. [WBUT 2013]
Answer:

a) et us now follow the working of TM M, with input 000111,

The imtial configuration 1s bS000111b. This means that the TM 1s 1n state S and the head
1s on the first 0 of the input string, This corresponds to M, being as given in Fig - 1. The
current state 1s mentioned in the box representing the fimite control of the machine.

Jefofofolrjrye I I3 3 1 0 N R Y

o

Fig: 1 Machine M, in Imitial Configuration Fig: 2 M, After First Move

Since the mput 1s 0, consulting the state table, we find that the move 1s (B, X, R), 1.e,, the
next state 1s B, the 0 under the tape 1s overwritten by an X and the head moves right to
place itself on the next (1.e., second) 0 of the input. This gives us the next configuration
as
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bXB00111b, as shown pictorially in Fig - 2.

Following up with the next moves, we find that the subsequent configurations are:
bX0BO111b followed by bX0OOB111b. The state of the machine in the last of the above
two configurations 1s as seen in Fig - 3.

Fig: 3 M, When on First 1 Fig: 4 M, After Marking First 1 to V¥

Fig: 5 M, Aller Matching One Pair ol 0 and 1

At this point, we find the applicable move i1s (C, Y, L) which means that the next
configuration 1s bX0C0Y 11b, Obscrve in Fig - 4 that the machine has moved left aficr
marking the first 1 to Y.

At this point, the next applicable move. 1.e_, (C, 0, L), will eftectively skip over the 0-s till
the head 1s positioned on the first (up o now, the only) X encountered. The
configurations leading to that

arc bXC00Y11b followed by bCX00Y11b. The machine position now 1s as given in
Fig - 5.

The next move is (S, X, R) and henee the next confliguration 1s bXS00Y 11b.
l.¢t us summarize what the machine has done up to this point:
I. It has marked the first 0 of the input string to X'
2. Then 1t has skipped the following (-s while moving righr till 1t encountered the
[irst 1 which was marked to Y and the machine moved left
3. Now the machine skipped all 0-s while moving left till 1t got an X upon which 1t
moved right and reached a condition similar to what was at the beginning of the
run as shown in Fig - 6.

Fig: 6 M, Back in State §
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et us now augment the above summarization with the emphasized phrases:

1. It has marked the first 0 of the input string to X. However, if there 1s no 0 to mark
but there 1s a Y below the head then it moves right over the Y -s till it reaches the
end of input whence 1t halts with SUCCess

2. Then it has skipped the following 0-s or Y -s while moving right ull it
encountered the rst 1 which was marked to Y and the machine moved left

3. Now the machine skipped all 0-s while moving left till it got an X upon which 1t
moved right and reached a condition similar to what was at the beginning of the
run. However, if there is no 0 to skip, it halts with SUCCess

If you properly visualize the moves, you will see that our Turing Machine M,
e (Checks out one 0 to X and one | to Y 1n each zigzag movement over the mput.
e Declares SUCCess 1f and only 1f the number of 0-s marked as X 1s exactly the
same as the number of |-s marked as Y

Henee our TM recognizes only inputs that are of the form 0°1" n =1,

b) Design a TM, which can multiply two positive intcgers

We can use subroutines tor design of TM which can multiply two positive integers
0" 10" | mxn: operators are represented with 1| [If m=3,n=2, mxn=6|

So at the linal state the TM will halt with 6 zcros and all surrounded by Blank B.
1) IT First 0 1s encountered by g, 1t 1s changed to Blank B

BOOIOOIBBBB

11) Move right until first 1 1s encountered, change the immediate next 0 o X
BOOIX01BBBR

111) Move right and skip all symbol until first blank 1s encountered, then change the blank
to 0 (as 11015 copied here) — 1t 1s called subroutine call
BOOIX0OIOBBEB

1v) Move left until X 1s encountered, change the next 0 to X
BOOIXXTOBBB

v) Move night until B 1s encountered and change B to 0
BOOIXX100BB

vi) Move left until X reached and change consecutive X to 0’s
B0O0100100BB

vil) Move to left until B 1s reached, change the next 0 to B
BBOIOOIOOBB

vii1) Move right until 1 reached change the next 0 to X, (subroutine)
BBOIX0I0O0OBB

1x) Move right until B reached, change that B to 0
BBOIXOI000BB....

x) Move left until X reached, change next 0 to X and repeat the procedure as above.
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BBOIXXI000BB

BBOIXXI0000BB...
BBOI0OO1I0ODOOBE....
BBBI0O0O1000OOBBB...
BBBIX010000BB....
BBBIX0100000B....
BBBIXXI100000BBB...
BBBIXXI000000BBB....
BBBI0OO1IOOOOOOBBBA
BBBI10010000O0OOB ...

