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SET, RELATION & FUNCTION

" Chapter at a Glance

Introduction to Relations and Functions

This topic “Relations and Functions” 1s a foundation or fundamental of algebra in mathematics.
Relations and functions are two different words having different meaning mathematically. Many
us you might be confused in their difference. We shall study both these concepts in detail here.
Same as the relations which we have in our daily life, a kind of relations also exists in algebra. In
daily hife, relations are like brother and sister, friends, student and teacher and many more. In
mathematics also we see some relations hke a line 1s parallel or perpendicular to another, any one
variable 1s greater or less than the another vanable. Any Set A 1s subset of B, all these are
examples of relatons.

One thing which we see in common while studying relations, that it required two different objects
to link two different objects via relations.

What is the meaning of Relation in math?

Understanding Relations requires basic knowledge of sets. A Set is a collection of well defined
objects of particular kind, For example a set of outcomes of dice, a set of Enghish alphabet.
Relation 1s always studied between two sets. If we have two non void (or null/empty) sets A and B
then the relation R from set A to set B 1s represented by aRb, where a 1s the set of elements
belonging to set A while b belongs to set B

Relation from a set A 1o a set B 1s the subset of the Cartesian product of A and B 1.¢ subset of A
x B. Relation in other way can also be defined as an collection of ordered paurs (a, b) where a
belongs to the elements from set A and b from set B and the relation 1s from A to B but not vice
versa.

For Example

Consider a set A containing elements as {1, 2, 3} and set B contans elements as {2, 4, 6.

Then the relation between Set A and B from A to B will be set of any combinations from Set A to
set B,

A B

From the above diagram, we can see that Relation from A to B 1.e. R will be set of {(1.4). (1,2),
(3.4),(3.2)}. This relation 18 a subset of the Cartesian product of two sets A X B.
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Let’s take another example where, set A= |1, 2,3} andsetB={1,2,3,4,5,6,7,8,9}.

If the Relation between A and B 1s as: elements of B 1s the squares of elements of set A, then the
relation 1s written in the form of sets as:

R = {(a,b). where bissquarcofaanda € A& b € B}

ThenR = {(1,1),(2,4), (3,9)]

Same as sets, relation may also be represented algebraically either by the Roster method or by
the Set-builder method.

Relation can also be defined as a linear operation which establishes relationship between the
element’s of two set’s according to some defimite rule of relationship
R:{(a,b)|(a,b)EAXxBand aRbj

Eg:1A1s {2 3, 5]

Bis (1,49, 25, 30}

If aRb — bissquare of a

Discrete element of relation are {(2, 4), (3, 9). (5, 25)!

Eg: 2 A = {Jaipur, Lucknow, Kanpur, Bhopal|

B = {Rajasthan, Uttar pradesh, Madhya Pradesh]

aRb — a1s capital of b,

A X B = [(Japur, Rajasthan), (Lucknow, Uttar Pradsch), (Bhopal, Madhya Pradesh)

Total Number of Relation from A to B

Let the number of relations from A to B be x.
Let A contain ‘m’ elements and B contains ‘n’ ¢lements
Number ofelement's mAxB—mxn

Number of non-void subset = C™ +C7" +........ +C,, =2" -1

Thus, forA={1,23) &B={x,vy, z}
Number of non-void subset’s or the number of possible relations ==2"- 1 =511

What are Functions?

Functions are the special class of relation or we can say that special types of relations are called
as Functions. Function 1s one of the most important concepts n
mathematics as every situation in real hife are solved and analysed first
by writing its mathematical equation or function.

A function 1s like a machine which gives unique output for each mput
that 1s fed into it. But every machine is designed for certain defined
mputs for e.g. a washing machine 1s designed for washing cloths and
not the wood. Similarly the functions are defined for certain inputs
which are called as its domain and corresponding outputs are
called Range.

Input x
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Let A and B be two sets and let there exist a rule or manner or correspondence I wihch associates
to each element of A to a unmique element in B, then f1s called a Function or Mapping from A to
B. It 1s denoted by symbol

f(AB) or f:A>B or A——B

Which reads “f'is a function from A to B' or’ f maps A to B.
If an elements a € A 1s associated with an element b € B then b 1s called “the fimage of a’ or
‘image of a under {' or ‘the value of the function fat a’. Also a 1s called the pre — image of b or
argument of b under the function £ we write it as
f:(a.b) orfia —borb=1{(a)
A relanion f from a set A to a set B 1s called as the function 1f 1t satistfies the below conditions:
¢ All the elements of A should be mapped with the elements of B. That 1s, there should not be
any element in A which 1s being unmapped with B,
iLe. Va, (a, fla)) € I, where, a is the elements of set A
e Elements of set A should be umquely mapped with the elements of set B.
Le.if(fa,b)ef& (a,c)Ef,=b=¢
Thus the ordered pairs of f must satisfy the property that each element of A appears n
some ordered pair and no two ordered pairs have same first elements.
See the below figures to understand the above points.
f AN B

A-""L_*"\H "‘-""iﬁ\“ — B
T - — o~
d e —

Function Not Function Function

f

A

Not Function

Note: Every function 1s a relation but every relation 1s not necessanly a function.

Relations

What is the domain of a function? Also explain its co-domain and
Range

For a relation [rom set A to set B 1.¢. aRb, all the elements of set A are called as the domain of the
relation R while all the elements of set B are called as the co-domain of the relation R.
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Range is the set of all second elements from the ordered pairs (a, b) in the relation aRb.
Domamoff=lala€ A, (a fla)) €T}
Rangeof f= {I'(a) la€ A, fla) € B, (a, I (a)) €1}

Domain Range

N

/)
A\

For the relation aRb, domain 1s considered as the input to relation R while the co-domain 1s the
possible outputs and range 1s the actual output.

Similarly for a function, f2 A — B, elements of set A are the inputs and B 1s the set of possible
outputs. But the second elements of all ordered pair of f{4, B) will be the actual outputs.

It should be noted that range 1s a subset of co-domain. If only the rule of function 1s given then the
domain of the function i1s the set of those real numbers, where function i1s defined. For a
continuous function, the interval from mimimum to maximum value of a function gives the range.

Which is not the graph of a function?

To wdentify any graph, weather 1t 1s a function or not, we must understand its defimition once again
but in terms of graphical meaning.

First condition of function says that — “All the elements of A should be mapped with the elements
of B”. That means graphically, for every mput in 1ts domain, function must give or provide the
corresponding output.

Second condition of the function says that — “Elements of set A should be uniquely mapped with
the elements of set B”. These means that, for any input x, we must have one and only one output.
The best way to check this condition for the function v = f{x), 1s draw a line parallel to y — axis. If
it cuts the graph at two or more distinct points, this means, for one value of x, we are getting more
than one outputs. And hence 1t will not be a function.

Example

)!‘ = xﬂ
Here all the straight lines parallel to y — axis cut y = x” only at one point.

y
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Example
“ »
x+y =l
Here line parallel to y —axis is intersecting the circle at two points hence it is not a function.
y

{'l. 1]10]

Even Function: Let fix) be a real valued function of a real vanable, Then f 15 even 1f the
following equation holds for all x and -x in the domain of I

fix) = f{-x)

Geometnically, the graph of an even function 1s symmetnic with respect to the y-axis,

Odd Function: Again, let fix) be a real valued function of a real vaniable. Then f is odd if the
following equation holds for all x and -x in the domain of f

f(=x)==f(x) or f(x)+ f(=x)=0

Increasing function: A function f i1s said to be increasing if whenever a >b, then f(a)= f(b).

Further a function is said to be stnictly increasing 1f
When a > b, then f{a) > f{b). The graph of an increasing function looks somewhat like this:

What are the Classification of functions?

Functions are classified as follows:

¢  Polynomial Function: If a function 115 defined by
f(x)=ax"+a, x""'+. _ +ax+a,.
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where n is a non negative integer and a,,, a,.,, ..., a, ay are real number and a, # 0, then [is
called a Polynomial Function of degree n. A polynomal function 1s always continuous.
Algebraic Function: A function f1s called an algebraic function 1if it can be constructed using
algebraic operations such as addition, subtraction, multiplication, division and taking roots,
started with polynomials.

Example

s 2
f(x)=vx" +1 g(.x)='r ~10x +(x-2)Wx+1
x+x

Note: All the polynomials are algebraic but converse 1s not true, Functions which are not
algebraic, are known as Transcidental Function.
Fractional Rational Function: A rational function 15 a function of the

form, y= f(x)= % ., where g(x) & h(x) are polynomials & h(x) # 0. The domain of
X
fix) 1s set of real x such that h(x) £ 0.
Example
2x' -x* +1
f(x)="" , D={x|x=+2)
x° -4
U<a<| ar|
y=a'

Exponential Function: A function fix) = a"= ¢"™(a > 0, a # 1. x € R)is called
an Exponential Function. fix) = a" is called an exponential function because the variable x is
the exponent. It should not be confused with power function. g(x) = x* in which variable x is
the base. For fix)= ¢"domain in R and range 1s R

Logarithmic Function: A function of the form y=log, ' x, x = 0,a > 0, a # 1, 1518
called Logarithmic Function. o1
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¢ Absolute Value Function (or Modulus Function): A function v = f(x)= M 1s called
the Absolute Value Function or Modulus Function. It i1s defined as:
x 1Hx=20
S
For f(x) = x|, domain is R and Range is R" U {0}. See below for its figure.

- s

y==li1fx<0

e Signum Function: A function y = f(x)=sgn(x) is defined as follows:

1 forx>0
y=f(x)=10 forx=0
=1 forx<0

It 1s also written as
sgn(x) =mar i, x20: f(0)=0
x

* Greatest Integer Or Step up Function: The functiony = fix) = |x]1s called the greatest
integer function where [ x| denotes the greatest integer less than or equal to x. Note that for:
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graph of y = [x] y

-1 < x<0; [x] = -]
0<x<l; |x]=0
l<x<2;|x]=1
2<x<3;[x]=2and so on.
For f(x) = | x|, domain 1s R and range 1s 1.
e ldentity Function: The {2 A — B defined by f{x) = x, ¥V x €A 1s called the identity of A and
1s denoted by I, The domain and range of identity function 1s entire real range 1.e. R f(x) =x

¢ (Constant Function: The function - A — B 1s said to be a constant function 1f every element
of A has the same fimage n B. Thusf: A — B; fix)=¢.¥ x € A, ¢ € B is a constant function.
Note that the range of a constant function 1s a singleton and a constant function may be one -
one or many -~ one, onto or into.

Example
f(x)=|ix}]). g(x)= sin” x +cos” x: h(x)= sgn(.vr1 ~3x 4+ 4) etc., all are constant functions.
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Multiple Choice Type Questions

1. Every non-empty subset of [ contains a [WBUT 2014(ODD)]
a) maximal element b) minimal element
c) least element d) greatest element

Answer: (¢)

2. The number of hlnary relations on a set havlng 3 elements is
[WBUT 2013(EVEN), 2016(EVEN)]

a) ¥ b) 3 c) 3! d) none of these
Answer: (d)
3. The number of subsets of a set with n elements is (WBUT 2015(EVEN)]
a) n b) 2n c) 2" -1 d) 2"
Answer: (d)

4. Intheset S=|1 2 3 4 69| defines a relation R by R, if and only if / is a
multiple of & . Then which one of the following statements is correct?

[WBUT 2016(0ODD)]
a) 3 and 4 are comparable b) 9 succeeds 3
c) 3 succeeds 9 d) 4 and 6 are comparable
Answer: (c)
5.fP={2,4,6,7,8,9},Q={1,2,6,9),then P-Qis [MODEL QUESTION]
a){4,7, 8) b) {4, 6, 8, 9} c) {1} d){2,4,6,7,8,9)
Answer: (a)
6.fA={1,2 3),B={a, b}, AxBisgiven by [MODEL QUESTION]
a) {(11 a}i (1! b): (21 a)'l (21 b): (31 a): (3l b)}
b) {(a, 1), (a, 2), (a, 3), (b,1), (b, 2), (b, 3)}
c) {(1,a),(1,b),(2,a), (2 b),(3,a),(3,b), ()}
d) {1, 2,3, a, b}
Answer: (a)
7.fF A= -{1,2,3.4,8: B = {2,4,6,?},then AAB is [MODEL QUESTION]
a) {2, 4} b){1,2, 3,4,6,7, 8) c)é d)(1,3,6,7,8)
Answer: (d)
8.If 4=, 2 3. B={2. 3. 6}, then AU RBis [MODEL QUESTION]
a)il, 2, 31 b) {2 3! c) {1, 2, 3, 6! d) none of these
Answer: (C)

DCM-10



DISCRETE MATHEMATICS

9. If A ={L2,3} and B =23, bi.thon AUB Is [MODEL QUESTION]
a) |1.2,3] b) |2,3] c) {1, 2.3, 6] d) none of these
Answer: (¢)

10. If .fl={l.2. 3.4{- and /5 = {14.6} ,then 1A B Is [MODEL QUESTION]
a) {1,2} b) {l, 2, 3,6} c) {I,3,6} d) :6}
Answer: (¢)

11.1f 41={2,4,6] and B=|1,3,57],then AUB is [MODEL QUESTION]
a) |0} b) |1,2,3,4,5,6,7]
c) |1.2,4,5,6,7} d) {0,2}

Answer: (b)

12.if P=[2,4,6,7,8,9|, 0={1,2,6,9] then PO is [MODEL QUESTION]
a) |1.2,6] b) {2.6,9] c) {1,6.9] d) {4.6,9]

Answer: (b)

13. Which of the following is a null set? [MODEL QUESTION]
a) 4A=1{0; b) A={¢]
C) A=|{x:x 15 an integer & | < x < 2] d) none of these

Answer: (¢)

14. If {1, 2, 3, 4, 5, 6, 7} be universal set and 4=14.3 21/ B={2,4 6] then

(AUB) is [MODEL QUESTION]
a){5,7) b) {1, 3, 7} c){1,3,5,6, 7} d) none of these

Answer: (a)

15.1f P={2.4.6.7,8,9}, 0=1{1.2.6,9},then P—Q is [MODEL QUESTION]
a){4,7, 8) b) {4, 6, 8, 9) c) {1} d){2,4,6,7,8,9)

Answer: (a)

16. Which of the following is a null set? [MODEL QUESTION]
a) 4=10] b) A=|x:xisanintegerand | < x <2}
c) A=|¢} d) None of these

Answer: (b)
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17. Let f .z - = be a mapping defined by /(x)=2x 3. Then the mapping / is

[MODEL QUESTION]

a) one to one b) onto
c) neither one-one nor onto d) both

Answer: (d)

18. p is a relation on the set R x R of ordered pairs of real numbers as follows:

Forall (a,h), (c,d) ¢ RxR (a,b)lc,d)=>a=c [MODEL QUESTION]
Then p is

a) symmetric only b) symmetric but not reflective

c) equivalence relation d) none of these

Answer: (¢)

19.Let A=R-|3] and B=R-|1]. [MODEL QUESTION]
-
If fA>B: f(x)= *”< then
a) /isinto | b) / is surjective c) / is bijective d) none of these

Answer: (¢)

Short Choice Type Questions

1. Find the number of integers between 1 and 720 both inclusive that are not
divisible by any of the integers 2, 3 and 5. [MODEL QUESTION]

Answer:
No. of integers between 1 to 720 divisible by 2 1s

72 o
TU =360=n(A) (say)

=

No. of integers between | to 720 divisible by 3 1s

% =240 = n( B)(say)

and no. of integers between 1 to 720 divisible by 5 1s

%ﬂ‘iﬁ:u((')(say)
2
Now, n(.flr‘*.B):%O:IZO
0
n(ANC) =22 _7)
10
n(Bﬁ(‘)=%=4R
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ﬂ(.ﬂfﬁﬂﬁ(')=%=24

So the required no. of integers 1s 360+240+145(120+72+48+24)=481

2. Find the number of natural numbers not greater than 1000 which are not
divisible by 3,5 or 7. [MODEL QUESTION]

Answer:

Let A4 donate the set of natural nos. divisible by 3,
B donate the set of natural nos. divisible by 5,

and C' donate the set of natural nos. divisible by 7.

Then n(A4)=333, n(B) =200, n(C)=142

n(ANB)=66,n(BNC)=25n(CNA)=47 and n(ANBNC)=9

Hence

n(AUBUC)=n(A)+n(B)+n(C)-n(ANB)-n(BNC)-n(CNA)+n(ANBNC)
=333+200+142-66-25-47+9 =546

Therefore the no of natural numbers not divisible by 3, 5 or 715 1000 - 546 =454 .

3. Write down the quantifiers in predicate calculus and symbolize the following
statements:
i) Every rational number is real number.

ii) There exists a number which is prime. [MODEL QUESTION]
Answer:
The quantifiers are
For all: v (universal quantifier)
Thereexists: 3 (existential quantifier)

Let Q@ denote the set of rational numbers, 2 denote the set of real numbers and P denote
the set of prime numbers.
Then (1) Vxe(), xelR

(1) Jx, xeP

4. In a survey concerning the smoking habits of consumers it was found that 55%
smoke cigarette-A, 50% smoke cigarette-B, 42% smoke cigarette-C, 28% smoke
cigarette-A & B, 20% smoke cigarette-A & C, 12% smoke cigarette-B & C and 10%
smoke all the three cigarette. What percentage do not smoke?

[MODEL QUESTION]
Answer:
n(A) =355 “mANB)=-28 : n(ANBNC)=10:
n(B) =50 CalANC)Y=20
n(C)=42 - n(BNC)=12

mAUBUCO)=n(A)+n(BY+n(C)=n(ANB)-n(ANC)
~n(BNCY+n(ANBNCO)
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=147 ~60+10=97
Therefore, 100 -97 = 3% students do not smoke.

5. ¥ A=lab.c,de}, B=|c,a,e,g) and C=\|be f,g|, then show that

(AUB)NC=(ANC)U(BNC). [MODEL QUESTION]

Answer:
AUB={ab,c.d,e}Uic,a,e g} =1a,b,c.d,e g}

(AUB)NC={a,b,c.d,eg}libe, f,g} =\beg)
ANC=\a,b,c.d.e}[\ib,e [,g} =ib.e)
BNC={c,aegiNibe, f,.g} =le gl

(ANCYU(BNC)=1be}Ule, g} =tb.eg)
(AUBNC=4NOUBNC)

6. Out of 440 students, 112 students read German, 120 students read French and
168 read Spanish. Of these 32 read French and Spanish, 40 read German and
Spanish, 20 read German and French, while 12 read all the three subjects. How
many students
a) do not read any of the three languages [MODEL QUESTION]
b) read just one language?
Answer:

10 solve this problem, we use Venn diagram.

Crerman e————

—t—p Spanish

French

n(G)=112  a(F)=120 a(S)=168

n(FNS)=32 n(GNS)=40
n(GMF)=20 n(GNFNS)=12
Now, alGUFUS)=n(G)+n(F)+n(S)

-n(FNG)-n(FNS)-n(GNS)+n(FNGNS)
= 112+120+168—(32+40+20)+12 =320
. (440-320) =120 students does not read any of the three languages.
Now, a(G)-n(GNS)-n(GNF)+n(GNFNS)
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=112-40-20+12 =64
n(F)-n(FNS)-n(FNG)+n(GNFNS)

=120-32-20+12=80
n(S)-n(SNG)-n(SNF)+n(GNFNS)

=|68-40-32+12=108

Hence 64 students read only German, 80 students read only French and 108 students read
only Spanish.

7.Prove that (AxB)N(CxD)=(ANC)yx(BND). [MODEL QUESTION]

Answer:
Let (x,y) be an arbitrary element of the set (A x B)(C x D)

Then (x,v)e(AxB)N(CxD)

= (x,v)e(AxB)and (x,y) e (Cx D)

=>ixe A and veB} and {xe C and y € D)

—>lxeAd and xe€ ('} and {veB and v € D)

= xe(ANC)and y € (BN D)

= (x, v)e(ANC)x(BND)

(AxB)N(Cx D) < (ANC)x(BND) (1)
Again, (a, b) be any arbitrary element of the set
(ANC)Yx(BN D). then

(a.b) e (ANC)x(BMND)=>a e (ANC)and b e (B(D)
—>lacAand ae C} and (beB and b € D,
—>lac Aand be B} and la € C and b € D)
= (a,b)e(Ax B) and (a,b)e (Cx D)
=(a,b) € (AxB) [ (CxD)
(ANCY<(BND) € (AxB)N(Cx D) .. (2)

From (1) and (2) we get,
(AxB)(WCxD)y=(ANC)yx (BN D)

8. For any three sets
A,B,C showthat A—(B-C)=(A-B)u(ANC) [MODEL QUESTION]

Answer:
LHS = A—(B-C)

=AN(B-CY
.J'_i'r'w(.“'")'r

:Aﬁ(
= AN ( B uC ) [By De-Morgan’s rule]
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=(AnB)u(4NC)
=(A-B)u(AnC)

9. In a survey of 320 persons, number of person taking tea is 210, taking milk is 100
and coffee is 70. Number of persons who take tea and milk is 50 , milk and coffee is
30 ,tea and coffee is 50 .The number of persons all three together is 20. Find the

number of people who take neither tea not coffee nor milk. [MODEL QUESTION]
Answer:

Let M, T and C be the sets denote respectively number of persons taking milk, tea and
coffee.

Therefore, n(M) = 100, n(T) = 210, n(C) = 70. n(Mn~T)=50,
n(M AC)=30,n(T AC)=50, n(M AT AC)=20.
We know,

a(MOTUC)=n(M)+n(T)+n(C)-n(MT)-n(T"C)
n(CAM)+n(MnTNC)

=100+210+70-50-50-30+20 =270
Thus, number of persons who take neither Milk not Tea nor Coffee is 320-270 = 50.

10. Let 4={1,234] and R=|(L1),(2,2).(3,3).(4.4).(L2),(L3).(3.2)}. Is R is

equivalence relation? Explain. [MODEL QUESTION]
Answer:

Here R=1(11).(2.2).(3.3).(4.4).(1.2),(13),(3,2)} .

Clearly R is reflexive, transitive but not Symmetric as (1,2)e R but (2,1)2 R .
Hence R 1s not an equivalence relation.

11. If B is countable and 4 < B,(A4+# ¢), then A is countable. [MODEL QUESTION]
Answer:

If B 1s finite, A 1s clearly finite. If B 1s countably infinite, there 1s a byjection /.8 —> N *
Then f(A)c N, so by the proposition [f(A)1s either fimite or countably mfinite.
Since A ~ f(A)(given that £ 1s injective), it follows that 4 1s countable.

As the following results shows, to establish that a set 4 1s countable it 1s enough to find a
function from [ onto A, or a one-to-one function from 4 mto ¥ : this 1s easier than

exhibiting a byjection[¥ — 4 .

12. Let A be a nonempty set. The following are equivalent:
(1) A is countable (that is, there is a bijection /- 4 — Iy, orh: 4 - N).

(2) There exists / . [ — 4 surjective.
(3) There exists g : 4 — [V injective. [MODEL QUESTION]
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Answer:

(1) = (2): If 4 1s countably infinite, we may take f/ =/ . If 4 1s finite with cardinality N,
consider the surjective function:

fv N=> Iy, f(m)=nforl<n <N, f(n)=NfornzN

Then, f=h "o f,:N— A is surjective.

(2) = (3): Let f be as in (2), and define g: 4— N as follows. Givenae€ A, the
preimage [ '({a}) is a non-empty subset of N (since f is surjective). By the Well-
Ordering Principle, this set has a smallest element; we let g(a)be this smallest element.
g is injective, since for two elements a, #a, in A the preimages [ ({a,})and
f '({a,})are disjoint, and hence their smallest elements are distinct.

(3)=>(1): Let g be as in (3). g(4) is a non-empty subset of [N | hence (by Proposition 1)
g(A4) 1s countable. Since A4 - g(A)(given that 4 15 mjective), it follows that A4 1s
countable.

13. {J ~ I the set of rational numbers is countably infinite. [MODEL QUESTION]

Answer:
Define /- ZxN—->0Q by f(p.q)=p/q. Since each rational number 1s of the form p/g

for some peZ and some ge M (not necessarily unique ones), it follows that f 1s

surjective. Since Zx M~ N (using examples 1, 2 and 3), it follows from part (2) of
Proportion 2 and Remark | that (J 1s countable (hence countably infinite)

14. Let 4 A, A, .. be non-empty countably infinite sets (not necessarily disjoint),
then their union is countably infinite: [MODEL QUESTION]

L4 -N
el

Answer:
We’re given that, for each i € N | there exists a bijection f, :N — 4. Define
[ NxN-| 4, £ 1) = £,0)).

e

To see that f surjective, let .tEU”_I A be arbitrary. Then xe A for some ie ¥, so

x= f(j) forsome je N ; thus x= f(i, /).
Before describing the proof of the fact that & is uncountable, we need to review some
basic facts about decimal expansions of real numbers. This expansion 1s not umque. For
example:

0.9999999 . =1.
This equality 1s not approximate, 1t 1s EXACT, a fact that some students find surprising;

both sides are different decimal representations (1n base 10) of the same rational number.
One way to see this 1s:
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099999 =93 107 = -0}
=" TS0

using the well-kknown formula for the sum of a convergent geometric

series, Z:ﬁ'_“aq'*" = li if |g|<1. The same would happen for any rational number with

a terminating decimal expansion, for example:

0.1234567 =0.12345669999999 ...
Thus if we want to assign to each real number a unique decimal expansion, we need to
make a choice; for the purpose of the argument that follows, we’ll choose the “non-
terminating expansion’, that is, the one that is eventually an infinite sequence of 9’s.
With this choice, it 1s then a theorem about the real numbers (which won’t be proved
here) that every real number in the interval (0, 1] has a unique non-terminating
expansion: an infinite sequence taking values in |0, 1.... 9}, arbitrary except for the fact
that 1t can’t be eventually all 0°s. Thus, there 1s a biyjection between the interval (0, 1| and
the set:

{f :N>1{0.L,...9}| (¥n e NYEm > n)(f (m) # 0)}

Under these correspondence between nonterminating decimal expansions and sequences
we have, for example:
0314515199999« (3,1.4.5,1,5,1.9.9.9.9.9..)

15. The set |xe K O <x <1} is uncountable. [MODEL QUESTION]
Answer:

Arguing by contradiction, suppose a byection f:[N —(0,1] exists. Listing the f(n)by
their nonterminating decimal expansions, we build a bi-infinite array:

S)= 0a,a,a,a,a;..

f(2)= 0.a,a,a,a,,a,...

f(3)= 0a,a,a,a,a,...

f(4)= 0a,a,a,a,a,..

J(5)= 0a,a.a.a.a...

Given the array we can exphceitly exhibit a real number x e (0,1] that it can’t possibly

include. Namely, let x be the number with nonterminating decimal expansion:
x=0dd,ddgd,..

where the d, are defined using the diagonal entries of the array, modified as follows:
d=a_+11fa_<{0]1,..8}; d =8ifa,=9.

Note that d_=0for all n, so this nonterminating decimal expansion os of the allowed

kind, and defines a real number in (0, 1]
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We claim that all ne M f(n)# x, contradicting the fact that f 15 onto. To see this,
observe that the n-th digits in the decimal expansion of xisd, , and in the expansion of
f(n) 1s d_, ; these are different (from the construction above). This concludes the proof.

Numerical example. We have no control over the “listing” f that 1s assumed to exist at

the start of the argument, but suppose (for example) the first five entries were
(highlighting the diagonal entnes of the array):
f(1)= 0.12034506...

f(2)= 0.13579017...

f(3)= 0.24608046...
f(4)= 031415926...

£(5)= 0.21784143...

Then the first five digits of xwould be: x =0.24725..., and 1t is clear that xcan’t be any
of the first five elements on the list (and indeed can’t be any element on the list).

Long Choice Type Questions

1. Answers for the following questions:
a)if 4={1,2,3} and B ={x, y}, list all members of Ax B.[MODEL QUESTION]

Answer:
A= {1,2,3} & Bz{.t,y}

AxB= {(Ix)(l1)(21)(21)(3")(3‘)}

b)If A={2,4,6} and B={1,3,5,7},find ANB. [MODEL QUESTION]
Answer:
A=12,4.6} & B={1.3,5,7}

ANNB=¢

c) If Zis the set of all integers and f(x) = ‘x‘ as x € Z.Show that fis not one to

one. [MODEL QUESTION]
Answer:

Let, x,x,eZ

Now f(x)=/1(x) =x|=|x

or x, = *x,
Therefore / 1s not one to one.
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2. In a class of 50 students, 15 read Physics, 20 read Chemistry and 20 read
Mathematics. 3 read Physics and Chemistry, 6 read Chemistry and Mathematics
and 5 read Physics and Mathematics. 7 read none of the subjects. How many
students read all the subjects? [MODEL QUESTION]

Answer:

Since 7 students read none of the subjects, the total number of students who read at least
one subject1s 50-7 =43

Now using Venn diagram, we get
n(PUCUM)YOn(PYOn(OYOniM)YO(POICOOMPOMOCOMOPICNM)

or, 43=15+20+20-3-5-6+n(PNCMM)

or, n(PNCNM)=2, which is the required no. of students who read all the subjects.

3.fA={a,b,c,d,e},B={c,a,e,gland C ={b, e, f, g},
then showthat AUB)nC=(AnC) u(BNnC) [MODEL QUESTION]
Answer:

A= a, b, &, d, (.’:'

B=lc, a, e, g|

C=1ib, e f, g}
.4UB:=ﬂp br C, d! €, g=

(AUBC=1b, e, g}
Now ANC=1ib, e}
BNC=le, gl
(ANCYJ(BNC)=1{b, e, g|
Therefore, (AUBYNC=(ANC) U (BNO)

4. In a survey of 320 persons, number of persons taking tea is 210, taking milk is
100 and coffee is 70. Number of persons who take tea and milk is 50, milk and
coffee is 30, tea and coffee is 50. The number of persons all three together is 20.
Find the number of people who take neither tea nor coffee nor milk.

[MODEL QUESTION)]

Answer:

persons taking milk, coffee, tea 1s 20

persons taking tea, milk 1s 50

persons taking only tea, milk 1s (50-20)=30
persons taking milk, coffee 1s 30

persons taking only milk, coffee 1s (30-20)=10
persons taking tea, coffee is 50

persons taking only tea, coffee 1s (50-20)=30
persons taking milk 1s 100

persons taking only milk 1s (100-10-20-30)=40
persons taking coffee 1s 70

persons taking only coffee 1s (70-30-20-10)=10
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persons taking tea 1s 210

persons taking only tea 15 (210-30-20-30)=130

Total person taking tea, coftee, mulk 1s (130+40+10+30+30+10+20)=270
Person not taking tea, coffee, milk is (320-270)=50

5. If A=la,b,c,d, e}, B=|c,a,e,g| and C=|b,e, f,g|,then show that

(AUB)NC=(4NC)U(BNC). [MODEL QUESTION]
Answer:
A=lab,c,d,e|

B=|{c,a.eg!
C={be.f.g|
AUB=lab,c.d,ezg!
(AUB)NC=1b,e,g|
ANC=1b, e}
BNC={e, g}

(ANC)U(BNC) = lbe.g!
L (AUBNC=(4NC)U(BNC)

6. a) Prove that | AU B|=|A|+ B|-| A~ B| where A and B are two non-empty

sets. [MODEL QUESTION]
Answer:

Let, 4 and B are two subsets of a umversal set S.
Here A()B°, A(\B and B() A° are disjoint.

Now, m(A)=n(ANB )+ n(AN B)
n(B)Y=n(ANBY+n(BNAY) @
Again, AUB=(ANB)YUANB)YU(BNA)

A B

S AUB)=n(ANB )Y+n(ANB)Y+n(BN A)
=n(A)-nm(ANBY+n(ANBY+n(B)-n(ANB)
=n(A)+n(B)-n(A B)

b)If A=a.b,c.d} B=\b.c,p,q|,thenfindout 4xB Bx4 and 4AB.

(MODEL QUESTION]
Answer:

AxB={(a,b);aec Aand beB|

={(a.b).(a,c).(a,p),(a.q).(b,b).(b.c),(b, p).(b.q).(c.b).(c,c),
(e, p)(c,q),(d,b)(d,c)(d, p)dqg)
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BxA=\(b,a),(b,b),(b,c),(b,d),(c,a).(c,b)(c,c)lc.d)(p.a),

(p.b)(p,c)(p.d)q,a)lq.b)lq.c)lq.d)
AAB =(AUB)-(ANB) ={a.b,c,d,p.q} —{b,c} =la.d, p.q}

c) Define power set. Find the power set of |a. b, c} R [MODEL QUESTION]

Answer:

A set formed of all the sub-sets of a set as its elements 1s called power set of S and 1s
symbolically denoted by P(S).

Let, S=la,b,c}

P(S)={1a},1b}, c} . ta,b}  a,c}, 1b,c} {a,b,c}, @)

7.Let 4. B besets,andlet f: 4> B g:B-> 4,then 4= 5. [MODEL QUESTION]

Answer:
(Note: we let X denote the complement of X )

Let § = U( fe) (f(A) < B, where ( fg)" is the identity by convention. We then define
1=0

o '(x) if xeg(S)

h-A>B x>« -
- f(x) otherwise

and propose that /4 is a bijection.
It 1s clear that g"l serves as a byjection from g(§) to §. It1s also clear that since [

g(§)
1S a injection, that 1t 1s a byjection onto whatever its image 1s. Thus it suffices to show that
the image of g(5) under f 1s exactly the complement to the image of g"| . that is

giy)

S . In other words, I claim: f(g(S))=S and showing this completes the proof’
C . Suppose, that the left hand side 1s not contained in the right hand side, then

dxe f(g(S)nS. Since xeS,x=(fg)"(z),ze f(A),meN. But i1s m>0, then
xe f(g(S)), which i1s a contradiction to x E(ﬁ) . Thus x==z¢€ f(A), but we see that

f7'(x) is defined and xe f(A) are precisely the elements where /' is not defined.

Thus this also a contradiction and therefore no such x exists.
Note that this also says that h 1s injective, that the map defined as f does not overlap

with the map defined as g .

<. Let xeS§ and notice that §=U:r_ﬂ(fg)'(f(.d)}=n:ﬂ(fg}'(f(A)). Then since

(fe)” =idB , we may say that x e f(A). Thus we may write x = f(a), ac A an we want
to show that a € g(5), but this must be true, otherwise a € g(§5) implies x= f(a)e S,
contradictory to our original choice of x.
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Note that this also says that h 1s surjective, that the map defined as f 1s onto the subset
of B, that is not mapped to by g™

8. Prove that (0,1), (0.1],]0,1] and & are equivalent sets. [MODEL QUESTION]

Answer:
The easiest equivalence 1s (0.1) ~ £ | one possible byjection 1s given by f :(0.1) = K|

2—1 for O{I{%,
f@=1 7 1
—2 for—=<x<l,
1—x 2
with inverse function
: for y <0,
! 2—-y
f {Jr):-: l
- for y20.
| 24y
To show (0,1]-(0,1), one possible byjection g :(0,1] —(0,1) 1s given by
Ll for =l,n e N,
2(x) =1 n+ | n
x fxz—forallnel,
n
with inverse
1 for y=l_nEN,n22_
n-—1| n

g(:c) =4 l
y Hyz—forallnelN n=2.
n

Then A:[0,1] —[0,1) defined by
g(x) for x 20,
-0 if x=0,
1s again a byection, so [0,1]=[0,1). But F:[0,1) = (0,1], F(x)=1-x 15 a byection, too

h(x) =+

(with F7' = F , 50 [0,1)~(0,1]. By transitivity the claimed equivalences follow.

9. Assume f:A—-B is one-to-one & g:B+Ais also one-to-one. Then show that
A and B have the same cardinality and there is a one-to-one function h from A onto
B. [MODEL QUESTION]

Answer:
Consider the function £:(0,1)—[0.1] defined by f(x) = x, Ffwould be one-to-one. The
function g:[0,1]—(0,1), defined by g(x)=(1/2)x+1/8 1s also one-to-one.
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Then, there 1s a byjective function h from (0,1) onto [0,1]. Let h(x)=(1/2)x+1/8. Observe
that |[0,1])=]| 1/8,5/8].. Since | 1/8.5/8]<(0,1) 1t follows that |[0,1]/=[| 1/8,5/8]|=(0.1)|.
Thus, [(0,1)=[[0,1]] and [[0,1]=[(0, 1)}, so |(0,T)=|[0,1]].

10. Let 4 be any set and 2’ be the power set of 4. Then card 4 <card 2".

[MODEL QUESTION]
Answer:

The map x> {x} 1s a one-one function from A4 into 2". Hence, card A <card 2"'. We

show that
card 4+ card 2'. ON the contrary, suppose that card 4 =card 2. Then there is a one-

one function @ : 4 - 2". Define a function f:A4AxA4->2" by

flx,y)=11f xea(y) and f(x.v)=01f xea(y).
[et g:4-—10.1} be any function. This defined a subset of 4, namely,
B=|xeA4:g(x)=1].Since a:4->2" is onto, there is z € 4 such that a(z)=B. Now
f(x,z)=g(x) forevery xe A. Let us venify it. If

xeB=a(z), then f(x,z)=1 and in this case, g(x)=1, by the definition of B. On the
other hand, if x¢ B (with xe A), then xga(z), 1e, f(x,z)=0 and in this case,
g(x)=0, again by the definition of B. Thus, for every xe A4, g(x)= f(x,z). Hence
every function g:4—1{0,1} is representable by /. BY CLT, every function
@101} = 10,1} has a fixed point. However, the negation function —:{0,1} — {0,1}

defined by —(0) =1, —(1) =0 has no fixed point. Therefore, card A # card 2.

11. Let 4.8 be sets and f:4xA4-> B by any function such that all functions

g.A— B are representable by /. Then every function ¢ 58— 5 has a fixed

point. [MODEL QUESTION]
Answer:
Suppose that f:4xA4—B 1s such a function that all functions g:4—> B are

representable by f . Let ¢:B— B be any function. Define a function w:4— Ax A4,
called Cantor’s diagonalization, by w(z)=(x,x). Let h=¢eo foy ; look at the diagram

below. f
Ax A

B
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Since the function h: A4 — B is representable by f, we have an a € 4 such that for all

xe A, h(x)= f(x,a). In particular, h(a)= f(a,a). But h(a)=¢(f(y(a)))=¢(f(a,a)).
Writing f(a.a)=5b, we have ¢(b)=>5. Thus ¢ has a fixed point, namely, b.
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PRINCIPLE OF MATHEMATICAL INDUCTION

" Chapter at a Glance

One key basis for mathematical thinking 1s deductive reasoning. An informal, and example of
deductive reasoning, borrowed from the study of logic, 1s an argument expressed in three
statements: (a) Socrates 15 a man.

(b) All men are mortal, therefore,

(¢) Socrates is mortal.

If statements (a) and (b) are true, then the truth of (¢) 1s established.

To make this simple mathematical example, we could write:

(1) Eight 1s divisible by two.

(11) Any number divisible by two 1s an even number, therefore,

(111) Eight 18 an even number.

Thus, deduction in a nutshell is given a statement to be proven, often called a conjecture or a
theorem in mathematics, valid deductive steps are derived and a proof may or may not be
established, 1.¢.. deduction 1s the application of a general case to a particular case. In contrast to
deduction, inductive reasoming depends on working with each case, and developing a conjecture
by observing incidences till we have observed each and every case. It 1s frequently used in
mathematics and 1s a key aspect of scientific reasoning, where collecting and analysing data is the
norm. Thus, in simple language, we can say the word induction means the generalisation from
particular cases or facts.

In algebra or in other discipline of mathematics, there are certain results or statements that are
formulated 1n terms of n, where n 1s a positive integer. 1o prove such statements the well-suited
principle that 18 used-based on the specific techmque, 18 known as the principle of mathematical
induction. Motivation In mathematics, we use a form of complete induction called mathematical
induction. To understand the basic principles of mathematical induction, suppose a set of thin
rectangular tiles are placed vertically one by one. When the first tile 1s pushed in the indicated
direction, all the tiles will fall. To be absolutely sure that all the tiles will fall, it 1s suflicient to
know that

(a) The first tile falls, and

(b) In the event that any tile falls i1ts successor necessarily falls.

This 1s the underlying principle of mathematical induction. We know, the set of natural numbers N
1s a special ordered subset of the real numbers. In fact, N is the smallest subset of R with the
following property: A set S 1s said to be an inductive set if 1€ S and x + 1 € S whenever x € S.
Since N 1s the smallest subset of R which 1s an inductive set, 1t follows that any subset of R that 1s
an inductive set must contain N.

Suppose we wish to find the formula for the sum of positive integers 1, 2, 3,.__n, that 1s, a formula
which will give the valueof | +2 + 3 whenn= 3 thevalue | +2+ 3 + 4 whenn =4 and so on
and suppose that in some manner we are led to believe that the formula
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| +2+3+_+n=n(n+1)/2 s the correct one.

How can this formula actually be proved? We can, of course, venfy the statement for as many
positive integral values of n as we like, but this process will not prove the formula for all values of
n. What is needed 1s some kind of chain reaction which will have the effect that once the formula
1s proved for a particular positive mteger the formula will automatically follow for the next
positive integer and the next indefinitely. Such a reaction may be considered as produced by the
method of mathematical induction.

The Principle of Mathematical Induction Suppose there 1s a given statement P(n) involving the
natural number n such that

(1) The statement 1s true forn =1, 1.e., P(1) 1s true, and

(1) If the statement is true for n = k (where k 1s some positive integer), then the statement 1s also
true for n =Kk + 1, re., truth of P(k) implies the truth of P (k = 1).

Then, P(n) 1s true for all natural numbers n. Property (1) 1s simply a statement of fact. There may
be situations when a statement 1s true for all n = 4, In this case, step | will start from n = 4 and we
shall venify the result for n = 4, 1.¢., P(4). Property (11) 1s a conditional property. It does not assert
that the given statement 1s true for n = k, but only that if 1t 1s true for n = k, then 1t 15 also true for n
= k +1. So, to prove that the property holds, only prove that conditional proposition: If the
statement 1s true for n = k, then it i1s also true for n = k + |, This is sometimes referred to as the
inductive step. The assumption that the given statement 1s true for n = K in this inductive step 1s
called the inductive hypothesis.

For example, frequently in mathematics, a formula will be discovered that appears to fit a pattern
like

I=1"=

4=2°=1+3

9=3"=1+3+5

16=4"=1+3+5+7 etc

It 15 worth be noted that the sum of the first two odd natural numbers 1s the square of second
natural number, sum of the first three odd natural numbers is the square of third natural number
and so on. Thus, from this pattern it appears that 1 + 3+ 5+ 7+ _ +(2n=1)=n’, i.e, the sum of
the first n odd natural numbers 1s the square of n.

Letuswrite P(n): 1 +3+5+7+ _ +(2n-1)=n".