S0, now no more (0's encountered, then change all the 1 & 0°s on left 1o B.

Halt >0/ |BBBBBBB|000000|B . |.

2. Design a Turing Machine which performs addition of two integers. Write short
note on Multi Tape and Multi Head Turing Machine. Prove that the problem “A

string w halts on a Turing Machine M” is undecidable.

Answer:
1" Part:

[WBUT 2014]

The turning machine will have 0°10° on its tape imitially. Therefore it will start with the
lettmost 0, so on scanning 0's moving right keeping them as if, till 1if get 1, 1f replace this
I by 0 and then again so on. Scanning 0's and moving right keeping them as 1t 1s, When 1t
gets a B (blank), 1t moves left and replaces the rnght most 0 by B and halfs thereby
leaving finally m + n 0’s on the tape. Therefore, the moves of the Turing machine are

| 0 | |

| B

4o

q,
q,
q,

Therefore the Turing machine

(d,,0,R) | (d,,0,R)
(d,,0.R) | —
q..B,R —

Q'I'!B#L

M :(:qntqt*qj!qn}'{oil}*{ﬂrl‘B}*J’q"‘a*{qi})

where o 1s given above.
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The transition diagram corresponding to the above table 1s

2" Part:

A Mulu-tape Turing machine 1s like an ordinary Turing machine with several tapes. Each
tape has its own head for reading and wnting. Initially the mput appears on tape 1, and
the others start out blank.

A k-tape Turning machine can be described as a 6-
M =(Q,F,s,b,F,5}

where

O 1s a finite set of states

I 1s a finite sct of the tape alphabet

s € O 1s the mitial state

b1 1s the blank symbol

F c ©Q 1s the st of final or accepling states

O Qxl" —>{l'x{L, R.S })* 1s a partial function called the transition function, where k

1s the number of tapes, L 1s left shift, R 1s nght shift and S 1s no shift.
A multithcad Turing machine can be visualized as a Turing machine with a single tape
and a single control unit but with multitape.

3" Part:

Here 1s a sketeh of how you can prove that the Halting problem 1s undecidable.

Assume that a TM capable of solving the halting problem exists. Call this TM halt. It
takes, as input, the encoded representation of a TM and an input tape on which the
encoded TM will run. Let's call this input pair  (p, 1): p for "program” (the encoded TM)
and 1 for "input” (the mput tape). If input T™M p will halt on mput 1, then halt halts and
outputs "true”. If input T™M p will not halt on 1, then halt halts and outputs "false". So, we
can view halt as a function that takes parameters p and 1 and produces the output "true" or
"false” depending on whether or not TM p halts on input 1.
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Output
“True":

Halt
Halt

p does not halt on |

p halts on 1

Based on halt, we can trnivially construct a new TM, which we can call trouble, which will
work as follows. It first duplicates the entire input tape q, creating two copics of the
original mput tape. It then runs halt, using one copy of the ongmal mputqas
paramcter p and the other copy of the original input g as parameter 1. If halt (g, q) outputs
"false”, then trouble TM halts. If halt (g, q) outputs "true", then trouble goes into an
infinite loop (and thus does not halt).

Any TM can be encoded as an 1mitial tape. So, let's assume that the encoding ot trouble as
a tape 1s called t.

Consider what will happen when trouble 1s executed with t as 1ts input tape. Does trouble
halt?

It trouble halts, that means that halt (t, t) answered "talse". However, that means
that trouble does not halt when given t as input.

It trouble does not halt, that means that halt (t. t) answered "true”. However, that means
that trouble docs halt when given t as input,

In either case, halt gave the wrong answer. Theretore, given any TM that claims to solve
the halting problem, it 1s possible to construct a program/mput pair for which 1t will
answer incorrectly. So, any claim that a particular TM solves the Halting problem can be
proved false, meaning that the Halting Problem 1s undecidable.