We wish to prove that P(n) is true for all n. The first step in a proof that uses mathematical
induction 1s to prove that P (1) 1s true. This step 1s called the basic step. Obviously 1 = 1%, ie, P(1)
18 true. The next step 1s called the inductive step. Here, we suppose that P (k) 18 true for some
positive integer k and we need to prove that P (k + 1) 1s true. Since P (k) i1s true, we have

1 +3+5+7+ . +2k-1)=kK...(1)

Consider,

| +3+5+7+ _ +(2k-D+2k+D) =1} .=k +(2k+ 1)=(k + 1) [Using (1)]
Therefore, P (k + 1) 1s true and the inductive proof 1s now completed. Hence P(n) 1s true for all
natural numbers n.
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Multiple Choice Type Questions

1. If 6" is divided by 17, the remainder will be

a)15 b) 10
Answer: (c)

2. If k is a positive integer, gcd (ka, kb) =

a) k-ged(ka,b)
Answer: (b)

b) k-ged(a,b)

3. i ged(a.b)=d , then % 2 are
e d d

a) relatively prime b) prime
Answer: (a)

4. For every integer x,gcd(x, x+2)=

a)0 b) 2
Answer: (d)

5. The number 9420544 is divisible by
a) 36 b) 28
Answer: (b)

6. If 7x=3(mod5), then x can take the value

a)17 b) 19
Answer: (b)

7. ap =bg and a is prime to b then
b) alb and plg

a) a|p and b|g
Answer: (d)

8. The number of positive divisors of 252 is

a9 b)5
Answer: (c)

9. If 6° is divided by 17, the remainder will be

a) 15 b) 10
Answer: (d)

[WBUT 2013(EVEN)]
c) 1 d) none of these

[WBUT 2014(0ODD)]

c) k-ged(a, kb) d) none of these

[WBUT 2014(0ODD)]
C) composite d) both (a) and (b)
[WBUT 2015(0ODD)]
c)1 d) none of these

[WBUT 2015(ODD), 2019(EVEN)]
c) 24 d) none of these

[WBUT 2015(0DD)]
c) 21 d) 22

[WBUT 2015(0DD)}
c) alg and blg  d) none of these

[WBUT 2015(0DD)]

c) 18 d) 10
[WBUT 2016(EVEN)]
c) 1 d) none of these
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10. If we divide =10 with 6 then the remainder will be [WBUT 2016(ODD)]
a) -4 b)4 c)2 d) -2

Answer: (C)

11. The total number of positive divisors of 9216 is [WBUT 2016(ODD)]
a) 33 b) 20 c)12 d) 14

Answer: (a)

12. If 68 = 4( mod n ) , then n can be [WBUT 2016(ODD)]
a)12 b) 17 c)13 d) 16

Answer: (d)

13. The remainder when thesum 4! +5! +6! + ... + 50! is divided by 4 is

[WBUT 2017(EVEN)]
a)1 b) 2 c)3 d)0
Answer: (d)
14. The number 8955795758 is divisible by [WBUT 2017(0ODD)]
a) 7 only b) 13 only c)7or13 or 37 d) none of these
Answer: (¢)
15. If n is an odd integer, gcd(3n,3n+2)is [WBUT 2018(EVEN)]
a)1 b) 2
c)3 d) cannot be determined uniquely
Answer: (a)

16. Division algorithm states that for any positive integer d, there exist unique

integer q and r such that n=d ¢ + r and [WBUT 2018(0DD)]
a)0<r<d b) O<r<d c) D<d<r d) None of these
Answer: (a)

17. Suppose we're proving that 2"+ 4 is divisible by 2 for all natural
numbers, n using mathematical induction. We've already proven our base step
(that it is true for n = 1). What is the next step? [MODEL QUESTION]
a) We would set the expression 2" + 4 equal to 2 and solve for k
b) We would assume that 2" + 4 is divisible by 2, so 2+ 4 = 2m, wherem is a
whole number
c) The base step is the only step in mathematical induction, so we've already
proven that 2" + 4 is divisible by 2 for all natural numbers, n and there is no
next step
d) We would subtract 4 from the expression 2" + 4

Answer: (b)
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18. What is mathematical induction? [MODEL QUESTION]

a) A proof technique used to prove a property is true for a well-ordered set by
showing that if it is true for an elementn and n + 1 in a set, then it is true
for all elements

b) A way of combining addition and subtraction in a mathematical expression

c) A sum of two functions

d) An operation performed on functions when we want to divide a polynomial
function by another polynomial function

Answer: (a)

19. Which of the following statements is NOT true? [MODEL QUESTION]
a) 100 is divisible by 10 b) 7 divides 40
c) 12 is divisible by 4 d) 7 divides 28

Answer: (b)

20. If we were proving that 6" + 4 is divisible by 5 for all natural numbers, n, using
mathematical induction, what would be the first step? [MODEL QUESTION]
a) We would set 6" + 4 equal to 1 and solve for n
b) We would assume that it is true for all integers
c) We would subtract 4 from the expression
d) We would show that it is true for the first element in the set of natural
numbers (n =1)
Answer: (d)

21. if we are using mathematical induction to prove that a mathematical
expression A is divisible by a number b for all natural numbers n, then step 1 is to
show it's true forn = 1. Step 2 is to assume that it's true for a natural number k.
What is the third step in this process? [MODEL QUESTION)]

a) We show that it is true for k + 1

b) We assume that it is true for all integers

c) We set A equal to b and solve for the variable

d) There is no third step in mathematical induction

Answer: (a)

22. Let P(n) be the statement that 1°+2°+...+n’ = n(n+1)(2n+1)/6 for n > 0. If you can't
prove the base case, for which values of n can you prove that P(n) is true using

mathematical induction? [MODEL QUESTION]
a) none b)aliln>0
c)justn=1 dalln>k

Answer: (b)

23. Let P(n) be the statement that 1°+2°+...4n° = n(n+1)(2n+1)/6 for n > 0. What is the
statement P(1)? (MODEL QUESTION]
a) 1°+2%+._.+n” = n(n+1)(2n+1)/6 b) n=1
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c) 17 = 1(1+1)(2+1)/6 d) It doesn't exist
Answer: (¢)

Short Answer Type Questions

1. ¥ m is a positive integer and a = b/ (mod m) and ¢ = d (mod m). Show that

a) a+c=b+d(modm) [WBUT 2013(EVEN)]
b) ac = bd (mod m)
Answer:

a) a=b(mod m)impliesg — b = mk for some k € Z.and ¢ = d(mod m) implies ¢ —d = mt
for some re 7
Hence adding we get (a+c¢)—(b+d)=m(k +1) where k +reZ .

Hence a+c=b+d(modm)

b) Again if —b=mk, then ac —bc =mkc.and if ¢ —d =mt, then bc — bd = mib.
Adding we get ac —bd = m(kc +th)when ke +the Z.

Hence ac =bd(modm)

2. Find the remainder when the sum 1" +2° +3 + ___ +100 is divided by 5.

[WBUT 2013(EVEN), 2019(EVEN)]
Answer:
The given expression 1s

1P +27 .. +100° =(1° = 1) +(2° =2) +...+(100° =100) + (1+ 2 +...+100)

=5k, + 5k, +...... + 5k, + l{}O:' . | By Fenots Theo |
=50k +k, 4.t kg, +1010]
Hence I' +2° +...... +100° leaves remainder 0 when divided by 5.

3. Find the remainder when the sum '+ 2'+ 3% ___+100! is divided by 5.

[WBUT 2013(ODD)]
Answer:

Here the expressionis 14+ 2% 344 . +100!.

Clearly from 5! onwards each term 1s divisible by 5.

So we consider only 142143144,

By Wilson’s theory 4!= —1(mod 5), 5 being a prime no.
1.e. 441 1s divisible by 5.
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So we are to consider only 2'+3! i.e. 8 which clearly leaves 3 as remainder when divided

by 5.
So the remainder asked for 1s 3.

4, Find integers 1 and v satisfying gcd(272,119)=272u + 119v.

[WBUT 2014(ODD), 2017(ODD)]
Answer:
We have

272=2x119+ 34
[19=3x34+17
34=2x17

ged(272, 119) =17
Now 17=119-3x34=19-3{272-2x119} =7(119)-3(272).
Thus ged(272, 119)=272u+119v where u=-3, v=7.

5. Prove that the product of any m consecutive integers is divisible by m .

(WBUT 2014(0ODD))
Answer:
Let all natural numbers be grouped as

W,2,..om=Lm} Im+l m+2, ... 2m}, |2m+1,2m+2,....3m}, {3m+1,....3m} If the

sequence of m consecutive integers begin with 1, evidently the product contains m as a
factor and hence 1s divisible by m .

Every other string of m consecutive integers starting with 2 or 3 etc. upto m contains m
as a factor and hence 1s divisible by m .

If the sequence of m consecutive integers starting with 2m <1 or 2m+2 upto 2m
contains 2m as a factor and hence 1s divisible by m .

The argument 1s similar for every other strings of m consecutive integers.

Hence the result.

6. Find the number of integer’'s ». 1 <n <1000that are not divisible by 5, 6 and 8.

[WBUT 2015(0ODD)]
Answer:
LCM. of 56and 815 120
Evidently 120, 240, 360, 480, 600,720, 840, 960 are the numbers between | and 1000
divisible by 5, 6 and 8.
Hence the no. of integers between | and 1000 both inclusive which are not divisible by

any of the integers 5, 6 and 8 are
(1000 - 8) or 992.
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7. Find the ged (595, 252) and express it in the form 252m + 595n.

[WBUT 2016(0ODD)]
Answer:

By division algorithm
595=2x252+9]
252=2x91+70
91=1x70+21
70=3x21+7
21=3x7+0

Since the last non-zero remainder i1s 7, ged(595, 252)=7.
Now, 7=70-3x21=T70-3x(91-1x70)=4x70-3x91=4x(252-2x91)-3x91
=4x252-11x91 =4x252-11x(595-2x252) =26x252—-11x595

8. Find the remainder when the sum '+ 2'+ 3% ...... +100! is divided by 18.

[(WBUT 2016(ODD)]

Answer:
We know 6!=720=0 (mod18)
When n 26, n!=18k; k 1s a non-zero integer.

n!'=0 (modl8); n=26

(14 24 34+ 44+ 5H...... +100') (mod18)

E(']+2+6+24+120) (mod18)

=153 (mod18)

=17
9. Find integers m and n such that 512m + 320n = 64, [WBUT 2016(ODD)]
Answer:
We know

S512=1x320+192 . (D

320=1x192 +128 ... (2)

192 =1x128+64 e (3)

128=2x64+0 e (B)

Thus 64 is the ged of 512 and 320. Hence there exist integers, m and n such that
mS512+n320=064

Now, from equation (3) we have
64=192-128
=192 ~(320-192) [from equation (2)]
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=2x192 ~320
=2x(512-320)-320 [from equation (1)]

=2x512-2x320-320=2x512-3x320

Som=2 n=-3
10. a) If ged(a.b)=1, prove that ged(a’.b")=1. [WBUT 2017(EVEN)]
Answer:

Let ged(a®,b’ )=d then @’ =dk,, b* = dk,, k. k, €N

na=\Jdk , b=Jdk,

As ged(a,b)=1, we get gcd(Jd Jk], Jd Jk: ):l
So vd =1 ord=1

b) Find two integers v and v satisfying 63u +55v=1. [WBUT 2017(EVEN)]
Answer:

Since ged(63,55)=1, the equation 63u +55v =1 has integral solutions.

Now, 63=1.55+8

55=68+7

8=7.1+1

S 1=8-71=(63-1.55)-(55-6.8).1=63-255+6(63-1.55)=7.63-8.55

Sou=7v=-8

11. State division algorithm. Show that every square integer is of the from 54 5k L1

for some integer X . [WBUT 2017(EVEN)]
Answer:

1* Part:

Division of one integer by another plays an important role in the study of integers.

If b= 0 and a arc integers, then we can divide @ by b. If g is the quotient and r is the
remainder, then we say a@ 1s completely divisible by b if » = 0.indeed we can state the
following:

Theorem:

If a,beZ,b#0,then thereexist g, reZ suchthat a=bg+r, 0<r< |b|

For example, if a=37, b=5,theng=7,r=2as 37=5x7+2
Again, iIf a=-37.b=5,then g=-8, r=3 as -37=5x(8)+3.
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2" Part:
Let x be any positive integer
Then x=5g or x=5¢g+1or x=5¢+4 tor integer x.

If x=5¢,x" =(5¢)° =25¢" =5(5¢" ) = 5n (where n =54

If x=5g+1,x" =(Sg+1)" =25¢* +10g +1=5(5¢" +2¢ ) +1
=5n+1 (whcrc n=5q +2q}

If x=5g+4,x" =(5q+4) =25¢" +40g+16=5(5¢* +8g +3)+1
=S5n+1 (whcn: n=>5¢" +8q+3)

». In cach of three cases x? is cither of the form 5S¢ or 5¢+1 or 5¢+4 and for intcger
q .

12. When n is a positive integer, show that 3" =3 -2"(mod7). Obtain a similar

result for 2""* and deduce that(3"""* + 2" )is a multiple of 7, for all n.

[WBUT 2018(ODD)]
Answer:

Let P :3"" =32"(Modz),ie., 3" ~3.2" is divisible by 7
Clearly, P, 1s true when n =0 as 3-3 1s divisible by 7.
Suppose P is true for m 1.e.. 3" —~3.2" is divisible by 7.
Then 3% _32m! =9 3%+ 373" =2{3*! _32"} 4+ 7.3""

=27k +7.3"" =7{2k +3*"'|

Hence, P(m+1) is true.

By induction the result 1s true for every ne N
Now, 37 +2"7 =(3"" -32") 432" +2"" =Tk +7.2"

Hence 3" + 2™ is a multiple of 7 for all ».

13. Show that for all primes p» and all integers a« and b, if

p|ab then p|a or p|b of both . [WBUT 2019(EVEN)]

Answer:
Suppose p is prime and p|ab. If p|a we are done. If not then ged(p, a)=1 and by
Fuchd’s Lemma, we know that —
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If ged(a, b)=1 and a|bc then a|c and if p is prime then ged(a, p)=1 if and only if
p does not divide a .
So, we can conclude that p|b.

14. Using well ordering principle prove the Archimedean property of natural
numbers, viz. foranytwo a.be N.2ne N suchthat naz=b. [WBUT 2018(0ODD)]

Answer:
(nven, a be ™

Consider the set S = { X xaz b}
Clearly, S # ¢ since bazb.

By the well ordering principle, S 1s bounded below and henee has a first clement say n.
Thus there exist n € ¥ such that na=5b.

1. a) By mathematical induction, prove that 6"~ +7°""" is divisible by 43, for each
natural number 7. [WBUT 2013(0DD)]

Answer:
let P(n)= 6" + 7
Clearly P(0)1struc as P(0)=36+7=43

Also P(1)1s truc as P(1) = 559 which 1s divisible by 43.
So assume P(m) is divisible by 43 1e. 6" + 7" =43k, keZ
Now P(m+1)=6""+7""" =6.6"" +49.7°"
=616 + 77"+ 437" = 643k +43.7°"
=43(6k +7"") =43k" where k'eZ.
Thus P(m +1) 1s divisible by 43.
Hence by induction principle, 6"* + 7" is divisible by 43,

b) If gcd(a,b)=1, show that ged(a+b.a’ —ab+b")=10r3.  [WBUT 2014(0ODD)]

Answer:
Given ged(a,b)=1.

Now let d =ged(a+b,a” —ab+b")
Then d|a+b.So d‘(a +b)°
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Again, d‘ a —ab+b* .
So d‘ {(a+b)z -(a’ —ab+b1)} ie., d|3ab.

Since 31saprime, 1e., d =3 or d‘ ab .

But as ged(a,b)=1,d=1.
Thus d 1s1or3.

2. a) Define GCD of two integers ¢ and 5. Use Eucledian algorithm to find integers
u and v such that ged(72, 120) = 72u +120v.

b) (i) State and prove Fundamental Theorem of Arithmetic.

(i) If u\b and a\c then prove that a|(bx+c:;}-') for arbitrary integers x and y.

(i) If a|bc and ged(a,b)=1 then prove that a/c. [WBUT 2015(EVEN)]
Answer:
a) When a and b are (non-zero) integer, then an integer J(70) 1s said to be the greatest

common divisorofaand bit d la@a and d | b.
We know, 120 = 1x72+48

72 = 1x48+24
48 = 2x24+)
Now, 24=72-1x 48
=T72-1x(120-1x72)
=3xT72-1x120

Su=3v=-1

b) i) Fundamental Theorem of arithmetic:

Every integer n > 1 can be written uniquely as a product of prime numbers.

Proof:

We shall prove the theorem by the principle of induction.

Let n = 2. Since 2 1s prime, n(=2) 1s a product of primes (.- a product may consist of a
single factor)

letn=>2

If m1s prime, 1t 1s a product of primes 1.¢., a sing factor product.

[f 715 not a prime, 1.¢., composite, let us assume than the theorem holds good for positive
integers less than n and » = ab. since a, b < n, each of a and b can be expressed as the
product of primes (by the assumption).

~. n=ab 1s also a product of primes.
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i) Since a|b, we have a|xb, where x 1s an integer.
Again, a|c then a| yc, where y is an integer.

~.al|(xb+ yc) for two integers x and y.

iii) Let ged(a,b)=1. Therefore 3 two integers m and n such that

ma +nb=1=ged(a,b) e (1)
Multiplying equation (1) by ¢ we get
mac + nbc = ¢ ()

Now a|bc=a|nbc
La|lmac=alc (Proved)

3. a) Find the number of integers between 1 and 1000 both inclusive that are not
divisible by any of the integers 2, 3 and 7.

b) Find all possible value of x, for 345x=18(mod912). [WBUT 2015(0DD)]
Answer:

a) We first sce which arc the numbers divisible by 2, 3, and 7, 1.¢., by 42,

Evidently, 42, 84, 126, 168, 210, 252, 294, 336, 378, 420, 462, 504, 546, 588, 630, 672,

714, 756, 798, 840, 882, 924, 966 are the numbers between | and 1000 divisible by 2, 3
and 7.

Hence the no. of integers between | and 1000 both inclusive which are not divisible by
any of the integers 2, 3 and 7 arc 1000 — 23 or 977.

b) Since ged(345, 912) = 3, the given congruence equation has 3 solutions, We denote
345x =18(mod912) (i)

115x =6(mod104) (u)
We first solve (11) and for this note that gcd(115, 104)=1

Now,
IM)IIS(I
104
11 il{H Y
99
5)]] (2
10

|
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Hence 1=11-5x%2
=11 -=(104-9x11)
= 10=11-104
=10(115~1x104)-104
=10x115=11=x104

This implies 11510 =1 (mod 104)

1.e., x, =10 1s a solution of (11)

Hence x, =10 1s also a solution of (1)

The three solutions of (1) can now be given as

x=lﬂ+¥f(mnd9]2},i =(),1,2

or, x=10+304i(mod912).i=0,1,2

4. Let m, n be integers not both zero. Prove that ged(km, kn)=k.ged(m, n) for any

positive integer £ . [WBUT 2016(0ODD)]
Answer:

Let d=gcd(m, n)

Then ma + nb=d when g and b are integers.
a(km)+b(kn)=kd

i.c.,  ged(km, kn)=kd =kged(m, n)

It £ 1s any integer, then result becomes
ged(km, kn)=kged(m, n)

5. a) State and prove the recursion theorem of gcd. [WBUT 2018(EVEN)]
b) i) Prove that ged(a,b)=ged(a, a-b)

i) Show that two consecutive integers are prime to each other.

c) Calculate gcd(567,315) and have hence express ged(567,315) as 567x+315y
where x and y are integers.

Answer:

a) GCD Algorithm 2: Euchd's Algorithm

The basis of the algorithm is the following fact:

n if n divides m with no remainder

For mzn>0, gcd(m, n)=+ , .
ged(m, n) gcd(n, remainder of E) otherwise
n
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We can rewrite m as follows:

m . . m
m= n[—] + remainder ot —
n n

Now any divisor d common to m and n must divide the first term with no remainder,
since it 1s the product of n and an integer. Therefore, d must also divide the second term
since d divides m and m 1s the sum of the two terms.
Since any divisor common to m and n must divide the remainder of m/n, we know
that, in particular, the ged does, since 1t 1s a common divisor. It just happens to be the
greatest such divisor.
So by taking the GCD ( n, remainder of m/n ), we can "close in quickly" on the GCD
of m and n.
Now we can write:
int ged(int m, intn) {
if ((m% n)==0)
return n;
else

return ged(n, m % n);
j
ged(468, 24)
ged(24, 12)
== 12
ged(135, 19)
gcd(19, 2)
gced(2, 1)
=> ]
Fuchd's GCD algorithm 1s very fast, but division (taking remainders) 18 a more time-
consuming operation than simple addition and subtraction.

b) (i) Let p=ged(a,b). Then pla,plb.So p‘a—b.

If h|a,h|a—b, then hla—(a-b) iec., h|b

But p=ged(a,b).So h|p

Hence p=ged(a,a-b)

(1) Let n and n+1 be two consecutive integers. If possible let » and n+1 be not prime
to each other. Then there exists ke Z, k=1, such that k =gecd(n, n+1). This implies

klnand k|n+1.So k|(n+1)—n or k|1. But the only integer which divides 1 is 1. So

k =1. This contradiction therefore proves the result.
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¢) We have
315‘56? 252‘3]5 63‘252
252 63 0

ic, 567=315x1+252  ie, 315=252x1+63
So,  ged(567, 315)=63

Now, 63=315-252x1=315—(567-315)=315(2)+(-1)567
Thus, x=-1, y=2.

6. a) State the principle of well-ordering.
b) State and prove the division algorithm by the well-ordering principle.

c) In a round -robin tournament where every player plays every other player
exactly once and each match has a winner and a loser, a cycle is said to exist if -

beats ~,, F and F, and so on upto ~,  beats F and F and F. The cycle is of length

m(m = 3) . Prove that if a cycle exists among m players then there must be a cycle

of 3 of these players. [WBUT 2018(EVEN)]
Answer:
a) Every non-cmply subsct ol M has a first clement,

b) If a and b are integers, b > 0, then there exist unique integers ¢ and » such that
a=bg+r, 0<r<bh

et  S=la-th;teZ,a-1b=0}

We now prove that § 18 a non-ecmply subsct ol

Case0: a=z0

Clearly ae S as a=a-05b

Casel: a<0

Clearly a—ab=a(l-b)z0 as a<0 and 1 <b

Hence a—-abeS.

Thus § 15 a non-empty subset of M and hence by the well ordering principle, § has a

first element » say.

Then r=a - gb for some integer gv, a=bg+r and r=0.

We now show that r <b.

If r=b, then a—(g+1)b=(a—gb)-b=r-b=0

This means a—(g+1)be S, ie, r-beSs.

But, r=b<r(as b>0)

This contradicts the fact that » 1s the first element of §.
Hence r<b.

DCM-41



POPULAR PUBLICATIONS

To prove uniqueness, let there exist ¢,,q,,rn,n€Z such that a=g¢b+r, and
a=q,b+r,, 0sn<b,0=r,<b.

Then gqb+r=q,b+r,

or, (9,—q,)b=r,—r,

This implies b divides r, — ;.

-

But  -b<rn-n<bh.

Henee r, =1 =0 or n=r,

Then gb+r=ab+r, or (q,~q,)b=0
This implics b divides r, —r;.

Then gb+r=ab+r, or (g, ~q,)b=0
Since b>0, we have ¢, - g, =0 or g, =q,

This proves the uniquencss.

¢) l.ct us delfine order by win/loss, If 4 wins B and B wins  then i1t 1s ordered as
cm A= B Co

Consider n = 3teams,n(n 1) /2 games are played and 2"(n(n—1)/2) unique results might

be possible. Out of those 2*(n(n—1)/2) possible results, how many unique outcomes are
there such that we can order every player (only once) such that 1t forms a cycle. 1.e.
R>P>F>..>F >F

There cannot be cycle 1f there 1s Total Winner or Total Looser. 1 found (by using
Principle of Inclusion Exclusion) out there exists

2%n(n-1y2) = (2Zn) 2((n-1)(n-2)/2)tn(n—1) 2*((n-2)(n—3)/2)

Possible results of the tournament where there 1s no Total Winner or no Total looser,

I three players played game, player (1), (2), and (3) the outcomes are

(1, 2), (1, 3), (2, 3)] «< (1) 15 total winner so there can't be cycle,

(1,2),(1,3),(3,2)]

(1, 2),(3,1),(2,3)]

(1,2),(3,1),(3,2)]

(2,1),(1, 3),(2, 3)]

(2,1),(1,3),(3,2)]

(2, 1),(3,1),(2,3)]

(2, 1),(3,1),(3,2)]

Here, (1, 2) means match was played by (1) and (2) and (1) won the game.

The following forms a cycle (also 1t 1s the only outcome where there are no total winner
and total looser).
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“ Chapter at a Glance

Here we conceplualize some counting strategies that culminate in extensive use and applhication ol
permutations and combinations. The gquestions raised all require that we count something, yet cach
mvolves a different approach.

The Addition Principle
II'] order one vegelable from the menu at Big Baskel, how many vegetable chowees does Basket
ofter?

Here we select one 1lem [rom a collection of 1lems. Because there are no common 1lems among Lthe
Iwo sets Baskel has called Greens and Potatoes, we can pool the 1tems mnto one large sel. We use
addition, here 4+35, to determine the total number of items to choose from.

This illustrates an important counting principle.

The Addition Principle

Il a chowce Irom Group | can be made 1n n ways and a choiwee [rom Group 1l can be
made 1n m ways, then the number of chowces possible [rom Group | or Group 1l
1s nt+m,

Necessary Condition: No elements in Group 1 are the same as clements in Group 11

This can be generalized Lo a single selection [rom more than (wo groups, again with the condition
thal all groups, or scts, are disjoint, Lhal 15, have nothing in common.
Examples to illustrate The Addition Principle:
Here are three sets ol letters, call them sets L 1, and 111:

e Sctl: jamr]

e Setll: {bd,ilu]

e Setlll: {cent)
How many ways are there to choose one letter from among the sets [, II, or Il1? Note that the three
scls are disjoint, or mutually exclusive: there are no common clements among the three sets.

Here are two sets of positive integers:

e A={23571113}

e B={24681012}.
How many ways are there to choose one integer from among the sets A or B? Note that the two
sets are not disjoint. What modification can we make to the Addition Principle to accommodate
this case? Try to write that modification.
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The Multiplication Principle

A "meal” at the Bistro consists of one soup item, one meat item, one green vegetable, and one
dessert item [rom the a-la-karte menu. I Basket's Inend Pierre always orders such a meal, how
many diflerent meals can be created?

We can enumerate the meals that are possible, preferably in some organized way to assure that we
have considered all possibihines. Here 1s a sketch ol one such enumeration, where {V,0}, (KR},
1S, P.B.I}, and {L.A.CF} represent the items to be chosen [rom the soup, meal, green vegetlable,
and dessert menus, respectively.

VKSI. VKPI. VKBI. VKII. ...and so on to... ORIIL.

VKSA VKPA VKBA VKIA ORIA
VKSC VKPC VKBC VKIC ORIC
VKSF VKPF VKBF VKIF ORIF

Take note of the enumeration process used in the table. How could you describe it in words?
How else could we complete the count withoul wdentilying all possible options? A map or tree o
tlustrate the cnumeration process provides a bridge (o such a method.

We have two ways to select a soup item, two ways to select a meat item, four green vegetables to
choose from, and four desserts to choose from. The matching of one soup with each meat, then
cach ol those pairs with cach ol lour possible green vegetables, and cach ol those (nples with cach
ol [our possible desserts leads o the use ol muluphcation as a quick way (0 count all the possible
meals we could assemble at Basket's.

This suggests we use another counting principle to describe this technique.

The Multiplication Principle

Il a task mvolves two sleps and the hirst step can be completed 1nn ways and Lhe
second step in m ways, then there are n*m ways to complete the task.

Necessary Condition: The ways each step can be completed are independent of each
other.

This can be generalized to completing a task 1n more than two steps, as long as the condition
holds

Example to illustrate The Multiplication Principle:

Recall our three sets 1, 1, and 1H: {amr}, |b.d,iLu}, and {c.e.nt}. Determune the number of
three-letter sets that can be created such that one letter 1s from set I, one letter in from set 11, and
one letter 1s from set I, Note that our choice in each set 1s independent of our choice in the other
sets. I necessary, we could enumerate the possible three-letter, or three-clement, sets.

Permutations

In how many ways can the letters within just one set, from among 1, 11, and 111, be ordered? In set
I, we have these possibilities:

amr arm mar mra ram rma
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We use the Multuplication Principle to describe our selection. We have three letters to choose [rom
in filling the first position, two letters remain to fill the second position, and just one letter left for
the last position: 3=2x =6 different orders are possible. Likewise, for set Il there are 120 different
ways Lo order the five letters and there are 24 diflerent ways to order the letters n set 111

This above discussion exemplifies the concept of another basic counting strategy.

Permutation
A linear arrangement of elements for which the order of the elements must be taken

nto account.

We also pomnt out the availability ol factorial notation (0 compactly represent the specilic
multiplication we just carried out: 3x2x] = 3! 5x4x3x2x1 = 5! and so on. So n(n-1)(n-2)...(2)(1)
=n!.

Factorial Notation

A compacl representation lor the muluphcation of conscculive nlegers. We
use n! toreresent the product n(n-1)(n-2)...(2)(1). where nois some posilive inleger.

Fxample to illustrate use of Permutations:

Almost every morning or evening on the news | hear about the State of Ilhnois DCFS, the
Department ol Children and Famaly Services. 1 gel conlused, because our mathemalties department
has a commulttee called the Department Facully Status Commuttee, or DFSC. Can you see why I'm
confused? How many different 4-letter ordered arrangements, or permutations, exist for the set of
letters {D.F. S, C}?

Thinking ol lour positions o [ll, , we have 4 letlers o choose [rom lor the [irst
position, 3 for the next, 2 letters for the next position, and | choice for the last position, Using the
multiplication principle, there are 4x3x2x1=24 different 4-letter ordered arrangements for the set
of letters {D. F. S, C}.

We can extend this application to consider ordered arrangements of only some of the elements in a
set. For example, retuming to the beverages menu of Big Basket's. If Basket will post only four
possible soda chocies, how many diflerent ordered arrangements of the four sodas are there?
Thinking ol four positions o fill, , we have 6 sodas o choose [rom [or the first
position, 5 for the next, 4 sodas for the next, and 3 sodas for the last position. Using the
multuphcation principle, there are 6x5x4x3=360 diflerent ways to select and order [our of the six
sodas on the menu.

In general, we use the notation P(n,r) to represent the number of ways to arrange r objects from a
set of n objects. In the first problem above, we determined that P(4,4)=24, and in the second we
calculated P(6,4)=360. The general value of P(n,r) 1s n(n-1)(n-2)...(|n~(r-1)] or P(n, r) = n(n-1)(n-
2)...(n-r+1). Note that n can be any nonnegative integer. Are there any restrictions on the value of
r?

There 1s a step of anthmetic we can apply to the general pattern for P(n,r) to help streamline
permutation  calculations. In the second hne below, we have muluphed by
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(n=r)n—r—=1)..(2X1)
(n=r)n-r-1)..(2)XI)

equal. In the fourth line below we see how the expression can be simphilied using lactorial
notation,

Pnry=nn-1n-2)..(n-r+l)
(n—r)n—r—=1)._(2)1)
(n—=rin-r-1).2Xl)
n(n=Dn-2).(n-r+1)(n-r)n-r-1).(2X1)
R (n—r)(n—r—1)..(2)1)

, which is just the value | because the numerator and denominator are

=n(n—1)n-2)..(n—r+1).

n!
(n—r)!
Thus, we have P(6,2)=6!/4! and P(40,8)=40!/32!.
What about P(44)? The result above suggests P(44)=4//0'" We already know that
P(4,4)=4x3x2x1=4!, So we have 4!=41/0). For this o be (rue, 1t must be the case that 0'=1. As
strange as that may appear, we need 0'=1 1n order 10 maintain consistency within the calculations
we wish to carry out.

Combinations

Whalt 1s the disiinction between asking these two questions?

(1) In how many ways can a 5-card poker hand be dealt?

(11) How many different 5-card poker hands exist?

The lirst question considers the order or arrangement ol the cards as they are deall. In the second
question, the end result when dealt 2H, 4D JC 38,10D 1in that order 1s the same as being dealt
4D 385 JC 10D.2H in that order. In each case, the same 5S-card poker hand exists. The questions
help illustrate the difference between a permutation and a combnation.

Combination
A collection of elements whose order does not matter.

We found P(52,5) as the solution to the lirst problem. That 1s, we arranged 5 objects selected Irom
among 52 cards. For the second question, there are many arrangements that yield the same S-card
hand. We need to account for this. [.et's consider a simpler problem

How many ordered arrangements exist for the letters of the set |A B.C.D.E}?

Using permutations, we have P(5,5) = 5! = 120 ways to arrange the hive letters.

How many ordered arrangements are there of 3 items from the 5-¢lement set?

We have P(5,3) = 543 = 51/2! = 60 arrangements. For example, for the three letters |A B.C} we
have these arrangements: ABC, ACB, BAC, BCA, CAB, CBA. This represents 6 of the 60
arrangements, yet each involves the same selection of three letters. Likewise for the three letters
A CE}: We have ACE, AEC, CAE, CEA, EAC, ECA.

It seems that for each 3-letter subset of |A.B,C.D.E} there are 6 arrangements of the same three
letters.
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This 1s a helpful observation in exploring the following question:

How many ways can we select three items from the S-element set |A,B,C,D E} when the order of
the three items 1s disregarded?

One way 1s 1o hist the umque 3-element subsets of |A.B.C.D.E}: ABC, ABD, ABE, ACD, ACE,
ADE, BCD, BCE, BDE, CDE. There are 10 such 3-element subsets.

Another way to consider the count 1s to use the fact that:

(1) there are P(5,3) = 60 ordered arrangements of the 5-clement set into 3-clement subsets, and
(11) within the 60 ordered arrangements, there are 10 groups of 6 arrangements that use the same 3-
letter subset. That 15, 60 = 6 = 10 unique 3-element subsets. lJsing combinatorics notation, we

have
S!
_ P(5,3) 20 S0P 5
S P(3.3) 3 2131 2131
0!
In general, we have a way to determine the number of combinations of n items selected r at a time,

where the order of selection or the arrangement of the rilems 1s nol considered:

C(5,3)

C'(5,3)

!
Clnry—
(m7) (n—r)r!
and we note that
Cin,r)= An.r) _Anr) because P(n,r)= o
r! P(r,r) (n—r)!

The Relationship Between Permutations and Combinations

If r elements are to be collected or arranged from a set of n elements, then the number
of combinations of n elements taken rat a time, C(n,r), related to the number of
permulations ol mclements lakenrat a ume, P(n,r), according o the c¢gquation
P(n,r) _ P(n,r)

Cln.r)= r! _P(r,r)'

Circular Permutations
How many ways are there to arrange 5 children at a round table?
Il we consider the case in a linear fashion,

b » ¥ | b |

we have P(5,5) = 5! arrangements. Now extend this to a circle:
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Nolce that in cach ol these cases, the same people are siting next o cach other. Although there
has been a change--a rotation--about the table, the five children are still in the same positions
relative to each other. How many ways are there to rotate the unique linear relationship ABCDE ?
There are live such ways, all pictured 1n the drawing.

Thus we have 5! umgue hinear arrangements ol the children, bul we can group those so cach group
has 5 arrangements that show the children in the same position relative to each other. Therefore,
we have 315 = 4! circular permutations ol the hive children.

Whal 1l we arrange 1 a circle an r-clement subsel [rom an n-clement set? Suppose we arrange 3 ol
the 5 children, In the linear case, there are P(5,3) = 60 arrangements, but we can group those so
each group has 3 arrangements that show the children in the same position relative to each other.
Therelore, we have P(5,3)/3 = 5! 2!*3) circular permutations of the live children mto 3-children
subscls.

In general,

Circular Permutation
A circular permutation 1s a circular arrangement of elements for which the order ol the
clements must be taken into account.
In general:
e For n elements, there are (n-1)! circular permutations.
The number of circular permutations of r-¢lements taken from an n-clement set s

P(nr)r.
Multiple Choice Type Questions
1. Which of the following is congruent to 28 modulo 37 [WBUT 2018(EVEN)]
a)s b) 8 c) 13 d) 15
Answer: (¢)
2. Which of the following is congruent to 56 modulo 57 [WBUT 2019(EVEN)]
a) 20 b) 21 c) 22 d) 23

Answer: (b)
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3. If 12 distinct points are placed on the circumference of a circle and all the
chords connecting these points are drawn, at how many points do the chords
intersect? Assume that no three chords intersect at the same point.

[WBUT 2012(0ODD)]

a) (12, 2) b) C(12, 4) c) 2" d) 1212
Answer: (b)

4. How many ways are there to travel in xyz space from the origin (0, 0, 0) to the
point (4, 3, 5) by taking unit steps in positive x, v,z directions only?

[WBUT 2012(0ODD), 2016(EVEN)]
a) 4!.31.5! b) 60 c) 12!/(5!4!3!) d) 3"
Answer: (a)

5. In how many ways can 7 women and 3 men be arranged in a row if 3 men must

always stand next to each other? (WBUT 2013(EVEN), 2015(EVEN)]
a) /! x3! b) 7!+ 3! c) 3! x 8! d) 7! x8!
Answer: (a)

6. The number of non-negative integral solution of the equation

x+y+z=17, x,y,220 is [WBUT 2013(EVEN), 2015(EVEN)]
a) 170 b) 171 c)172 d) none of these
Answer: (b)

7. The number of permutations of a set with £ elements is [WBUT 2013(0ODD)]
a) k! b) (k-1)! c) (k+1)! d) none of these

Answer: imprecise

8. In how many ways 7 different beads can be arranged to form a necklace?
(WBUT 2013(0ODD)]
a) 250 b) 300 c) 360 d) 350

Answer: (c)

9. The number of ways an even sum is obtained when 2 indistinguishable dice are

thrown is [WBUT 2015(EVEN)]
a) 18 b) 12 c) 16 d) 14

Answer: (a)

10. Total number of functions from a set of 10 elements of another set of 15

elements is (WBUT 2016(0ODD)]
a) 10" b) 15" c) 2" d) 2"°
Answer: (b)
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11. In how many ways can 5 letters be posted in 3 letter boxes?

[WBUT 2018(EVEN)]
a) 25 b) 15 c) 243 d) 720
Answer: (¢)

12. How many different ways can three of the letters of the word BYTES be chosen

if the first letter must be B? [WBUT 2018(ODD)]
a) P(4, 2) b) P(2, 4) c) C(4, 2) d) 4!

Answer: (¢)

13. Among 200 people, 150 either swim or jog or both. If 85 swim and 60 swim and
jog, how many job? [WBUT 2018(0ODD))]
a) 125 b) 225 c) 85 d) 25

Answer: (a)

Short Choice Type Questions

1. Use theory of congruence to prove that for n>1, 172" +3-5""" ).

[WBUT 2016(EVEN)]
Answer:
Eiml =2_2’iﬂ . 1'8"

=

3.5 =3.5.5°

=15-5" =15-(25)" =(17-2)25"

357 42" =17(25)" - 2/(25)" - 2:8" =17-(25)" - 2((25) —3")
Now 17+(25)" =0(mod17)
and  2((25)"-8")=0mod(17)

Hence 17 |(2"""l +3-5° )

2. Solve the linear congruence 6x =3(mod9). [WBUT 2017(EVEN)]

Answer:

As ged(6,9)=3 and 3 divides 3 of the RHS, the congruence has 3 incongruent solutions,
Note 6x=3(mod9) is equivalent to 2x=1(mod3).

As ged(2,3) =1, the congruence 2x=1(mod3) has only one solution.

We know that there exist u,v € Z such that 2u + 3v =1 which 1s satisfied by u=-1,v=1
SO 2(~1)=1(mod3).

Thus x=-1 1s a solution of the given congruence.
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The three incongruent solutions are
x==1,-1+3-1+6(mod9)

-1,2,5(mod9)

1.¢.. X

3. Assume that in a group of six people, each pair of individuals are either friends
or enemies. Show that there are either three mutual friends or three mutual

enemies. [WBUT 2013(0DD)]
Answer: ol
[.ctus take six peopleas R, P, P, I, P, I} represented by six points. 0) .
[.ct us start with A and P, and assume that they are friends & label \ s
friends by 0 and enemuies by 1. PA0)  ® :

| p

Then P and P, arc also miends and proceeding this way we get all of |
them fnends. Exactly a same arguments will lead to a situation when all are enemies and

there cannot be a situation where onc is a friend and the other is an enemy for a particular
pair. So the problem 1s wrong,

4. State principle of inclusion and exclusion and use it to find the total number of
integers between 1 and 1000 which are neither perfect squares nor perfect cubes.
[(WBUT 2014(0ODD)]

Answer:

We use the Inclusion-Exclusion Principle. There are 1000 integers from | to 1000;
among these numbers, 31 are perfect squares (indeed, 312 = 961 < 1000, but 322 =
1000), 10 are pertect cubes (this 1s because 103 = 1000), and 3 are both squares and
cubes (these three numbers are 16 = 1, 26 = 64, and 36 = 729). Thus, by the Inclusion-
exclusion principle, there are 1000 — (31 + 10) + 3 = 962 numbers that arc neither perfect
squares nor pertect cubes.

5. If there are 200 faculty members that speak French, 50 that speak Russian, 100
that speak Spanish, 20 that speak French and Russian, 60 that speak French and
Spanish, 35 that speak Russian and Spanish, while only 10 speak French, Russian
and Spanish, how many speak either French or Russian or Spanish?

(WBUT 2015(EVEN)]

Answer:

[.et F be the set containing the number of faculty who speak in
French and R, § that of for Russian and Spanish respectively.
sn(F)=200,n(R)=50,n(S)=100

n(FNAR)=20, n(RNS)=35 n(FnS)=060,
n(FASNR)=10

L
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. No. of faculty who speak only in French 1s
n(F)-n(FAR)-n(FNS)+n(FARNS)=200-20-60+10=130

Similarly, number of faculty who speak only in Russian 1s
n(R)=n(RAF)=n(RnS)+n(RNFNS)=50-20-35+10=5

and number of faculty who speak only in Spanish 1s
n(S)—-n(SNF)-n(SNR)+n(SARNF)=100-60-35+10=15

6. State Pigeonhole Principle and solve: [WBUT 2015(0ODD)]

A box contains 10 blue balls, 20 red balls, 8 green balls, 15 yellow balls and 25
white balls. How many balls must we choose to ensure that we have 12 balls of the
same colour?

Answer:

Pigeonhole Principle: If n pigeonholes are occupied by An + 1 or more pigeons, where
k ¢ N, then at least one pigeonhole 1s occupied by & +1 or more pigeons.

Here n=5k+1=12, 80, k=11. Hence nk +1=56

So 56 balls are to be drawn.

7. State pigeonhole principle. [(WBUT 2017(EVEN)]
Suppose that a patient Is given a prescription of 45 capsules with the instructions
to take at least one capsule per day for 30 days. Then prove that there must be a
period of consecutive days during which the patient takes exactly 14 capsules.

Answer:
1" Part: Refer to Question No. 4(1" Part) of Short Answer Type Questions.

2" Part:
l.et @, be the number of capsules takes until the day 1, and so on, a, be the number of
capsules takes unul day i .
Consider a sequence lhike a,,a,,...a,, where 1<a, <45, Va, .
Add 14 to cach clements of the sequence a, +14,a,+14,.. . .a,+14 where
I5<a +14<59 Ya,.
Now we have two sequences
l. a,,a,,. . a,and
2. a +14,a,+14,.. .a,+14
having 60 elements in total with each elements taking a value <59 .
So according to pigeon hole principle there must be at least two elements taking a same
value =59 1e, a, =a, +14 forsome i and ;.

Theretore, there exist at one period, @  toa,, in which the patient takes 14 capsules.
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8. Prove that any sequence of six integers must contain a subsequence whose
sum is divisible by six. [WBUT 2017(EVEN)]

Answer:

Let {a_n} be a sequence of integers.
Now consider the sums

b 0=0

b 1=a 1

b 2=a l+a_2

b 3=a l+a 2+a 3

etc.... up to

b n=a l+a_2+a 3+..+a_n

There are n+1 of the & i s and only »n possible remainders modulo », so two of the
b_i arc congruent modulo n. So supposeb_i=b_k(mod n)(k > j)
Thenb k=b j=a 1+a 2+.. . +a k.(a 1+a 2+. . .+a j)

=a [j+1]+a [j+2]+a [j+3]+..+a Kk
1s divisible by n
So the sequence contamns a subsequence
¢c_i=a_[j+i]fori=110k-j

whose sum 1s divisible by n.

9. Find the total number of integers lying between 1 and 1000 that are divisible by
at leastone of 2, 3, 7. [WBUT 2017(ODD)]

Answer:
Let A, B, C denote the numbers between | and 1000, divisible by 2, 3 and 7

respectively.
Then A={2,4,6,...... L1000} and n(A)=500

B={3,6,9,......,999) and n(B)=333
C={7,14,21,......,994} and n(C)=142
ANB=1{6,12,18,......,996} and n( A B)=166
BNC=1{21,42,.......987} and n(BNC)=47
CNA={14,28,......,994} and n(CN A)=7]
ANBNC={42,84,......,966! and n(ANBNC)=23.

.. The total number of integers lying between | and 1000 and divisible by 2, 3 or 7
=n(AUBUC)=n(A)+n(B)+n(C)—n(ANB)-n(BNC)
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-n(CNA)+n(ANBNC)
=500+333+142-166-47-T71+23=714

10. a) State the principle of Inclusion and Exclusion. [WBUT 2018(EVEN)]
b) Show that if 41and /5 are subsets of some universal set.

S then |AUB|=|4|+|B|-|4N B|
Answer:
a) Refer to Question No. 2(1" Part) of Short Answer Type Questions.

b) Il 4 and B arc two scts, then
|AUB|=| 4]+|B|-|4NB

let A contains x clements common with B and there are y clements in A, not

common with B,

Then |A|=x+y,|ANB|=x

It = be the no. of elements in B, not common with 4. then
AUB|=x+y+:z

+|B|-| AN B

Bl=x+z,

Henee |AUB|=| 4

11. a) State the “Pigeon Hole Principle” and the “Generalized Pigeon Hole
principle”. (WBUT 2018(EVEN)]
b) Prove the “Generalized Pigeon Hole Principle.” [WBUT 2018(EVEN), 2019(EVEN)]

Answer:

a) Il n pigeons arc assigned to m pigeonholes and n > m, then at least one pigeonhole
COnLains two Or more pigeons.

If there are n pigeonholes occupied by nk +1 pigeons, then there must be at least one
pigeconhole occupied by & +1 or more pigeons.

b) The generalized pigeonhole principle: If N objects are placed into & boxes, then
there 1s at least one box containing at least? N/k objects.

Proof: Suppose none of the boxes contains N / k or more objects.

Then every box contains at most N /& —1 objects.

So, the total number of objects is at most k(N /k -1).
But N/k-1<N/k.

Thus, the total number of objects is less than k(N /k),
1.e. less than N .

This 1s a contradiction. End of proof.
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12. Obtain the CNF of —(p — (g A1)). [WBUT 2018(0ODD)]
Answer:

We make the truth table for —l{p —(q M‘)}

p q r gAT p>(gar) | ~{p->(gnar)

| | 1 | | 0

K | 0 0 0 | '
1 0 1 0 0 1 '
K 0 0 0 0 | '
I | 1 | I [0 |
I 1 0 0 1 0 |
£ 0 1 0 K 0 |
0 0 0 0 [ 0 .

The required CNF 1s

(pv—gv—=r)a(pv—gv—=r)a(—pvgv=r)a(pvgvr)

1. a) Prove the Pascal’s identity: [WBUT 2013(EVEN), 2019(EVEN)]
c(n,r)=c(n-1Lr)+ec(n- L r- 1), where the notation carries usual meaning.

Answer:

C(n-1,1r) +C(n-1, 1) = (n=-1)Y |1! (n—1-1)!] + (n=1)//|(r=1)! (n—1)!]
=(n—r) * (n—=1)!/ [r! * (n—r)n=1=)] + ¢ * (n—=1)/[e(r=1)! (n—r)!]
=(n—) *(n=1)! +r* (n=1)1]/[r! (n—1)!]