3. a) Define Turing machine. (WBUT 2015, 2019]
b) Explain different types of Turing machine. (WBUT 2015, 2019]
c) Design a Turing machine that accepts the language of all string which contain
“aba” as a substring. [WBUT 2015, 2019]
Answer:

a) A Turing machine 1s an abstract concept used to describe a type of machine that, given
an indefinite amount of space and time, can be adapted to calculate anything, such as the
digits of & or even a whole universe.
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b) There are many different types of Turing machines that are often used to describe
certain kinds of execution. The two that are most often used are deterministic and non-
deterministic Turing machines.

Automata are often used to represent Turing machines. This 1s a determimistic Turing
machine which calculates the two's complement of some binary input.

A deterministic Turing machine 1s one that uses the concept of determinism to calculate a
solution to a problem,

Determinism 1s the concept of being only in one state at a given time and determining
what the next state will be from that state. In simpler terms, determinism would be being
in state qp, and only holding that state until moving onto the next state, g;. In determinism
we would be able to predict without any doubt that the head would move from state q, to
state ;. A Turing machine does not have to even halt, or stop execution, in order for 1t to
be considered deterministic.

A non-deterministic Turing machine 1s one that uses the concept of non-determinism o
calculate a solution to a problem.

A non-deterministic Turing Machine differs from a deterministic Turing Machine in the
sense that a non-deterministic Turing Machine can have several possible states to which
It can transition from any given state, g One way o think ol it would be o think that,
given the possibility of choosing from several subsequent states, the non-deterministic
Turing machine guesses the next iteration that will bring 1t to a ‘yes™ answer, Pul a
different way, the non-determunistic Turing machine branches out into holding many
states at the same time in a sort of tree fashion untul onc of the many paths lcads it 1o a
“yes’ answer. In perspective a non-deterministic Turing machine may, for instance, be in
state gp and then hold both state @y as onc of the branches and state gy, as another
branch.

¢) Strings 1n which aba 1s present as a substring.

b.b, R

4. Design a Turing Machine which accepts the language [ = {a“b",n 2 1} . Write a
short note on Multi-Tape and Multi Head Turing Machine. [(WBUT 2017]
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Answer:
1" Part:

[.ct us now follow the working of TM M, with input aabb.

The mitial configuration 1s BaabbBB. This means that the TM 1s 1n state g, and the head
1$ on the first a of the input string, This corresponds to M, being as given in Fig: 2(a).
The current stare 1s mentioned 1n the box representing the finite control of the machine.

[ o

Fig: 2(a) Machine M, in Initial Configuration Fig: 2(b) M, After First Move

After the first move, the head gy reads a, removes 1t with x and moves to right, thus
changing the state from gy to q;. This gives us the next conhiguration as BxabbBB. Since
there is another a in the second state, so we will overwrite the a with a and move to right

(a—aR).
gannonn Blx[afv[vfa]8
A

Fig: 2(c) M, Alter Second Move Fig: 2(d)
After the second move the configuration becomes BxabbBB with the head pointing to b.
So 1t reads b, removes it with y and moves to left, thus changing the state from g, to q..
Following the same procedure the turing machine 1s designed. The next moves are as

follows:
Talx s o [a]e]
@

Fig: 2(e)
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Fig: 2(g) Fig: 2(h)

“GEELLEE.  ZBELELLEEE

= B

Fig: 2(m) Fig: 2(n)

2" Part: Refer to Question No. 2 (2™ Part) of Long Answer Type Questions.

5. Define Turing machine. Explain Church’s hypothesis. What is Universal Turing
machine? [WBUT 2018)

Answer:
1" Part: Refer to Question No. 3.(a) of Long Answer Type Questions.

2" Part:

Church’s Hypothesis:

. This hypothesis has no practical proof.

Weak form:

A Turing Machine can compute anything that can be computed by digital computer.

Strong form:

A Turing Machine can perform any possible computation.