=(n=1)! *[(n=r) + ]/ [r! (n=0)'] = n!/[r! (n—)!] = C(n,r)

b) State Pigeonhole principle. [WBUT 2013(EVEN), 2016(EVEN), 2019(EVEN)]
Using that prove that if any five numbers from 1 to 8 are selected, then two of them
will add to 9. [WBUT 2013(EVEN), 2016(EVEN), 2019(EVEN)]
OR,
Show that if 5 integers from 1 to 8 are chosen, then at least 2 of them will add to 9.
[WBUT 2019(EVEN)]

Answer:
Pigeonhole Principle: If n number of pigeonhole be accommodated by m number of

pigeon (n<m) then at least one of the pigeonhole must be filled up by more than one
pigeon. Here, 8 numbers (1 to 8) will be filled up 1in § places. According to pigeonhole
principle, at least one of places will be filled up by more than one numbers. So there exist

at least one place where sum of the two or more digits (in that place where more than
digits are placed) 1s 9.
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c) Using Pigeonhole principle, find the total number of natural numbers that must
be chosen to be sure of getting at least two of them whose difference is divisible

by 11. [WBUT 2013(EVEN)]
Answer:
We consider the congruence classes [0],[1],[2],-----,[10] Pigeonhole as 11. If any 12

natural numbers are chosen, at least two of them will occupy the same class. Hence their
difference will be divisible by 11,
Thus the required number 1s 12.

2. a) Using principle of inclusion and exclusion show that for any three sets A
and
mAVUBOC)=n(A)+n(B)+n(C) if they are pair wise mutually disjoint.
[(WBUT 2013(0ODD)]
Answer:
By the principle ol inclusion and exclusion,
M AUBUC)=n(A)+n(B)+n(C)=n(ANB)=n(BOC)=n(CNA) +n(AN B C)
But A, B, (" arc pairwisc mutually disjoint means
P(ANB)=P(BNC)=P(CNA)=0and P(ANBNC)=0
Hence n(AUBUC)=n(A)+n(B)+n(C)

b) Let [) be a square drawn in the plane with sides of length J2 . Prove that in

every set of 5 distinct points in [, there exist two points whose distance from one
another is at most 1. [WBUT 2013(0ODD)]

Answer:

l.ct D be a square with all the four sides of length V2 . To see whether it is possible Lo
gel two points with distance more than 1, we [irst place four points as larthest as possible
and the best option 1s putting the points on the four vertices. In that case if we try Lo
choose the firth point as apart as possible from the other four vertices, the only choice 15
the centre of the square. But even then there are two points viz. the centre and any one

vertex will have distance 1. In all ofter cases availability of two points with mutual
distance <1 is obvious. Hence the proof.

c) Find the minimum number of students in a class to be sure that six of them are
born in the same month. (WBUT 2013(0ODD))

Answer:
By the Piegeon hole principle, it 1s clear that 1f there are at least 61 students.

3. Obtain the CNF of —(p —>(p—r)) [WBUT 2019(EVEN)]
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Answer:

We make the truth table for —.( p—>(p— r})

P r p—or p>(p-r) | —(p=>(p-r))
1 |1 |1 1 0
1 0 0 0 l
0 l I | 0
0 _ﬂ I | 0
Hence the required CNF s

(~pv~=r)a(~pvr)a(pvr)
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INTRODUCTION TO PROPOSITIONAL
CALCULUS

# Chapter at a Glance

In propositional logic we consider declarative sentences Examples
“The sun 1s red”

“All sparrows are birds™
"My name i1s Torben”

"l 1s ramming”

Note: There are other sorts of sentences

Syntax of propositional logic:

The propositional symbols p, g, r, ... slands lor proposiions Propositional symbols are atomic
lormulas with which compound [ormulas are buill using the connectives =, A, V, = logether with
parentheses The conneclives stand lor respectively "not”™, "and”™, “or™, "imphies™.

Examples ol lormulas:

-, (7pvq), (p=9q), (({(p=q)Ap)=q) The formula —p 1s built using the connective — and the atomic
lormula p, The lormula(—pVvq) 1s built using the connective V and the lormulas —p and g, cle.
Parentheses are often omitted like in the formula —pvq
Declarative senlences are symbolized using lormulas.

Fxamples of symbolizations:

Il p and g symbolizes the sentences "The sun 1s red” and "My name 1s Torben™ Then the lormula
= p symbolizes the sentence "The sun 1s not red” and — p V ¢ symbolizes "The sun 1s not red or my
name 1s Torben"

Scemantics ol propositional logic:

We call T or F truth-values to assign a propositional symbol the truth-value T 1s to assume that 1t
stands for a true proposition Analogously, to assign a propositional symbol the truth value F 1s to
assume that 1t stands lor a [alse proposition A propositional symbol 1s assigned either T or F

Truth-tables: To each connective there is a truth-table

¢ ¢ ¢ v dAy ¢ v dvy ¢ v ¢=y

1 F T TITITTTT

F o1 I F F | I S I F F
F 1 F F1T TFED 1
F FFFFFFF 1
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Thereby any compound formula can be given a truth-table (Greek letters ¢ , 6, ... stand for
arbitrary formulas)

Examples of truth tables
T F T T F T
F | F F l |
p q -p  —pvq p q =q  pAnq —(paq)
T T F T T T F F T
T F F F T F T T F
F T T T F T F F T
F F T T F F T F T

Alternative to truth-tables:

= 1s truc 1l and only 1’} 1s not true
& Aw is true if and only if ¢ is true and w is true
& Vw 1s true 1l and only 1I'® 18 truc or y 1s lruc
& = 1s true if and only 1f ¢ 1s true implies that v 1s true

Such truth-conditions conlain the same mlormation as the truth-tables.

A couple of definitions:

A formula 1s a tautology 1f and only 1f 1t 1s true whatever truth values the involved propositional
symbols arc assigned

Two lormulas are logically equivalent if and only 1 they have the same truth-table (That 1s, the
formulas ¢ and wy are logically equivalent if and only 1f the formula (¢= yAMy= ¢) 15 a
lautology).

Multiple Choice Type Questions

1. A A B is equivalent to which of the following? [WBUT 2012(0ODD), 2016(EVEN)]
a) -A4— B b) 4> B c)B->4 d) —~(A4—>-8)

Answer: (d)

2. A disjunctive normal formof > —» Qs

[WBUT 2013(EVEN), 2016(EVEN), 2016(ODD)]
a) ~-PvQ b) Pv~0

¢) (~PAQ)v(PAr~0Q) d) (PAQ)v(PA~0)

Answer: (a)
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3. ~(pvq)v(~pnrg)= [(WBUT 2013(EVEN), 2016(EVEN)]
a) ~ P b) p c) ~q d) q

Answer: (d)

4.~ (pvg)v(ipar~q)= [WBUT 2013(ODD), 2015(EVEN)]
a) ~p b) p C) ~q d) none of these

Answer: (¢)

5. The proposition pA(ga~¢) isa [WBUT 2014(0ODD), 2017(EVEN)]
a) contradiction b) tautology c) both (a) and (b) d) none of these

Answer: (a)

6. A ~ I3 Is equivalent to [WBUT 2014(0DD)]
a) ~A—>-B b) ~A4A—>h8 c) ~B—> A d) ~ (4>~ B)

Answer: (d)

7. The truth value of the statement ‘ x* + 4 =0 hold for some real values of x’'is

[WBUT 2015(0DD)]
a) true b) false
c) both (a) and (b) d) none of these
Answer: (d)

8. If p: ‘Anil is rich’ and g: ‘Kanchan is poor’ then the symbolic form of the

statement ‘Either Anil or Kanchan is rich’ is (WBUT 2015(0DD), 2017(EVEN)]
a) pvg b) pv—q c) pVvg d) ~(p~q)

Answer: (a)

9.P—»(Pv(Q)isa [WBUT 2016(ODD)]
a) tautology b) contradiction c) contingency d) none of these

Answer: (d)

10. Contrapositiveof '~ p > ¢’ Is [WBUT 2017(EVEN)]
a) pq b) ~g o~ p C) ~qg—p d) g >~ p

Answer: (c)

11. The truth of the statement ‘ x~ = x hold for all real values of x'is
[WBUT 2017(EVEN)]
a)T b) F c) both (a) and (b) d) none of these

Answer: (a)
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12. —pv (g —q) is equivalent (=) to [WBUT 2017(ODD)]
a) g b) —g C) p d) —p
Answer: (d)

13. Let /(x, y) be the statement x likes » and domain for x, y consists of all
people in the world. Then we can express Nobody likes everybody as

[(WBUT 2017(0ODD)]
a) VxJyL(x, y) b) Vx3Iy-L(x, y)
c) VxVy—=lL(x, y) d) none of these
Answer: (¢)
14. The statement “The sun rises in the north” is [WBUT 2018(EVEN)]
a) not a proposition b) true proposition
c) false proposition d) None of these
Answer: (d)
15. Contrapositiveof ‘ p— -~ g'lis [WBUT 2018(EVEN)]
a) ~qg—op b) g—>~p C) ~p—yq d) ~g—>~p
Answer: (d)
16. Which of the following statement is correct? [WBUT 2018(EVEN)]
a) ~ VxP(x)=3x~ P(x) b) ~ ¥ P(x)=~3_P(x)
c) ~ dxP(x)=YxP(x) d) 3xP(x) =~ ¥xP(x)
Answer: (a)

17. If p= Itis raining, q = She will go to college, then “It is raining and she will not

go to college” will be denoted by (WBUT 2018(0ODD)]
a) pr—y b) prg c) ~prq) d) -prg

Answer: (a)

18. The statement p <> g=(p —> g) (g — p) describes [(WBUT 2018(0ODD)]
a) Commutative Law b) Implication Laws
c) Exportation Law d) Equivalence

Answer: (d)

19. The statement ‘Please close the door’ is [WBUT 2019(EVEN)]
a) not a proposition b) true proposition
c) false proposition d) none of these

Answer: (a)
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20. Not p unless ¢ is represented as [WBUT 2019(EVEN)]
a)g—p b) p—>yg C) pery d) none of these
Answer: (d)
21.Inverseof - p—q is [(WBUT 2019(EVEN)]
a)g—-p b) ~g—>~p C) ~g—>p d) p—o-g
Answer: (d)
22.If 5is less than 2 then sun rises in the west. The statement is
[WBUT 2019(EVEN)]
a) true b) false
c) this is not a statement d) cannot be determined

Answer: (a)

23. If p is a statement then which of the following is a tautology?

[WBUT 2019(EVEN)]
a) pr~p b) pal c) pv F d) pv~p
Answer: (d)
Short Answer Type Questions

1. Show that the following pair of propositions are logically equivalent:
a) - ((._ pag)v(~pna- q)] v(ipag)and p
b) p=(g—>r)and(parg)—r
[WBUT 2013(EVEN), 2013(0DD), 2015(EVEN), 2015(0DD)]

Answer:

a) We construct the truth table as tollows:

P |9 P |~q9  |~Prg |2 PAq | ~((~ pag)vi~pa~g))|~((~ pag)v(~ pa~q)|v(pag)
I ] 0 0 0 0 | 1

I 0 0 l 0 (0 | |

0 l l 0 I 0 0 0

0 0 l l 0 I 0 0

Since the columns for ~ ((-— pAq)v(~pa~q))v(paq) and p are identical, they are

logically equivalent.
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b) The truth tables for the given propositional functions:

p q r g—=>r | po(gor) | PAG | (parg)—or

] 1 l l l 1 1

1 1 0 0 0 1 0

I 0 | l | 0

I 0 0 I I 0

0 | | | | 0

il ] 0 0 ] 0 ]

0 0 | l | 0 1

0 0 0 I I 0 I

As the columns for p — (g —r) and (p A g)— r are identical,
pr(gor)e(parg)or.

2. Write an equivalent formula for p A (g <> r)v(r <> p) which involves only the
connectives (—,v). (WBUT 2013(0DD)]

Answer: Usc p>g=|pvg and parg=~(~pv~q)

3. Show that(p - g)A(g —r)—(p — r)is a tautology. [WBUT 2014(0ODD)]
Answer:
We make the following truth table.
P q y p—=>q | g—>r | po>r | (p>g)a(g—r) | Formula
' | | | | 1 | |
| 0 | 0 0 {0 |
0 | 0 | l 0 l
0 0 () I () () I
() | I | | | | |
() | 0 | 0 | {0 |
() 0 | | | | l |
0 0 0 | | 1 l |
Hence the given formula is a tautology.
4. Find the PDNF and PCNF of the following statement: [WBUT 2015(EVEN)]
(pag)v(Tpag)v(gar).
Answer:

Truth table:




POPULAR PUBLICATIONS

: ~P | ~PAq (pAqIV( ~pAq)vi gar)

q |r |paq
0 10 [0 0
1|1 |0 1
1 o |o 1
0o |1 | |

qnar
| 1l
1 1
1 0
0 0
1

e O -9

O [0 I l 0
So the PDNF is pgr + pgr' + pg'r + pg'r’ + p'qr + p'qr' + p'q'r + p'q'r".
This 1s a tautology, so PCNF is not possible.

5. Show that the premises “one student in this class knows how to write programs
in JAVA” and “Everyone who knows how to write programs in JAVA can get a high
paying job” imply the conclusion “Someone in this class can get a high paying
job”. [WBUT 2015(EVEN)]
Answer:

[et C(x) represent “x in this class’ J(x) represent “x knows JAVA Programming’ and
H(x) represent “x get high salaned job'.

Then the given premises are 3 x(C(x)"J(x)) and ¥ x (J(x)— H(x)). The conclusion 18
Ax(C(x)"H(x)).

6. Show that the inverse of an element n in Z_  will exist if and only if
ged(n, m)=1. [WBUT 2015(0DD)]
Answer:

Wenote Z_=1{0,1,2,---,m —1}(mod m)

Suppose we wish to find modular multiplicative inverse x of 3 modulo 11.

x=3" (modll)

This 1s the same as finding x such that
Ix=1 (mud ] ])

Working in Z,, we find one value of x that satisfies this congruence 1s 4 because
3(4)=12=1 (mod11)

And there are no other values of x in Z  that satisfy this congruence. Therefore, the
modular multiplicative inverse of 3 modulo 11 15 4.

7. Obtain the conjunctive normal form of the following statement:
(p—r(th])n{-—p—}(n—qhwr)) [WBUT 2015(0DD))
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Answer:
We make the truth table of the given formula:
pla |r |~p |~a |-r [gar [~gqa~r [p—(gan)  |-p—(~qar)

I |1 |0 0 (0 I () | | I
I |10 |0 0 | () () 0 | ()
0 (I |0 | 0 0 0 0 | 0
0 |0 |0 1 l 0 ] 0 1 0
1 (1 |1 0 0 ] 0 ] 0 0
I 10 |1 0 | () () | (0 ()
0 |1 |l l 0 () () | 0 ()
0 o |1 1 |1 jo I |1 1 1

Hence the CNF 1s

(x'+y' +z)(xX+y+2 )2+ y+z)(x+ )y +2)(x+ ¥ +2)(x+y+2)

8. Prove that [ (pvq)—>(p—r)—(q—>r)—>r] is atautology.[WBUT 2016(EVEN)]

Answer:
Let us construct the truth table:

Plg|r|p>ripva (pvg)=p=r)la—=r|lpva)=2(p=r)=2(g=or)|(pvg)=2(por)=2(gor)or

1|l 1 1
1|l

I
o |
| |
0 |
1 |
1 0
| |

I
I0
1
0
1
1
|
1

L — —_— lb — — —_— -b —.

1
!
!
!
!
!
0
P

=== ===

l
l
0|l
0|l
0
0 1 l
So, (pvg)—=(p—r)—>(g—r)—>risatautology.

9. Show that (g A(p —g))— — p is a tautology [WBUT 2016(0ODD)]
Answer

p g =P 4 (pogq) —galp—>q) (—ga(p—>q))->-p
1 1 F F 1 F 1

1 F F 1 F F T

o | 1 F 1 F 1

I F T T T T T

Since the truth values of the given compound proposition 1s T for all combinations of p
and g, 1115 a tautology.
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10. Find CNF of —(pv q)«>(p A q) using laws of proposition. [WBUT 2016(ODD)]
Answer:
=(pvg)e(prg)
=(-pr-g)e(prg)
=((=pr=g)r(prg))v(=(=pr=g)r=(prg))
=(-par-g)n(prg)vipvg)r(—pv—gq)
=(pr=p)r(gr=g)v(pvg)r(=pv—q)
=FaFv(pvg)n(=pv—g)

(Pva)a(-pv—q)
which is the required CNF,

11. Verify the validity of the following statements: (WBUT 2017(EVEN)]
Every living thing is a plant or an animal

My cat is an animal and it is not a plant

All animals have lung

My cat has lung

Answer:

et Li denote the set of lining things, P denote the sct of plants and A denote the set of
ammals. 1.t L denote set ol ammmal having lungs.

Then we have V(xeLi>xePv A)

ceAd ce P

V(ired=>xel)

Scel
So the argument 1s vahid.

12. Using the laws of prepositional logic show that |=(pAg)—>(pvg).

[WBUT 2017(0ODD)]
Answer:
We have

(prg)—=>(pvg)=—(pvq)v(pvy)
=(-parg)v(pve) =[-pv(pve)|a[-gv(pve)]
=[(=pvp)va|a[pv(gv—g)| =[1vg]a[pvi]

=lal=1.
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13. a) Justify the statement “converse of inverse of an implication is equivalent to

its inverse of converse.”
b) Draw the truth table of “not p unless q". (WBUT 2018(EVEN)]

Answer:
a) If — a p, then its inverse 1s ~ p —~ ¢ and the converse of the inverse 1s ~qg =~ p.

Again il p — g, then its converse 1S ¢ — p . the inverse of the converse 1s ~g =~ p.
Hence the proof.

b) Not p unless g 1s nothing but not p < g 1s ~ p «— g . lts truth table 1s

P q ~P q—>=p
T T F F
T F F T
F T T T
F F T T

14. Two restaurant have respectively the following advertisements:
a) “Good food is not cheap”.
b) “Cheap food is not good”.

Examine whether they say equivalent statements. [WBUT 2018(EVEN)]
Answer:
Let g denote good food and ¢ denote cheap tood.

The statements are g =>~¢ and ¢ >~ g

Bul ¢ =~ g gives g =~ ¢ [contra positive]
So the statements are equivalent.

15. Prove that (pA(p < q)) =g [WBUT 2018(0ODD)]
Answer:

Wehave pa(p o q)

As p<>g 1mplies p—->qg and g — p

So we get p,p—>q.,qg —> p. The first two gives by Modus pollens g.

16. Verify the validity of the argument ‘in drive to work then | will arrive in time. | do
not drive to work. Therefore, | will not arrive in time’. [WBUT 2019(EVEN)]

Answer:
Let us symbolise statement as follows:
p . dnve to work

g . arrive in time
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Step No. Statement Reason
I p—q P
2 4 P
3 -4 S, 1
17. Explain the following with example: [WBUT 2019(EVEN)]

i) Fallacy of denying the hypothesis
il) Fallacy of affirming the conclusion

Answer:

i) Fallacy of denying the hypothesis:

This hypothesis 1s an incorrect reasoning 1n proving p — ¢ by starting with assuming
p and —¢q with proving. For example:

. " & = M = - . . :
Show that 1" x 1s irrational, then 2 1s irrational. A fallacy of denying the hypothesis

argument would start with:
“Assumc that x s rational. Then ..., ... "

i1) Fallacy of affirming the conclusion:
This 1s an incorrcet rcasoning in proving p— ¢ by starting with assuming ¢ and
proving p . For example: Show that it x + y 1s odd, then either x or y 1s odd, but not

both. A fallacy of athirming the conclusion argument would start with: “Assume that
either x or y 1s odd, but not both. Then ..____."

Long Answer Type Questions

1. a) Show that s is a valid conclusion from the premises p >~ g.gvr,~s > p.

[WBUT 2012(ODD), 2015(ODD), 2016(EVEN)]
Answer:

We have p—~¢q, gvr,~s—p
We start with gvr, Say g

pr~q g ~p
~53p L~pS

Again, start with g v r, say, r; r has not implication.
Hence the conclusion s 1s valid.

b) Show that 7 is a valid conclusion from the premises p = ¢g,g = r,r = sand
pvt. (WBUT 2012(0ODD), 2016(EVEN), 2016(0ODD)]
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Answer:
Wehave p—>qg,q—r,r—s, pvt

[et us start with pvi
Assume p.
Then p—>gq

g—or

r—»s gIves §
Next assume [
As 1 does not imply anything.
Hence the conclusion s 1s valid.

2. a) Check the validity of the following arguments: [WBUT 2012(0ODD)]
“If my program runs successfully then | will submit my project. | can appear the
examination only if | submit my project. Either my program runs successfully or
the computer crashes then | cannot appear in examination.”

Answer:

Let us denote the statements symbolically as
p . My program runs successlully

¢ - 1 will submit my project

r -1 can appear the examination.

§ : The compulter crashes,

The premises are

p->q, r T g, PVs.

The conclusion 1s ~ r

Assume p

Then p g

Also, r — g gives ~ g —~r.  Also s has no implication
So 1t 1s not a valid conclusion.

b) Write down the truth table for conditional and bi-conditional proposition.
[WBUT 2012(ODD)]

Answer:
The truth table for conditional (—) with p and q as the propositions:
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P . q |\ P9
L[] 1]
1 10 0
011 |
010 I
The truth table for the bi-conditional (<) with p and g as the propositions 1s
Plq|Pq
1 |1 I
1 10 0
011 0
010 1
3. a) Obtain the CNF of —(p — (g~ r)). [WBUT 2013(EVEN)]
Answer:

We make the truth table for ~ (p (g r)) as follows

r ! 4 g p(gnr) | ~(p—>(gnar))
| 1 | I | 0
1 1 0 0 0 |
1 0 1 0 0 |
1 0 0 0 0 1
0 1 1 1 [ 1 0
0 1 0 0 1 0
0 0 1 0 | 0
0 0 0 0 | 0

Hence the required CNF 1s
(~pv~gqv~r)a(pvgvr)a(pvgvr)a(pvgv~r)a(pvgvr)

b) Prove that( pv g)A(p— r)a(g— r)— ris a tautology.
[WBUT 2013(EVEN), 2018(0DD)]
Answer:
Let us construct the truth table
P19 |r | PVGQ | p2r | gq—r

(
1 |1 |1 1 [ 1
0
|

pva)r(porialg-r)=f | (f-r)

I 11 |0 0 [0

1
|
L 0 |1 | | |
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0
I
0
I

|
l
I
0

& || -

SO0 == O

|
|
I
|
]

0
I
|
0
0

0 0 (0
Since the column corresponding to the given expression has only 1's, the given
expression 1s a tautology.

c) Check the validity of the following argument:
“If the band could not play rock music or the refreshments were not delivered on
time, then the New Year's party would have been cancelled and Alice would have

been angry. If the party were cancelled, then refunds would have to be made. No
refunds were made.” [WBUT 2013(EVEN), 2018(ODD), 2019(EVEN)]

Answer:
Let we denote
p : The band can play rock music
g - The refreshments were delivered on time,
r - The New Year's party will be held.
¢ : Alice will be angry.
s : Refunds will be made,
Then the given argument can be put as:
lpvTlg—="rat, "Jr—s. Conclusion 7|s.
The conclusion 1s not valid as the only way to amive at ~|s 1s through » but we have the

other way complication T]s - r

An alternative method 1s o prove that {(‘[p v‘[q) —>(‘|rnr)} A{ r—» a} =7]s 18 not a

tautology.