.. Church States that —

A function on the natural numbers 1s computable by a human being fallowing an
algorithm, i1gnoring resource limitations, i1f and only 1f 1t 1s computed by a Turing
Machine.
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3" Part:

Universal Turing Machine

- Universal Turing Machine is a Turing Machine for all other turing machines.
.. For example,

Ay, = (M, w)| M is a turing machine and M accepts w}

1s Turing Recognizable.
If, M accepts w — Halt & Accept
M rejects w — Halt & Reject
M loops on w — no Halt
For Universal Turing Machine
Input: M =descniption of some T
w=an input string for M
Action: — simulate M
— Bcehave just like M
— Bchave just like M (aceept, reject or loop)

6. Explain Turing Machine as Decider. [MODEL QUESTION]
Answer:

The Turing Machine 1s eventually comes to a SUCCess halt,

Functions like NEXT, PREV, ADD, etc_, 1.e., for which such Turing Machine's can be
constructed, are called Primitive Recursive Functions,

Any function that can be constructed as a fimite number of compositions ot other
primitive recursive functions are themselves primitive recursive functions, For example,
we can define the multiplication operation PROD(m, n) as:

PROD(m,n)=ADD(m,m),(n ~1)times

Integer arithmetic 1s just one kind of operation that a T™ s capable of performing. There
are several other operations or “problems” that TM-s are also capable of performing.
There 1s a class of problems like computing arithmetic functions, where the TM
“generates” something during its operation. In another class of operations, the T™ may
“decide” (by coming to a success or a failure halt) about something - the “something”
being represented in some way as the input to the machine. An "YES' answer to the
decision question leads to a success halt while a "NO’ answer leads to a failure halt.

A “bmary” anthmetic function can be converted to a “trinary” decision problem by
concerving of a TM with three inputs | the numbers to be operated on and the possible
result. The TM comes to a success halt if the given results 1s actually the result of the
binary arithmetic function and to a failure halt 1f it 1s not.

Under such a circumstance, we say that the Turing Machine is acting as a Decider.

For example, suppose L 1s a Language. The “problem” for a TM could be whether, 1f
given a string on the tape, the TM comes to a SUCCess halt if the string belongs to L and
to a FAILure halt 1f 1t does not. The concept 1s not as easy as 1t sounds.

FAT-144



FORMAL LANGUAGE AND AUTOMATA THEORY

In our description of the Turing Machine, we have never introduced the surety that a
given Turing machine will have to halt (success or failure) in fimte time. Indeed, a
machine can go on running for an arbitrary amount of time and just looking at the

"snapshot’ of the machine, 1t may not be possible to tell whether 1t will “ever’ come to a
halt.

7. Explain: Universal Turing machine. [MODEL QUESTION]
Answer:
Consider a Tunng Machine M, such that 1ts input consists of the following:
¢ The “description” of another machine M, laid out as a string of 5-tuple with cach
tuple delimited at the end by a “blank™.
e The tape description of the “input given to M,
Suppose M, uses the tape beyond the “input for M, as the working memory.
We can show that 1t 1s possible to design M, such that it simulates M,. 1.e.. it works on the
input to M; cxactly as M would have worked on it
First, there are two important data stored 1n a 1dentifiable part of the working memory:
¢ The current “input of M,”, that 1s the symbol under the tape head of the
“simulated™ M,
e The current input position of M, -s head, as an offsct from the “input given o
M,”.
To start with, the head of M, 1s on the lirst S-tuple state description of My, 1.¢., the head of
M, 1s on the tuple whose s; 1s the initial state of M,
Let s be the s, (1.e., old-state) value of the current tuple and let p be the current position of
the head of simulated M, (as 1s written in the “working memory™).

The simulation by M, proceeds as per the “program™ described below:

l. Store s and p In the working memory

2. IT s happens to be a SUCCess halt state of M;, halt with success: clsc 1’ s happens to be
a FAILure halt state of M, halt with tailure.

3. Note the current input of M, (i.c., the symbol at the p-th position of M, 's tape) and
store it in the finite control (see Sec-14.5). Let this current input be x.

4. Search for the tuple (s, x, 1, @, d), 1.e., whose s; value 1s s and the a value 1s x.

5. Store ¢ value, w and d values of the tuple in tinite control

6. Proceed to the p-th position on the tape of M, and wrnite @. Make s« 1r. Make
p <« p+1 1fdis “nght” else make p« p-1

7. Goto Step-1

Looking at or description of M,, we find that no matter what the description of M, 1s, it
can be simulated.