4. a) Show that((p vg)n~(~pa(~gqv~ r)))v (~ par~q)v(~ pa~r)is atautology.

b) Let us consider the discrete mathematics class. If a student §, is late, then

another student 5, is late, and if both 5, and 5, are late, then the class becomes

boring. Suppose that the class is not boring! What conclusion can be drawn about
the student S, using truth table? [WBUT 2015(0ODD)]
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Answer:
a)

¥

}

-

|

<

— (-

] I

| & | I

o A A =

ol | | ¥ & &2 & &l 2
G| T = | ¢ 1 ] ] s 1 ] bvt] vt ] =] -
't |1 [o To o |1 1o [o Jo o o Jo
I 10 (O O |1 1D 1 (1 10 10 11 11
o 11 10 (1 (o v v 1t 10 (10 110t
O 10 10 (10 (0 v v 1t 1o (1o 1t1vq
o (+° 1 1 10 (0 11t 10 (110 10 111
o (1 (0 (1 0o (1 1> 11110 (1 11 11
O (o 1 (1 1 10 10 11 (1 |1 (0 JO 11
o |0 (0o |t v (v 4o v (v 1t 11t 10 (1

As we lind value of the function (1) 1s always ‘17, so 1t 18 tuatology.

b) L.ct 5, denote the statement that s, 1s late

s, denote the statement that s, s late

b denote the statement that the class 1s boring.

Then 5, A5, =2b.S0 ~b=>~5v~s,

The truth table of the above formula asserts that either s, 1s not late or it s, 1s late, s, 1s
not late.

c oo o

oD O oD O

0O e e e
=R =

5. a) Without using truth table show that (p ~¢) —( pv ¢q) is a tautology.

[WBUT 2017(EVEN)]
Answer:
We note that p — g 1s equivalentto ~ pv g
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Therefore we see

(prg)—>ipvaq]

=-=(prg)vipva)
=(=pv-q)vipvg)

< |(~pv~q)vplvg by associativity
&> {(~ pvp)v-~ q} v g by commutativity
=(lv-g)vg

Slvgesl

Hencee the given formula 1s a tautology.

b) Using truth table prove that p > (pvr)=(p—q)vip—or).

[WBUT 2017(EVEN)]
Answer:
We make the tollowing truth table
PG |r |9VF | polgvr) | P29 | P27 | (po2g)vip—r)
1 [1]1 ]1 I 1 1 1
1 [1 Jo |1 1 1 0 1
1 (o T1 |1 K 0 1 1
1 [o Jo [o I [0 0 0
o [1 |1 |1 [ 1 [ 1
0 [1 o |1 E 1 1
0o [0 |1 |1 I 1 1
0 [0 0|0 | 1 1
Since the 5th and 8th columns are identical, the equality 1s proved.
6. a) Symbolize the following: (WBUT 2017(0ODD)]

If either George enrols or Harry enrols then Ira does not enrol. Either Ira enrols or
Harry enrols. If either Harry enrols or George does not enrol then Jim enrols.
George enrols. Therefore either Jim enrols or Harry does not enrol.
Answer:
et g denote George, h denote Harry, i denote Ira and j denote Jim.
et £ denote the set of enrolled persons. Then the statements can be symbolized as:
gebEvheE = iek
iebEvhekE
hekEvgelk = jek
jeEvheE
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b) What is a formula in proportional calculus? What is a tautology? State and
prove Duality theorem. (WBUT 2017(0ODD)]

Answer:

Throughout our treatment of formal logic it 1s important to distinguish between syntax
and semantics. Syntax is concerned with the structure of strings of symbols (¢.g. formulas
and formal proofs), and rules for manipulating them, without regard to their meaning.
Semantics 1s concerned with theirr meaning. Formulas are certain strings ot symbols as
specified below.

Definition of Propositional Formula:

1) Any atom P is a formula.

2) If A 1s a formula so 15 —A.

3) If A, B are formulas, so is (A A B).

4) If A, B are formulas, so 1s (A V B).

All (propositional) formulas are constructed from atoms using rules 2) - 4)

A tformula of propositional logic 1s a tautology 1if the formula itself 1s always true
rcgardless ol which valuation is uscd for the propositional varables,

7. a) Determine whether the following argument is valid stating the rules of
inference you are using:
Premises:
i) If it does not rain today or it is not foggy then the tournament will start and
the first match will be played.
i) If the match is played then the referee will come.
ili) The referee did not come.
Conclusion: If rained today
b) Prove that there are infinitely many primes.

c) Show that the congruence relation is an equivalence relation.
[WBUT 2018(EVEN)]

Answer:
a) Let r denote a rainy day, f denote a foggy day, ¢ denote the starting of the

tournament, p denote playing of the first match.
The given premises can be written as
~rv~f=iAp, p=>c, ~c
where ¢ denoted the coming of the referee.
By contra positive,
~C=>~ P

and ~tv~p=>raf

From the last implication it now follows
~p=>raf
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Thus ~c¢c=>r
Hence the conclusion 1s vahid.

b) If possible let there by finitely many primes and these primes be p,, p,, ....... p,.
Then clearly, p,., p,,....... Poa>psield e, n

and  p,py, e, Po. 1snotdivisible by p, or p, or ... .. or p, .
This implies p,, p,, -....., p,., 1saprime greater than p, p,, ......, p, .

Hence our assumption 1s not correct and there are infinitely many primes.

¢) L.et = be a congruence relation defined on 7
Then clearly = 1s reflexive as x=x(m)Vx e 7 as x—x 1s divisible by m

Again, = 18 symmetric as x = y(modm) as x - y 1s divisible by m implics.

Finally, = is transitive as x= y(modm) and y = z(modm) imply x=:z(modm) as
y—x 1s divisible by m .

Hence = 1s an equivalence relation.

8. Let G=(Z,+) and H=(Z_,t) for some n>|. Define ¢: G — H by ¢(x)=|x].
Then ¢ is a homomorphism. [MODEL QUESTION]
Answer:

Since operation 1n both groups 1s addition, the equation that we need to check in this case
18 @(x+ y)=@(x)+@(y) Verilication is given below:

@(x)+e(y)=[x]+[y]=[x+ y]=@(x +y)

(where quality [x]+[v]=[x+ v] holds by defimition of addition in Z ).

9. Let / be afield, n>1 and integer, G =G/ (/) and /1 =(F\|0},.). Define the
map @A) =det(A1). [MODEL QUESTION]
Answer:

In this example ¢ 1s a homomorphism thanks to the formula det( 4AB) =det(.4)det(B).

Note that while this formula holds tor all matrices (not necessarily invertible ones), in the
example have to restrict ourselves to invertible matrices since the set Mar (F)of all

nxn matrices over F does not form a group with respect to multiphcation,

10. Let /:G —> G" be a homomorphism. Show that [/ is one-to-one if and only if
ker f =le} . [MODEL QUESTION]
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Answer:
let f:G—G" be a one-to-one homomorphism and ¢,¢’ be the respective identities of

GandG'. Clearly f(e)=¢e".

Since [ is one-to-one, ker f = e} .

Conversely, let ker £ =le} andlet f(a)=f(b)for a, beG.
Then  f(a'b)=f(a *)f(b):_f(a)" f(b)=r(a)” f(a)=¢"

Thus a'bekerf or, a'b=e¢ or, a=h
Hence [ 1s onc-10-one.

11. Let (Z, +) be the additive group of all integers and (Q-|0},) be the

multiplicative group of non-zero rational numbers.
Define f : Z —» Q - {0} by f(x) = 3" for all xeZ. Show that f is a homorphism but not
an isomorphism. [MODEL QUESTION]

Answer:
Here  f:Z—> Q- {0} isdelinedas f(x)
Now let m.n e Z , then

f(m+n)=3""=3"3"=f(m) f(n)
Hence f 1s a homomorphism
As f 1s not surjective, f 1s not an 1Isomorphism.

(Note: %c Q—10} has no pre image in 7.).

3

12. a) Prove that in a group (G, o) the equation a o x = b has unique solution.

b) Let G = (Z, +), G' = (Z, +) be two Groups; f:G -G be a mapping defined by
f(x) = |x|. Is the mapping a homo-morphism? Give reasons.

c) Find the idempotent elements in the ring (Z6, +..) where Z6 is set of residue class
module 6.

d) Let (N, P) be a coset where N is set of all natural numbers and P stands for

divisibility. Find the maximal and minimal element of the set {2,8,32,4} CN.
[MODEL QUESTION]

Answer:
a) We have, a x=»>b

Pre-multiplying by a™' we get
a'(ax)=a'b

or, (a '-ﬂ).rza b
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or, ex=a b

or, x=a b.

Next if possible let x* and x be two solutions of the given equation.
So, ax*=b=ax

By pre-multiplication of @™ both sides we get, x*=Xx .

Hence the solution 1s unique.

b) This is not a homomorphism as f(5+(-3))# f(5)+ f(-3)
since f{2)=2 but fi5)=5, -3)=3.

¢) 0,1,.3,4since 0.0=0, 1.1=1,33=9=3,44=16=4.
d) Minimal element = 2 and maximal element = 32.

13. a) In a group G, prove that (ab)’ = a’b,iff(ab)” = a”'h™', where a.b=G.
b) If fis a group homomorphism from (G — ', then show that /(¢)=¢' and

f(a ')=[f(a)] ', where e and ¢’ are the identity elements of G and(’

respectively and a = (. [MODEL QUESTION]
Answer:
a) In a group G, let us assume (ab)™= a’b” for all a,beG.
Then abab = aabb
or, ba=ab

(ba)' = (ab)’
Conversely, let a'b'= (ab)" forall a,bin G.

Then (a”' b')' = {(ab)"}"

or, (b")" (a@')y' = ab
or, ba=ab.
or, a(ba)b = a(ab)b.
or, (ab) (ab) = (aa) (bb)
or, (ab)’ =a'b’

b)let aeG.Then ge=ea=a
/(€)= £ (ea)= /(a)

or,  f(a)f(e)=f(e)f(a)=/(a)
So f(e) is the identity of f(G) but f(G) being a subgroup of G, f(e)=¢".

DCM-77



POPULAR PUBLICATIONS

Next, we know aa ' =a 'a=e

f(aa ')=f(a 'a)=f(e)
or, j'(a)f(a ')=f(a ')f(a):f(e):e'
So f(a™') is the inverse of f(a).

That is (f{a))*l =f(a").

14. a) Define group homomorphism. If G is a group of real, non-singular, n-square
matrices under multiplication, show that the determinant function is a

homomorphism of GL(Z, 12 )into "' where (i’ is the group of non-zero real numbers

under multiplication.

b) Show that every cyclic group of order n is isomorphic to the group (Z,, +,)
where Z, is the set of equivalence classes for the congruence modulo n over the
set of integers. [MODEL QUESTION]

Answer:
a) l.ct (G,*) and (H,2) be two groups and ¢: G — H be a mapping. ¢ is called a group

homomorphism from G into ITil ¢(a*b)=g(a)e¢(b) lorall a,beC.
We have here ¢:GL(2,R)— G'(=R={0})

a b a b
defined b = det
clined by ¢(c d} ¢ [c d}

o *
weseeif[“ d} (p q}EGL(E,’R),

C r- s

_—

b _ b bs b
then ¢ y P 9 = det e, SR = det ¢ det P 19
\c dj\r s) cp+dr cq+ds c d ros

o )

Hence @ 1s a homomorphism.

b) Let G be a group of order n with & as a generator. Then define ¢:G —» 7, as
#(2) =¢(_a‘ )=[k]_ Clearly ¢ is a homomorphism and bijective. Hence the result.
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15. Let (N, +) be the semi-group of natural numbers and (S, *) be the semi-group on
S : {0, 1, e} with the operation . given in the table:
*le 0 1

ele 0 1
0(0 0 O
1(1 0 1

A mapping g: N—S given by g(0) =1 and g(j) =0 for =0 is a semi-group
homomorphism but not a monoid homomorphism, examine it?

[MODEL QUESTION]
Answer:
We have
§=]0,le}, g:N—>S
[t mneN, m#0, n#(

Then  g(mn)=0=g(m)*g(n) [ g(m)=0, g(n)zﬂ]
letnow me N, m=()

Then g(mo)=g(0)=1=g(m)*g(o)=0*%1=0

Hence g 1s not a homomorphism.

16. Show that the group (7, , +) is a homomorphic image of the group (7., +).

[MODEL QUESTION]
Answer:

Detine ¢ (Z,+) > (Z,,®)as
@(n)—=n (mod 6)

Clearly ¢ is a homomorphism.
Hence the result,
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ALGEBRIC STRUCTURES AND MORPHISM

# Chapter at a Glance

Algebraic Structure

A non emply set S 1s called an algebraie structure wer.t binary operation (*) 1l 1t lollows lollowing
axioms:

Closure: (a*b) belongs to S for all a,be S.

Ex: S= {1,-1} 1s algebraic structure under *

As 1*1 =1, 1*-1=-1,-1%-1 =1 all results belongs to S.

But above 1s not algebraic structure under + as 1+(-1) = 0 nol belongs to S.

Semi Group

A non-cmply set S, (S.%) 1s called a semugroup 1l 1t lollows the [ollowing axiom:
. Closure: (a®b) belongs 1o S lor all a,bE S.
. Associativity: a®*(b*c) = (a*b)*c Va,b.c belongs Lo S.

Note: A semu group 1s always an algebraie structlure.

Ex: (Sct ol integers, +), and (Matnx .*) arc examples ol scmigroup.

Monoid
A non-cmply set S, (8,%) 1s called a monoid 1f 1t follows the [ollowing axiom:
. Closure: (a®b) belongs 1o S lor all a, b€ S.
. Associativity: a®*(b*c) = (a*b)*c Va,b,c belongs 1o S.
. Identity Element: There exists e € S such thata®*e=e*a=aVvVa€eS
Note: A monoid 1s always a semu-group and algebraie structure.
Ex: (Set of integers,*) 1s Monoid as 1 1s an integer which 1s also identity element.
(Set of natural numbers, +) 1s not Monoid as there doesn't exist any identity element. But this 1s
Scrmigroup.
But (Set of whole numbers, +) is Monoid with () as identity element.

Group
A non-cmply set G, (G,*) 1s called a group 1f 1t follows the following axiom:
. Closure: (a*b) belongs to G lor all a,b€ G.

- Associativity: a*(b*c) = (a*b)*c Va b.c belongs to .
. Identity Element: There exists e € Gsuch thata*e=e*a~aVa€eG
. Inverses:V a € G there exists a’ € Gsuchthata*a' =a'*a=¢
Note:
l. A group 1s always a monoid, sermgroup, and algebraic structure.
2. (Z,+) and Matrix multiplication 1s example of group.
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AbelianGroup or Commutative group
A non-empty set S, (S,¥) 1s called aAbehan group if it follows the following axiom:
. Closure: (a*b) belongs to S for all a,be S.

. Associativity: a*(b*c) = (a*b)*c Va,b.c belongs to S.

. Identity Element: There exists e € Ssuchthata®*e=e®*a=aVva€eS
. Inverses:V a € S there exists a' € Ssuch thata*a’' =a'*a=e

. Commutative: a*b =b*a lorall abe S

Note : (7,%) 1s a example of Abelian Group but Matrix multiplication is not abelian group as it is
not commulative.

For finding a set lies in which category one must always check axioms one by one starting from
closure property and so on.

Group Homomorphism
By homomorphism we mean a mapping lrom one algebraic system with a hke algebraic syslem
which preserves structures.

Definition

Let Gand G'be  any (wo  groups with bimnary  operation e and o respectively. Then  a
mapping [G—G" 1s sad 10 be a homomorphism 1l lor all a,b€G

l{asb)=[{a)="1(b)

A homomorphism f which at the same time 1s also onto 1s said to be an epimorphism.

A homomorphism f which at the same time 1s also one-one 15 said to be anmonomorphism.

A groupG'is called a homomorphism mmage ol a groupG, 1l there exisls a
homomorphism ol Gonto G’. A homomorphism ol a group Gmnto sell 15 called an
edomorphism.

Examples:

(i) Let Gbe any group under bmnary operatione. I {x)=x lor every x€G then [G—Gis a
homomorphism because

[(xy)=Hx){{y)

(i1) Let G be the group of integers under addition, let G be the group ol mtegers under addition
modulo n. IffG—G'be defined by fix)=remainder of xx on division byn, then this is a
homomorphism.

(iii) Let Gbe any group under addition. Iff{x)=¢, VX€G then the mapping [G—Gis a
homomorphism because for all x,yEG, f(x,y)=¢ and [(x)+l{y)=¢+e=¢, so that

fix+y)=f(x)+f(y)

(iv) Let G be the group of integers under addition and let G'=G. If for all x€G, fix)=2x, thenfis a
homomorphism because

fix+y)=2(x+y)=2x+2y=fix)*+f(y)
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Kernel of Homomorphism

Definition

Il 11s a homomorphism ol a group G into a GG', then the set K ol all those elements of G which 1s
mapped by ['onto the identity ¢’ ol G 1s called the kernel of the homomorphism [

Theorem:

Lt Gand G'be any two groups and leteand ¢ be thewr respective dentities. Il[is a
homomorphism of G into GG', then

(i) fle)=e’

(ii) fix-1)=[f(x)]-| for all xeG

(iii) K 1s a normal subgroup ol G.

Proof:

(i) We know that lor x€G, [(x)EG .

fix)-e=fix)=f{xe)=f(x)-fle), and therefore by using left cancellation law we have e'=fie)or fie)=e’
(i) Since for any x€G, xx '=e, we get

fix).fix ')=fixx ' )=fle)=e’

Similarly X~ x=ex"'x=¢, gives [(x') [(x)=¢'

Hence by the definition of [f(x)] ' in G'we obtain the result

Ix "= ix)™

(iii) Since fie)=e', eeK, this shows that K  #hdw let a bek, xe(G, aekK hek,

=[{a)=¢" l(b)=c"=[a)=¢" (b )=|[(b)[ '=¢=ab =[{a)| (b)| '=¢"¢'=c'=ab

'eK=fla)=e" fib)=e'=fla)=e’ fib )=[fib)] '=e'=flab ' )=fla)[f(b)] '=e"e'=e'=ab '€K

Thus establishes that K 1s a subgroup ol G.

Now, to show that 1t 1s also normal we prove the following;
fix"ax)=fixYa)fex)=[Rx)] fa)fx)=[fx)] e f)=[Rx)] ' fix)=e’

Therefore, x 'axe K. hence the result,

Examples of Group Homomorphism

Here's some examples of the concept of group homomorphism.

Example I:

Let G={1,-1,1,-1}, which [orms a group under multiplication and 1= the group of all integers under
addition, prove that the mapping [ from | onto G such that f{x)=1"¥n€l 1s a homomorphism.
Solution:

Since fix)=1", fim)=1", for all m n€el

fim+n)=1" "=1"1"=[{m)-fin)

Hence fi1s a homomorphism.,

Group Isomorphism

Definition

Let G and G' be any two groups with binary operation e and ¢’, respectively. If there exists a one-
one onto mapping [:G—G’ such that

flacb)=f{a)e*f{b).Va, beG
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In this case, the group G 1s said to be 1somorphic to the group G’, and the mapping 11'1s said to be
an 1somorphism, If G 1s 1somorphic to (', we wrnite G=G" or G=0"

Multiple Choice Type Questions

1. An element x in a ring R is a zero divisor if [MODEL QUESTION]
a) x-b=0
b) x-b =), for some non zero element in R
c) x-b=0, forall elements bin R

d) none of these
Answer: (b)

2. If R is a ring without zero divisors, then x.y = () implies [MODEL QUESTION]
a) x=0or y=0 b) x=0and y=0
c) x=0, y#0 d) x=0, y=0

Answer: (a)

3. Every finite integral domain is a field. This statement is [MODEL QUESTION]
a) true b) false

Answer: (a)

4. The number of unit elements of the ring (Z +,.) [MODEL QUESTION]

a)2 b)3 c)1 d) infinite
Answer: (a)

Short Answer Type Questions

1. Prove that every finite integral domain is a field. [MODEL QUESTION]
Answer:
Let D be a finite integral domain. Since every integral domain 1s a commutative ring with
unity, 1t 18 enough to prove only that every non-zero element of D has an (multiphicative)
inverse 1n D.
So let @ be a non-zero element of D,
Consider the set § = lab;b e D}
Since D 1s closed with respect to multiplication, S < D.
Now, if b # ¢ . then

ab # ac because otherwise ab = ac, then

a(b-c)=0 . .b-c=0
as D has no divisor of zero and hence » = ¢. Thus the elements of S are distinct but as D
is finite, S will have as many elements as D has viz., S = D. So these exists an element a’
such that ga’'=e¢ where e is the unity of D. Clearly @’ is the inverse of a, as
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aa' = a'a = e by the commutativity of D. Since “a’ 1s arbitrary, every non-zero element
has an inverse. Hence D 1s a field.

2. Show that a field does not contain any zero divisor. [MODEL QUESTION]
Answer:

Let Fbeatieldand let a.beF, ab=0, az0.

Then @' exists in /. Multiplying both sides by o™ we get
a'(ab)=a -0 or, (-a 'a)b=l] or. b=0

Thus there cannot exist a,.beF, a=0, b=0 but ab=0.

This implics F has no divisor of zero.

3. If in a ring R with unity, (.!r:_w*)z =x'y’ for all x, ye R, then show that R is

commutative. [MODEL QUESTION]
Answer:

Let x,y € R be any elements

then y+leR as leR
By given condition
(x(y+1))" =x(y+1)

= (1}*+x}: = x° (v +I'):

— (xp)" +x" + x4 xxp=x"(y" +142y)
= x:_}*2+x:+.r}:r+n-_v,r=x3y3+x:+2fy
= xyx=x"y i)

Since (1) holds for all x,y m R, it holds for x+ 1, y also. Thus replacing x by x+1,
we get
(x+Dy(x+D)=(x+1)y

— (xy+ yNx+1)=(x" +14+2x)y
= XVX+ XY+ VX =y =X"V+ y+2xy
— yx=xy using (1)

Hence R O1s commutative,

4. Inaring (R, +,.) show that (-a).(-b)=a.b forall a,b « 1R. [MODEL QUESTION]
Answer:
We see

0=a0=a(b+(-b))=ab+a(-b)
a(-b)=-ab.
Hence (-a)(-b)=—(-a)b=-|-ab}=ab.
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5. Examine whether the set of even integers form an integral domain with respect
to ordinary addition and multiplication. [MODEL QUESTION]

Answer:

Let E denote the set of all even integers. Clearly E 1s an additive abehan group, a
multiplicative semigroup and has the two distributive properties. Further, E has no divisor
of zero and E 1s commutative with respect to multiplication. But E has not multiplicative
identity, 1.¢., unity. Hence E 1s not an integral domain.

6.If a = a, for every element a in a ring R, then show that s - ), forevery be R.
[MODEL QUESTION]
Answer:
Since b + b € R tor b eR, we get by hypothesis
(b+b)” = b+b.
or (b+b).(b+b)=Db +b.
or b+b +b+b =b+b.
or b+tb+b+b=b+b.
L b=-b

7. Show that the set of matrices Is a subring of the ring of matrices.

= <

> B

[MODEL QUESTION]
Answer:
[.ct M, denote the ring of matrices of order 2.

, a 0
|.¢t S denote the set of matrices [ b 0

¢t a0 , ¢ 0 €S
b 0] |d 0O
Then a () e () _|a-c (0 s
b 0] |d 0f |b-d 0]
a 0lle O] [ 0
and “ N =| %€ eS
b 0)|ld 0] [be 0]

Hence Si1sa sudb-ring of Mh;.

r. |
0
8. Show that the set of matrices 5 =+ (; 0):&, pe R} is a left ideal but not a
right ideal of 2 x 2 real matrices. [MODEL QUESTION]
Answer:

A subring Sofarmg Rissaidtobe aleft ideal of RifaeS,reR = rae¥ anda
nghtideal of Rifae S, reR = ares.
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;, 0 , 0
et S, = “ . ! =| ¢ be 2elements of §.
p, 0) 2 B 0

a —tlh 0
. )e S
p=p 0
a -a, 0

and §,-S,=| ' ° eS

BB 0

|S-| E iS-, IS‘I E ISI :} Sl -Sl E lS' & l-ql .#S': E 49‘

. S1s a subring of 2x 2 real matrices.

Then S, -8, =[

b
Let A:[ﬂ d] be a 2x2 real matnx.
C

Then S,-Az(al 0](&' b}:(ala a'b)eS
B, 0)lc d pa p.b

45, - a bl 0 . ac, +bf, 0 s
¢c d)\B 0 ca,+dfi, 0
. §1s a left 1deal but not a nght 1deal of 2x 2 real matrices.

9. Given a division ring /) and a /) (left)vector space |, then given any bases for
V', B,, B, , then the coordinates |B | =|B,|. Thus dimension is an invariant.

[MODEL QUESTION]
Answer:

Suppose |B,|>|B,|. Notice that given any element v}/, we may write v=)  d b,

where d €D and £ C B‘,,‘EJ‘ <0 . Note that the collection of all £ (all finite subsets

of B ) has the same cardinality as B, . Thus there 1s a b€ B, which 1s not the linear
combination of any of the elements of B,. Thus B, {b} 1s a lincarly independent set,
contradicting B, a basis.

10. Let /) be a division ring, and let /' | be (left) vector-spaces over /), such

that there are linear monomorphisms ¢ ) — ), and ¢, }, > .Then } =1,

[MODEL QUESTION]
Answer:

Let B, be a basis for V. Then consider that ¢,(B,) 1s a linearly independent set in V,
and so extends to a basis C, in J, . Similarly, ¢,(B,) extends to a basis C, of V.
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So by the dimension theorem, we have bijections: y :B. — C, . Then w, oy, : B, — B,
is an injection. Similarly, w, oy, :B, — B, is also an injection. So by the Cantor-
Schroeder-Bernstein theorem, there 1s a byjection r: B, = B, .

This bijection between bases r, extends uniquely to a linear 1somorphism 7 and thus

V=V,

11. Let C = @I A .. H= @l A, .., where A is the alternating group on i elements.

Then there are injections from (- into // and vice versa, but these groups are
non-isomorphic. [MODEL QUESTION]
Answer:

To see that these groups embed into one another, we observe that there 1s a natural

embeding ¢:4 — 4, for any choice i, since the even permutations on the an i+1

1+

element set include the even permutations that do not act on the i + lsr element. Thus we
have embeddings ¢ .G = I and w11 -5 G,

v
P Y ¢ - 0 0
H A & As & A @

where @ A — A, is the natural embedding and similarly for y .

However, to show that they are not i1somorphic, let 7:/H —>G be a group
homomorphism and let p. : G — A. be the projection homomorphism, Recall that cach
A 1s simple for i =5 and each A4, ., n=1 contains strictly greater than |A\ elements.

Because A, ., is simple, p.o 7|  must be isomorphic to either A, , or {e} and so

s o ZL, must be the trivial map. Thus 7 1s not onto, and since this 1s true for any

7, G and H are not isomorphic groups.

12. Let G=| JK,.H=|]JK,,, , the disjoint union of non-trivial even and odd
1=

J=1
degree complete graphs, respectively. Then (;, // embed into one another but are

non-isomorphic graphs. [MODEL QUESTION]
Answer:
We first show the existence of embeddings G — H and H — G . Notice that given any

positive integer n, there 1s a natural embedding 1: K, — K_ ., by mapping the n vertices
of K_ toany n vertices of K__,. Thus we may define ¢, iy :
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where @

K, 1s the natural embedding K — K, and similarly for y .

However, every vertex ot & has odd degree and every vertex of // has even degree.
Thus G and /7 cannot be isomorphic.

Long Answer Type Questions

1. a) Prove that the set of all even integers form a commutative ring.
[MODEL QUESTION]
Answer:

We know 2Z 1s an additive commutative group.
Next let mone 27, Then m=2p, n=2g lorsome p,ge ..

mn=(2p)(2q)=2(2pg)e2L

Associatively follows hereditary from 7. .

The two distributive properties also follow hereditary.
Hence 2Z is aring.

Farther 1t 1s commutative since mn=nmvVm_ ne2Z .

b) Prove that the intersection of two subrings is a subring. [MODEL QUESTION]
Answer:

Let (G,* +) bearingand (H,* ) (K,* +) be two subgrings of (G, *, -}_

Since (/,++) and (K,=* «) are two rings, therefore (//,+) and (K,*) are two
commutative groups and (H,+) and (K, «) are semigroups.

Agam, forany a,b,ce H

i) a(b*c)=(ab)*(ac)

i) (b=c)a=(ba)*(ca)

and same properties holds for k also.

Now, let hke HNK .

Since ( H,*) is a group, therefore h* K™ € H.

Again (G,*) isa group, thus h*K ' eG.
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Hence, h*K 'e H K.
Therefore (// n K,*) is a group.

Also h=K =K =h tor Hand K.
Theretore h*K =K *h for H N K.

Thus ( H m K,*) is a commutative group.

With the similar arguments we can say that (H n K, +) forms a semigroup.

Again, condition (1) and (11) holds for /7 and K both,
Theretore for any three elements a, b, c € H m K , these condition must be satisfied.

Hence (/1 m K, =+) is asemigroup of (G, *, =)

2. a) Let / be a ring homomorphism from the ring / of integers into itself such
that /(l)=1. Determine the homomorphism f . [MODEL QUESTION]
Answer:
Here we observe that £(0)= £(0+0)=f(0)+ £(0) . f£(0)=0
Also, f(2)=f(1+)=f(1)+ f(1)=1+1=2
0=f(0)=f(1=1)=f()+S(-1) = f(=1)=1()
Similarly, f(n)=n for neZ.
Hence f 1s the 1dentity homomorphism.

b) Let # and 5 be two rings and /:X — 5 be a ring homomorphism. Show that

kernel of [ is a subring of R. [MODEL QUESTION]
Answer:
Here ker [ = {x eR; [(x)= 0} where f:R— § 1s a nng homomorphism.

let a,beker f . Then f(a)=0, f(b)=0.

Now f(0)=/(0+0)=/(0)+£(0) . £(0)=0

Also, 0=f(b-b)=f(b)+ f(-b) ~ f(=b)=—f(b)
So,  f(a-b)=f(a)+ f(-b)=7(a) £ (b)=0-0=0.

Hence, a-beker/f

Further f(a-b)=f(a) f(b)=0-0=0
SO0, ab € ker f

Therefore ker f1s a subring of R,

1

| 4 1 2 4 5
3. a) Let Az( 3 5] [ ’

2 315 4 I 3 4 5 2
that 418+ BA. [MODEL QUESTION]

} be two permutations. Show
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Clearly 4B = BA

b) Let f:(c~{0}.")—>(c~{0}. ) be afunction defined by f(z)==z".
(i) Show that / is a homomorphism.

(ii) Find the Kernel of /. [MODEL QUESTION]
Answer:
[.ct 5,2, e C-{0]
Then  f(z,2,)=(z,2) =2z = f(z) f(z,)

Henee f1s a homomorphism,
For kernelfl, we have
f(z)=1 as | is the identity of (C-{0}; )

ic., zt=l=cos2kr+isin2kr. kel

or, ::coszizﬂsinzin,k:{},l,2,3

Hence kcrf={l, cos%rﬂsin%, -1, cos?”sin?}:{l,f,l, =}

4. a) Prove that cancellation laws hold in a ring R If and only if R has no divisor of

zero.
b) Let S, T be two sub-rings of a ring R. Prove that S n T is also a sub-ring of R.

[MODEL QUESTION]
Answer:

a) Let the cancellation laws hold in R.
Let ab=0 where a=0, a.beR

Then ab=al

b =0 (canceling a form both sides)
Hence R has no divisor of zero conversely, let R has no divisor of zero.
Conversely, let R has no divisor of zero.
et ab = ac where, a.b.ce R, a+0
or, ab—ac=10
or, a(b-c)=0

Since R has no divisor of zero, b—c=0 [ a#0]
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Hence the left cancellation law holds.
The light cancellation law can be proved similarly.

b) Let S and T be two subrings of R.
Since S and 7 are additively abelian groups S 7 is also an additively abelian group.

Since S and 7" are multiplicatively semigroups, S()7 is also a multiplicative semigroup.
Since two distributive properties hold in § and 7 and these properties are hereditary,
ST has the two distributive properties.

Hence ST is asubring of R,

5. Answer the following questions.

S
a) Show that the set of matrices : 0 \is a subring of the ring of 2x2 matrices.
b) Prove that a finite integral domain is a field. [MODEL QUESTION]
Answer:
a 0l[c 0O . . _
a) l.ct » olla o e M,(R) the sct of all 2x2 matrices with real entrics of the form
a 0
I_b 0_.
a 0] [¢ 0] [a-c 0]
Clearly, | " |-|€ T|=|97¢ Vlem.(m).
b 0 d 0 |b-d 0 -
a 0lle 0| lac 0O |
and = e M,(R)
‘b 0jld 0] |bc 0O -

0
Hence the set of matrices l: ol a,be R ,1s asubring of all 2x2 matrices.

b) Let D be a fimite integral domain with » elements a, a,, a,,...,a_, of which a, 1s
the zero clement and @, 1s the identity. We first prove that xa, =a, for some
a_,a, €la,a,,..., a thas a unique solution. To prove this we claim
aa, ,a,a,,...,a,a,_are distant. If not, then say, a,a_ =a,a, or (a,—a,)a, =0.

But D does not have zero-divisor and a, #0, hence g —a, =0 or a, =a,, which 1s a

contradiction.
Hence the products aq, ,a,a_,...,a,a_are distinct. So one of these must be by closure

property equal to @ . Thus xa,_=a, has a solution. The umqueness follows by a similar

argument. Now consider the equation xa,_ = @, . This has a solution, say, a’ . We claim

I
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this 1s the inverse of @, . This 1s so because of commutativity of D, a,a, =a a, =a,.
Hence the existence inverse 1s established. This means D 1s a field.

6. a) If a ring R consists of all integral multiples of 2 and R’ consists of all integral

multiples of 3, show that R is not isomorphicto R’.

b) When does a ring become a field? Does multiplication in a field obeys
cancellation law, examine? What is the field of quotients of the integral domain of
integers? [MODEL QUESTION]

Answer:
a) Here R =27., R' =37

[.ct fbe a mapping from the ring R of all multiples of 2 of the ring R’ of all multiples of
3definedby f:R— R' by f(2a)=3aVaeR.

Then for any 2 elements 2a, & 2a, € R we have,
f(2a,)=3a,, a,eR & f(2a,)=3a,, a,€R.
Now il f[2a, +2a,|=f(2(a, +a,))=3(a, +a,)=3a,+3a, = f(2a,)+ f(2a,)
And  f|2a,-2a,]=23aa, =6aa,f(2a) f(2a,)=3a, 3a, =9a,a,
Clearly [(2a,-2a,)# [(2a,)f(2a,)
Here £ is not a homomorphism and so R is not isomorphic to R".

b) A nng becomes a field 1if 1t has 1dentity, 1t 1s commutative and every non-zero element
of 1t has an inverse.

Yes. It does obey since it has no divisor of zero. The set of rational numbers i.e. .

7. a) Define ideal of a ring. Let S be the set of all (2x2) real matrices defined by

5 =4 [: g) a,be R [MODEL QUESTION]

Show that S is a left ideal but not a right ideal of A7, (%)

b) Prove that every finite integral domain is a field.
Answer:

a) S is clearly a subring of M, ()

\ .

Since, if .0 , o e S, then ® 0 | € . | . =)
b 0)\d 0 h 0 d 0 b—d 0
a 0\¢c 0 ac ()

and = eS
b 0)\d 0 be ()

0
Further, let | © " les, |7 ¥]em,(»),
b 0 ros S
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p g\fa 0 pa+qgb 0 <
= =
r s)\b 0 ar+sb 0

Hence S i1s a left ideal.

Since a O)\fp qzap “ g5,
b O)\r s bg bg

S 1s not a nght 1deal.

b) Let D be a fimte integral domain. Since every integral domain 1s a commutative ring
with unity, 1t 15 cnough to prove only that cvery non-zero clement of 1D has an
(multiplicative) inverse in D.

So let @ be a non-zero clement of D,

Consider the set S = {ab:b € D]

Since D 1s closed with respect to multiphication, S« 0.

Now, il b # ¢, then ab = ac because otherwise ab = ac,

then a(b-¢)=0 ..b—c=0as D has no divisor of zcro and henee b = ¢. Thus the
elements of S are distinct but as D 1s finite, S will have as many elements as D has viz., §
= D. So these exists an element @' such that aa’ = ¢ where e is the unity of D. Clearly
a’ is the inverse of a, as aa’ = a'a = e by the commutativity ol 1), Since a is arbitrary,
cvery non-z¢ro clement has an inverse. Henee 1D s a field.

8. a) Show that § - [6x; xc Z! is an ideal Z. [MODEL QUESTION]

b) Prove that the ring of intergers is not a field.
c) Prove that in a field F the equations a. x = b, y.a = b have unique solution.

Answer:

a) Here S =|6x; xe 7}

Clearly, S is a subring of Z since 6m —6n=6(m—n)<6Z
and 6m-6n = 6(6mn) € 67. .

Next,if peZ, se S, then s=6m forsome me 7.,
Now, ps=pbm=6pmeS and rp=6mp=6mpeS§ .
Hence S is an ideal of Z .

b) (7, +,¢) is not a field
Since every non-zero integer does not have an inverse in Z .

¢) We have the equation ax=»5b, a#0.
Since a # 0, a has an inverse, say a”' .

So a'(ax)=a'b
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or, (a"u)x =a’'b
or, ex=a 'b
or, x=a'b.

Thus existence of a solution 1s proved.

For uniqueness, assume that x* and ¥ are two solutions of the above equation.
Then ax*=5b and ax =5

So ax* = ax

or, a(x*-x)=0

. x¥—x =0 as a#0 and F has no divisor ol zcro.
or, x*=X.

Thus the solution 1s unique,
Argument for the other equation xa = b 1s very much similar.
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DISCRETE MATHEMATICS
GRAPH AND TREE

“ Chapter at a Glance

Both trees and graphs are two well known mostly used data structures 1n algorithms.

Tree Data Structure

In Computer science, a tree 1s a widely used Abstract Data Structure (ADT). It can be defined
recursively as a collection ol nodes, where cach node contains a value, starting with root node and
list of relerences o other nodes (children), with the constraint, that no relerence from il 1s called
leaf node.

Graph Data Structure

In Computer science, graph also an abstract data structure (ADT), that 1s mean to implement
undirected graph and dirccted graph concepts ol mathemalics especially the licld ol graph theory.
Graph 1s a mathematical representation ol a sel of objects and relationships or links between
objects. We represent objects as nodes or vertices in graph and relations between vertices as edges
or arcs. So, we can define that graph 1s set of vertices V and set of edges F. These edges may be
dirccled or undirected.

Now let’s see whal are the diflerences between graph and tree in tabular form.

Difference between Tree and Graph

Trees l

Graph

. A tree 1s a special kind of graph that
there are never muluple paths exast. There
1s always one way to get from Ato B.

1. A graph 1s a sysiem that has muluple
ways Lo gel from any poimnt A Lo any other
point B,

2. Tree must be connected.

l 2. Graph may not be connected.

3. Since 1t connecled we can reach from
onc¢ particular node to all other nodes.
This kind of searching is called traversal.

3. Traversal always nol applicable on
graphs. Because graphs may not be
connected.

4. Tree contamns no loops, no circuits.

l 4. Graph may contain sclf-loops, loops.

5. There must be a root node 1n tree.

6. We do traversal on trees. That mean
from a point we go to each and every node
of tree.

5. There 15 no such kind of root node n
graphs

6. We do searching on graphs. That means
starting from any node try to find a
particular node which we need.

7. pre-order, in-order, post-order are some
kind of traversals 1n trees.

| 7. Breath first scarch, Depth first scarch,
are some kind of searching algorithms in
graphs.
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Trees Graph
8. Trees are directed acyclic graphs. 8. Graphs are cyclic or acyche.
9. Tree 1s a hierarchical model structure. 9. Graph 1s network model.
10. All trees are graphs, 10. But all graphs are not trees.

1. Based on diflerent properties trees can | 11. We differ the graphs hke directed
be classilied as Bmary tree, Binary scarch | graphs and undirected graphs.
tree, AV trees, Heaps.

12. If tree have “n” vertices then it must | 12. In graphs number of edges doesn't

have exactly “n-1" edges only, depend on the number of vertices.
3. Main use of trees i1s for sorting and | 13. Main use of graphs 1s coloring and job
raversing. scheduling.
14. Less o complexity compared to | 14, High complexity than trees duc o
graphs. loops.
Example
Tree: -
™
Parent of
\' s €— Child of
Internal
node A
« Leaf
node
N
Graph:

/7 e

Vertices

SE
Multiple Choice Type Questions

1. What is the chromatic number of the following graph with 7 vertices?
[WBUT 2012(ODD), 2016(EVEN)]

a)é b)5 c)4 d) 3
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Answer: (d)
2. A graph consisting of simply one circuit, with » >3 and n odd, is
[WBUT 2013(EVEN)]
a) 2-chromatic b) 3-chromatic
c) 4-chromatic d) none of these
Answer: (b)
3. A complete bipartite graph KX _ , is a tree when (WBUT 2013(EVEN)]
a) m=1, n=2 b) m=2, n=2 c) m=2, n=3 d) none of these
Answer: (a)

4. Let & be a connected simple graph with 8 vertices such that no vertex in & has
degree <4. Let n be the number of edges in (. Then which one of the following

statements must be FALSE? [WBUT 2013(0ODD)]
a) n=15 b) n=16 C) n=17 d) n=19

Answer: (b)

5. The total number of ways in which a null graph with 5 vertices can be properly

coloured is (WBUT 2013(0DD), 2015(EVEN)]
a) 225 b) 243 c) 125 d) none of these

Answer: (d)

6. A tree has 21 vertices, then 7(() is [WBUT 2014(ODD), 2017(0ODD)]
a) 20 b) 10 c) 40 d) none of these

Answer: (d)

7. The chromatic polynomial of Peterson graph is [WBUT 2014(ODD), 2017(ODD)]
a)3 b) 4 c)S d) none of these
Answer: (d)

8. The number of ways that a tree with 5 vertices can be coloured by 4 colours is
[WBUT 2014(ODD), 2017(ODD)]

a) 324 b) 350 c) 20 d) none of these
Answer: (a)
9. Which of the following statement is false [WBUT 2015(EVEN)]
a) K _Is always n-partite b) K _is always m -partite for some m <n
c) K, is n-regular d) A is not bipartite for any »

Answer: (¢)
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10. The graph whose chromatic polynomial is A( A -1 )5 is [WBUT 2015(EVEN)]

a) a tree having 6 vertices b) K,
c) K. d) a tree having 5 vertices
Answer: (a)

11. The number of ways a null graph having 4 vertices can be properly coloured
with 5 colour is [WBUT 2015(0ODD)]
a) 256 b) 1024 c) 625 d) 125

Answer: (¢)

12. A two chromatic graph is [WBUT 2015(0DD)]
a) a tree b) bi partite graph
c) a cycle with odd number of vertices d) none of these

Answer: (d)

13. If for a graph &, 7((G)=10and P(G, 4i) represents chromatic polynomial of (;

the (G, A)=0 for [WBUT 2016(0ODD)]
a) A<10 b) A=10 c) A=10 d) none of these
Answer: (b)

14. The degrees of the vertices of graph G are 5, 3, 8 and 6 respectively. Then

which one f the following statements cannot be true? [WBUT 2017(EVEN)]
a)x(G)=3 b) x(G)<7 c)x(G)=6 d) x(G)=10
Answer: (d)

15. The chromatic number of a graph containing a circuit of length 11 is
[WBUT 2017(EVEN), 2019(EVEN)]

a)1 b) 2 c)3 d) none of these
Answer: (b)
16. The total number of ways in which a null graph with § vertices can be properly
coloured with 3 colours is [WBUT 2017(0ODD)]
a) 125 b) 243 c) 225 d) none of these
Answer: (b)
17. Euler formula for graphs is [WBUT 2018(0ODD)]
a) f=e-v b) f=e+v+2 c) f=e-v-2 d) f=e-v+2
Answer: (d)
18. A complete graph is planar if (WBUT 2018(0ODD)]
a) n=4 b) n>4
c) n=4 d) for all integer values of n
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Answer: (a)

19. The number of odd vertices of a simple, connected graph is
[WBUT 2019(EVEN)]

a)s b) 6 C) even d) odd
Answer: (¢)

20. The maximum number of vertices in a connected graph having 17 edges is

[MODEL QUESTION]

a) 18 b) 17 c) 19 d) 12

Answer: (a)

21. In a bipartite graph we cannot find a triangle [MODEL QUESTION]

a) True b) False

Answer: (a)

22. For the following graph, the value of £ deg (A) = [MODEL QUESTION]
a) 16 b) 17 c) 18 d) 19

Answer: (b)

23. A simple graph has [MODEL QUESTION]
a) no self loop b) no parallel edge
c) both (a) and (b) d) none of these

Answer: (c)

24. Does there exist a simple graph with 5 vertices of the given degrees?
1,2,3,4,.5. [MODEL QUESTION]
a) No b) Yes c) Sometime it exists

Answer: (a)

25. Maximum number of edges with n vertices in a completely connected graph is
[MODEL QUESTION]

a) (n-1) b)g
(n—1) d) n(n-1)

2 2
Answer: (d)

c)
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26. Number of elements contained in an incidence matrix of a digraph is
[MODEL QUESTION]
a)1 b) 2 c)3 d) none of these

Answer: (b)

27. A pseudo graph [MODEL QUESTION]
a) must has loops b) does not have loop
c) must have parallel edges d) none of these

Answer: (¢)

28. A simple graph with n vertices has maximum [MODEL QUESTION]
n(n-1)

a) edges b) (n 1) edges

n(n+1)
)

o

Answer: (a)

c) edges d) n' edges

29. Chose the correct statement [MODEL QUESTION]
a) Path is an open walk b) Every walk is trail
c) Every trail is a path
d) A vertex cannot appear twice in a walk

Answer: (a)

30. The height of the tree is | [MODEL QUESTION]

a) 2 b) 3 c) 0 d) 4
Answer: (b)

31. If a binary tree has 20 pendant vertices, then the number of internal vertices of

the tree is [MODEL QUESTION]
a) 20 b) 21 c) 23 d) 19
Answer: (d)

32. The degree of the origin of the longest path in a tree is [MODEL QUESTION]
a) 1 b) 2 c)3 d) none of these

Answer: (a)
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33. A binary tree has exactly [MODEL QUESTION]
a) one root b) two roots
c) three roots d) none of these

Answer: (a)

Short Answer Type Questions

1. Consider K, , the complete graph on the six vertices a, b, ¢, d, e, f. The graph (,
is obtained from K, by deleting the edge ab. The graph (r, is obtained from (s,

by deleting the edge cd . What are the chromatic numbers of (7, and G, ?