In Formal Language parlance, a TM like M, 1s known as a Universal Turing Machine.

8. Turing Machine as Enumerator. [MODEL QUESTION]
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Answer:

When a TM works 1n that mode, 1t generates one output after another 1in a systematic
way. The outputs are placed one after the previous one generated, on the infinite tape. In
each step of operation, the TM adds a new output.

The set of outputs that a given TM generates may be finite or infinite. Even if the output
set 1s infinite, 1t will have some commonality based on the fact that our given TM has
generated it

Definition: The Language of a Turing Machine (when 1t 1s an enumerator) 1s the set of
strings that the T™ generates as output. For TM M, we often usc the notation L(M) to
denote the language enumerated by M.

9. State and proof Rice Theorem. [MODEL QUESTION]
Answer:

Rice theorem: It states that any non-trivial semantic property of a language which 1s
recognized by a Tuning machine 1s undecidable. A property, P, 1s the language of all
Turing machines that satisfy that property.

It P 1s a non-tnivial property, and the language holding the property, L, . 1s recogmzed
by Turing machine M, then [, = {<M> | [(M) € P} is undecidable,

Propertics:

e Property of languages, P, 1s simply a sct of languages. IT any language belongs (o
P (L € P), 1t 1s said that L satisfies the property P.

e A property 1s called to be trivial 1f cither 1t 1s not satisficd by any recursively
enumerable languages, or 1f 1t 1s satisfied by all recursively enumerable
languages.

e A non-trivial property 1s satisfied by some recursively enumerable languages and
are not satisfied by others. Formally speaking, 1n a non-trivial property, where L
€ P, both the following propertics hold:

o Property 1 — There exists Turing Machines, M1 and M2 that recognize
the same language, 1.e. either ( <M1=, <M2> € L ) or ( <MI> <M2> ¢
[.).
o Property 2 — There exists Turing Machines M1 and M2, where M1
recognmzes the language while M2 does not, 1.e. <M1> € L and <M2> €
..
Proof:
Suppose, a property P 1s non-trivial and ¢ € P.
Since, P 1s non-trivial, at least one language satisfies P, 1.e., L(My) € P , 3 Turing
Machine My,
Let, w be an input 1n a particular instant and N 1s a Turing Machine which follows
e  Oninput x
Run M onw
If M does not accept (or doesn't halt), then do not accept x (or do not halt)
It M accepts w then run M, on x. If M, accepts x, then accept x.
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A function that maps an instance ATM = {<M, w=| M accepts input w} toa N.
e If M accepts w and N accepts the same language as My, Then L(M) = L(M,) € p
e It M does not accept w and N accepts ¢, Then L(N)= o0 € p

Since Ay 15 undecidable and it can be reduced to Lp, Lp 1s also undecidable.

10. Write short notes on: Non-deterministic Turing Machine. [MODEL QUESTION]
Answer:
A non-deterministic Turing machine can be formally defined as a 6-tuple (Q, X, ). 0, qu,
B, F) where

e (15 a finite set of states

e X 1s the tape alphabet

e Y is the input alphabet

e 015 a transition function;

0:0Qx X —=P(Qx X x {left shift, Right shifi}).

* (g 1s the minal state

e B s the blank symbol

e F s the set of final states.

A Turing Machine with a semi-infinite tape has a left end but no night end. The lett end
18 limited with an end marker.

En

Head

It 1s a two-track tape —

e Upper track — It represents the cells to the right of the initial head position.

e Lower track — It represents the cells to the left of the imitial head position n

reverse order.

The infinite length mput string 1s mitially written on the tape in contiguous tape cells.
The machine starts from the initial state gy and the head scans from the left end marker
‘End’. In each step, it reads the symbol on the tape under its head. It writes a new
symbol on that tape cell and then it moves the head either into left or night one tape cell.
A transition function determines the actions to be taken.
It has two special states called accept state and reject state. If at any point of time 1t
enters into the accepted state, the input 1s accepted and 1f 1t enters into the reject state,
the input 1s rejected by the TM. In some cases, it continues to run infinitely without
being accepted or rejected for some certain input symbols.
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