(WBUT 2012(0ODD), 2016(EVEN), 2016(ODD)]
Answer:

[etusdraw K, G, and (,

The chromatic number of G, 15 4,
The chromatic number of G, 1s 4.

2. A new flag is to be designed with 6 vertical stripes using 4 colours. In how many
ways can this be done so that no 2 adjacent stripes have the same colour?

[WBUT 2012(ODD), 2016(ODD)]

Answer:
A C A
B ) B
A A >
B B D
C A A
D B B
2x2=4 2x2=4 2x2x2

X
So the required no. of ways =4 +4 + 8 = 16.

3. Show that every bipartite graph is 2-chromatic.
(WBUT 2012(ODD), 2014(ODD), 2016(EVEN), 2017(0ODD)]
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Answer:
Let G be a bipartite graph.

So, V(G)=V, UV, where V,(V, = ¢
Colour every vertex in F, by one colour and every vertex in V, by another colour. Then

clearly this colouring 1s proper.
Thus only two colours sufTice to colour G .
So G 15 2-chromatic.

4. Prove that every tree with 2 or more vertices is 2-chromatic.
[WBUT 2013(EVEN), 2013(0ODD), 2016(EVEN), 2018(0ODD)]

Answer:

Since a tree 1s connected and has no cycle, 1f one starts colouring any one vertex with a
specific colour and keeps on colouring every alternate vertices with another colour, the
entire graph can be coloured with only two colours and since there 1s one and only one
path between any two vertices in a tree, no two vertices will have the same colour,

Hence every ree with 2 or more vertices 1s 2-chromatie, (Proved)

The same can be seen inductively also. Assuming that a graph with m vertices 1s 2
colourable addition of a vertex requires only the colour not given to the adjacent vertex.
So the status remains unchanged.

5. Prove that the chromatic polynomial for the complete graph X' having n vertices

is P(A)=A(A=1)A-2) i, (Z—-n+1)and conversely. [WBUT 2013(EVEN)]
Answer:
et v, v, oo , v, denote the n vertices of a complete graph K, .

Clearly 1if x 18 the number of colours, v, can be coloured in x ways, v, in x—1 ways,
......... and v, In x—n+1 ways.
Hence the fundamental principle of counting asserts that K can be coloured In

x(x—1)(x=2)wee (x—n+1) ways with x or fewer colours.

Hence the chromatic polynomial for K, is x(x—1)(x=2)----(x-n+1).
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6. If G is a graph with n vertices and 3 denotes the minimum of the degrees of the
vertices in G then show that its chromatic number

X(G)=

[WBUT 2018(EVEN)]

n—ao
Answer:
(7 1s a graph with » vertices and & denotes the min. degree of the vertices of .

Let n=1 then, X(G)=1 (Chromatic no.)

n 1 -1
n-& 1-0
n |
1.¢ X(G)= Proved
¢ (G) — ( )
Then, n=2, X(G)=2 (No two vertices can be coloured same)
S0, Y = 2 =]
| n-6 2-0
also, X(G)= "5 (Proved)
n_

Now, by induction, let it 1s true n=m then for n=m + 1
m

X(G}=E+I (If m 1s cven)
So. n1= m+1 _m+l_2(m+l)
"0 me1-Zo1 M
2

as, itistrue for n=m

So, X(G)=’;.z-

m__
2

- (m+1)

We can say —+I:3£
2 m
n

X(G)=z for n=m+1 (Byinduction) (Proved)

n—o

7. Give the definition of an Euler Graph. [MODEL QUESTION]
Answer:

Euler Graph:

A circuit of a graph G is called an Eulenan Circuit, 1f 1t includes each edge of g exactly
once. A graph contaiming an Eulenan Circuit 1s called an Eulenan graph. Let G be a
graph. A tour of G 1s a closed walk which includes every edge at least once. A tour of G
1s called Eulenrian if it includes every edge exactly once.
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A graph G is called Eulerian if it has a Eulerian tour.

If the graph 1s Eulenan any tour which crosses each edge only once for the completion of
the tour for every edge incident on a vertex, there must one edge tor its way out. Thus
every vertex must be of even degree.

Conversely, since the graph 1s connected, every pair of vertices must be connected by a
path and each vertex being of even degree 1t will be possible to travel every edge just
once and thus complete the tour. This can be scen by taking simple connected acyclic
graphs with 1, 2, 3 or 4 edges.

8. Show that given pair of graphs are isomorphic. [MODEL QUESTION]

b b’
JQE ﬂl : i E'
[ d e’ ﬂ”
Answer:

We note first that
1) both graphs have the same no. of vertices,

11) each vertex of both graphs have the same degree.
Now if we define a mapping ¢ as
p:An>A.B->C . E->D.D—->B . C—>E,

Then evidently every edge of the first graph 1s camed to the corresponding edge of the
second graph.

Hence ¢ 1s an isomorphism
1.¢., the graphs are 1somorphic

f(a)=a, f(b)=C. f(c)=¢ . f(d)=b, f(e)=d"
Clearly, if bijective and

flea)=a'c',f(bc)=c'¢, f(cd)=¢€V, f(de)=b'd", f(ea)=da"
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9. Draw the graph represented by the given adjacency matrix: [MODEL QUESTION]
00 0 0 1

0

0
0
0
l

(== == = N ==
Lo [ e R e S

1
1 0 0
0 0 I
01 0

Answer:
Denoting the vertices by v, v,, vy, v, and v; we get the graph represented by the given
adjacency matrix as

l

10. Examine if the following two graphs are isomorphic: [MODEL QUESTION]
a ¢
G: ) ¢ '4
G
b d a'e .5
Answer:

The graph G and G'are not isomorphic even though both of the graphs have the same
number of vertices. As an 1somorphism transtorms vertices to vertices their degrees, we
observe that the graph G has three ver6tices each of degree 3 viz. a, ¢, d but the graph G’
has only one vertex of degree 3.

11. Draw the directed graph represented by the given adjacency matrix:

[MODEL QUESTION]
00 00 1
00100
1 0 0 0 0
001 00
01 00 0
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Answer:
The graph 1s

12. Prove that for a graph G =(}',£), were degree of a vertex v is denoted as o(v),
we can get » &(v)=2|FE]. [MODEL QUESTION]

vel
Answer:
The degree of a vertex 1s the number of edge connecting with the vertex.
As each edges connected with two vertex. So for each edge the there are increase 1t |
degree for cach of two vertex(if not self loop). For sclf loop for cach edge the there are
Increase 1t 2 degree.
So 1l the graph contains |E| edge then sum of individual degrees of the graph=2|E
1.C. 25(1-‘)=2‘E‘

vel
'_

13. Prove that the number of vertices of odd degree in a graph is always even.

[MODEL QUESTION]
Answer:
[.ct a graph have n number of vertices vy, va, ..., v, of odd degreec and m  number of
verlices uy, uy, ..., u, of even degre . Then by the above theorm | 2.d (v;) + 2d(u;) 18

cven . This requires that cach 2d(v;) and 2d(u;) is cither odd or even. Since the vertices
u; are of even degree, 2.d(u;) is even. So Xd(v;) has to be even. This can happen only if
the numbr of vertices 1s even . Henee the proof

14. Find the incidence matrix of the graph: [MODEL QUESTION]

Vi ¥a

Vi

Vs vy

Answer:
Designating the edges as ¢,,¢e,,¢,,¢,,e, and ¢, as shown in the figure of the given graph G,
say, the required incidence matrix 1s given by
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Il
- et
_— e & &
=~ I~ T
_— 0 O = O

15. Show that there exists no simple graph with five vertices having degrees 4, 4, 4,
2, 2. [MODEL QUESTION]

Answer:
A simple graph with 5 vertices can have at most q(..':,_. edges, 1.e., 10 edges. So the

maximum total degree of the edges will be 20. Here the total
degree=4+4+4+2+2=16. Bul for a pentagonal graph, an edge cannot have degree 4
unlcss there are parallel edges.

Hence the conclusion 1s that there cannot be a simple graph with specified degrees.

16. Examine whether the graphs G and G, are isomorphic or not.

m [MODEL QUESTION]
Answer:

l.ct us designate vertices of G and G, as shown
s

i
V2
¥y
1 H.i ‘.-5
"5 r]-
1'4

L~

Define a mapping f as
flu)=v,i=123475

Clearly / 1s an 1somorphism as

f{lﬂ”; ) =WV f(”:"; ) = V¥, f(”,"; ) = V¥

and f(uus)=vvs, f(usu, ) =vsv,.

DCM-107



POPULAR PUBLICATIONS

17. Construct the graph or diagraph corresponding to the following incidence
matrix: [MODEL QUESTION]

& = O

- = o - o
_——— o - O
& = = oo O

_— W@ = o

L0

Answer:
The required graph 1s

18. Draw the graph represented by the given adjacency matrix:

[MODEL QUESTION]
0 0 0 0 1)
0 01 0 0
1 00 0 0
0 01 0 0
LO I 0 0 0 J
Answer:

The required graph 1s

Vie > Vs

V; € * Vi

Note that the asymmetry of the matrix ensures that it represents a digraph.
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19. Find the incidence matrix of the following graph: [MODEL QUESTION]

Answer:

The required incidence matrnx 1s *
VY, Wy, v,V vy, vy, vy, Edge

v | I 0 0 0 0

v, | 0 l 0 0 0

v, 0 I () | | 0

v, 0 0 0 l () l

Vs 0 0 | 0 | 1

Vertex L—

20. Prove that there exists no simple graph with five vertices having degrees 4, 4,
4,2, 2 [MODEL QUESTION]
Answer:

As the graph has 5 vertices and 3 of the vertices have degree 4, each of these three
vertices must be joined to all of the remaining vertices but this ensures the degree of the
remaining vertices o be at least three. But this contradict the fact that degree of cach of
the remaining vertices 1s 2.

Hencee no such graph 1s possible.

21. Find whether the following two graphs are isomorphic or not:
[MODEL QUESTION]

F ¥

Answer:

Define @: G,— G5 as follows:

MA)=E, oD)=G, o@B)=F  oC)=H,
Clearly Q 1s an isomorphism.

Hence G, and G, are 1somorphic.
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22. The minimum number of edges in a connected graph with n verticesis n 1.
[MODEL QUESTION]

Answer:
A minmimally connected graph 1s a tree so we can prove that a tree with n vertices has n-1
edges as follows:

Let T be a tree with n vertices. Let e € T be an edge whose end vertices are v and v.
There 1s no other path between w and v except e. Theretore, deletion of e produces two

trees say 7, and 7, (see figure below).

0 E O
Fig: A tree with o vertices

[.ct the number of vertices of 7, and 7, be n, and n,, where n,+n,=n,as T has n
vertices. Obviously, n, and n, both are less than 7. Henee by induction hypothesis, the
number of edges ot 7, and 7, are respectively, n, -1 and n, - 1.

Thus, T e contains (n, — 1) +(n, —1)=n -2 cdges and henee T has exactly » -1 edges.

From this theorem one can state the following result.
The mmmimum number of edges of a connected graph with n vertices1s n - 1.

23. Draw the three distinct connected graphs which are not isomorphic from the
degree sequence {1, 3, 3, 4, 5}. [MODEL QUESTION]
Answer:

The given graph can be drawn as

So, the three graphs are:
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24. Construct incidence matrix from the following graph: [MODEL QUESTION]
" o Vy

Answer:
The required incidence matrix 1s
€ € € €, € € €6, €

e -0 O S

I
0
0
I
0

25. Show that a tree of n vertices has n — | edges. [MODEL QUESTION]
Answer:

Let T be the tree. The result will be provided by method of introduction on n. Clearly the
result 1s true forn=1, 2.

We assume the result is true for k number of vertices where k<n. In T let a be an edge
with end vertices A and B. Since two vertices in a tree are connected by only one path so
there 1s no other path between A and B. So T-a, the graph obtained from T by deleting the
edge a, becomes a disconnected graph. Now the graph T-a has two components, say T,
and T,. Let T, and T; has n, and n; number of vertices. So n= n,+ n,.If the component
T, contains a circuit then T would have a circuit which 1s not possible. So T, 1s a tree.
Similarly T 1s a tree also. So by our hypothesis T, and T, has n,-1 and n,-1 number of
edges. Thus T-a contains (n,-1) + (n,-1)= n,;+ n;-2=n-2 number of edges. Hence T has n-
2+1=n-1 number of edges.

26. Find the minimal spanning tree of the following labelled connected graph by
Kruskal's Algorithm. [MODEL QUESTION]
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Answer:
The minimal spanning tree

Vs I H L

The red marked sub-graph 1s the minimal spanning tree with total weight
=16+11+5+6-18=20.

27. If / is a binary tree of »n vertices then prove that the number of pendant

vertices in 7' is "T” [MODEL QUESTION]

Answer:
Let p denote the number of pendant vertices of the binary tree T. Then the number of
edges in the tree

I

=E{p+3{n—p—l)+2}

Since there 1s only one vertex with 2 edges n— p —1 vertices with 3 edges. But for any
binary tree with n vertices the number of edges 1s n - 1 always. Hence
1
n-|\ :;{‘D'FS("— P—])+2”‘
n+1
2

e

or p=

Hence the result.

Long Answer Type Questions

1. a) Prove that the chromatic number of complete graph with n vertices (K _)isn.
[WBUT 2013(ODD), 2016(ODD), 2017(ODD)]

OR,
What is the chromatic polynomial for a complete graph with n vertices?
[WBUT 2015(EVEN)]

Answer:

Since every complete graph 1s such that every pair of vertices are joined by an edge, for
proper colouring then have to have different colours.

Hence K_ requires n colours for proper colouring.
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e, x(K,)=n.

b) Find the chromatic number of the following graph. [WBUT 2013(0ODD)]
]
b C
Answer:
The graph is C Cs
Cs C:
C C;

Clearly one requires 3 colours as shown 1n the diagram, since two adjacent vertices have
to have different colours.
So the chromatic number of the given graph = 3.

c¢) Find the chromatic polynomial of a connected graph on three vertices.
[WBUT 2013(0DD)]

Answer:
Here the required chromatic polynomial 1s

A(A-1) . A(A-1)(A-2)

C.A+C, +C,
- 2! ] 3!
where C, =C, =0 and C, =5!
'  — A —
e SIZ(A-1)(A-2)
| 3!

or,  20A(A-1)(A-2); or,  20(A'-3i%+24).
2. a) State decomposition theorem for obtaining chromatic polynomial and find the
chromatic polynomial of the following graph using it. [WBUT 2014(0ODD))
Answer:

The Decomposition Theorem: Let & be a graph with 4 and B two non-adjacent
vertices. Let G, be the graph obtained from G by jomming 4 and B and let G, be the
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graph obtained from G by fusing the vertices 4 and B and replacing the parallel edges
by single edges, then
P(A)of G=P(A) of G,+P_(A) of G,

The graph G 1s A B

D C

We take B and D as the non-adjacent vertices and by joining B and D we get G, as
A 4

D L

Clearly G, 1s complete and 1ts chromatic polynomial 1s given by
P(A) of G, =A(A-1)(A-2)(A-3).
To get G, we fuse B and D and replace the parallel edges by single edges and obtain
A

B=D C

Clearly G, is completeand P, (1) of G, =A(A-1)(A-2).
Hence the required chromatic polynomial of G 1s
P(A)=A(A-1)(A-2)(A-3)+A(A-1)(A-2)=A(A-1)(4 —2):.

b) Find the closed form of the generating function for numeric function
f = %(r +1),r>0. [WBUT 2014(0ODD)]
Answer:

Here, f, =%(r+l)

The closed form of the generating function for /, = %Zr(r +1)x"
r=({

Now we observe that

| 23
—= XX +X +...... 0o ©

l-x
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=14 204+ 307 +4Ax +, o o
(1-x)
+2 2 N Fl
c=12+432x+43x +......t0 @ =) r(r+l)x
(I - .l‘) re=|
Hence the required closed form 1s 2 =
(1-x)
3. a) Find the chromatic polynomial of the given graph: [WBUT 2015(EVEN)]

Answer:
Let the chromatic polynomal of the graph be
P(A)=Ci+CHED o~ AA-A-2)
: 3
+C, A(A - I)(A4—| H2A-3) | C. AA=TNA- 25)'(1 —3)(Ai-4)

where C,,C,,C,.C,.C, are constants.

Since the graph has a triangle, so it will require at least three different colors of proper
coloring.

Theretore, C, =C, =0

The given graph has five vertices, thus C, =5!.

Moreover, C, = 6. Because if we choose three vertices v,,v,,v,, then these vertices can

be colored by three different colors in 3!=6 ways and we have no more choice except
v; will be the same color as v, and v, as v,

Similarly, with 4 colors the vertices v,,v,,v, can be properly colored in 4.6 = 24 ways.

The forth color can be assigned to v, or v, in 2 ways.

Therefore, C, =242 =438

Hence,

P(A)=A(A=INA=2)+2AA-INA=2)A—=3)+ A(A=1INA—2)A-3)(A—4)
=AMA-IA=20A =-54+7)
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b) Define Peterson graph and find its chromatic polynomial. [WBUT 2015(EVEN)]
Answer:

In the mathematical field of graph theory, the Petersen graph s an undirected graph
with 10 vertices and 15 edges. It 1s a small graph that serves as a useful example and
counterexample for many problems in graph theory.

The Petersen graph 1s the complement of the line graph of K.. It 1s also the Kneser
graph KG., ; this means that it has one vertex for each 2-element subset of a 5-element

set, and two vertices are connected by an edge 1f and only 1if the corresponding 2-element
subsets are disjoint from each other. As a Kneser graph of the form KG, It 1S an

an-=| n-
example of an odd graph. Geometrically, the Petersen graph 1s the graph formed by the
vertices and edges of the hemi-dodecahedron, that 1s, adodecahedron with opposite
points, lines and faces identified together. The Petersen graph has chromatic number 3,
meaning that its wvertices can
be colored with three colors —
but not with two — such that no
edge connects vertices of the
same color. It has ahst
colouring with 3 colours, by
Brooks"  theorem  for  list
colourings. The Petersen graph
has chromatic index 4; coloring
the edges requires four colors. A
proof of this requires checking
four cases to demonstrate that no 3-edge-coloring exists. As a connected bridgeless cubic
graph with chromatic index four, the Petersen graph 1s asnark. It 1s the smallest possible
snark, and was the only known snark from 1898 until 1946. The snark theorem, a result
conjectured by W. T. Tutte and announced in 2001 by Robertson, Sanders, Seymour, and
Thomas, states that every snark has the Petersen graph as a minor.

Additionally, the graph has fractional chromatic index 3, proving that the difference
between the chromatic index and fractional chromatic index can be as large as 1. The
long-standing Goldberg-Seymour Conjecture proposes that this 1s the largest gap
possible.

The number (a vanant of the chromatic index) of the Petersen graph 1s 5.

The Petersen graph requires at least three colors in any (possibly improper) coloring that
breaks all of its symmetnes; that 1s, 1ts distinguishing number 1s three. Except for the
complete graphs, 1t 1s the only Kneser graph whose distinguishing number 1s not two.
Chromatic polynomials of six signed Petersen graphs:

cp, (2k +1)=1024k" — 2560k + 3840k" — 4480k’ + 3712k"
~1792k” +160k" + 480k" —336k° + 72k.

Fig: The six switching-distinct signed Petersen graphs
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cp, (2k +1)=1024k" — 2560k° + 3840k" — 4480k + 3968k "

~2560k" +1184k* —352k" + 48k ",
cp; (2k +1)=1024k" —2560k" + 3840k" — 4480k " + 40964 "

~2944k° +1696k* — 760k + 236k — 40k,
cp, (2k +1)=1024k" — 2560k° + 3840k* — 4480k ™ + 4224k"

~3200k° +1984k* — 952k + 308k” — 52k,
cp, (2k +1)=1024k" — 2560k" + 3840k" — 4480k + 4096k*

~3072k" +1920k* —960k" + 320k — 48k,
cp, (2k +1)=1024k" — 2560k" + 3840k" — 4480k " + 44804 "

~3712k7 +2560k" —1320k" + 460k* —90k.

4. a) Find the chromatic polynomial for the following graph:

; [WBUT 2015(0DD), 2018(0DD)]

b) Let G=(J, E) with \I--’|=n be a connected graph. Let the maximum
independent set of G be f( G )and the chromatic number of G be (G ). Prove that

n< f(G)x(G). Use this result to show that (G )= % for a planar graph.

[WBUT 2015(0DD)]
c) Prove that the graph consisting of simply one circuit with n=3 vertices is 2-
Chromatic. [WBUT 2015(0DD)]

Answer:
a) We use two results here
Result 1: The chromatic polynomial of a complete graph of n vertices 1s

A(A-I)A-2)(A-3)--(A—n+1)
Result 2: If & be a graph with two non-adjacent vertices @ and b and 1f " denotes the
graph obtained by adding an edge between a and b and " denotes the simple graph

obtained from G by fusing the vertices @ and b together and replacing parallel edges by
single edges, then

PP (2)=F7(A)+ P (4)
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We how have

The polynomial of H, is A(A-1)(A-2)(A-3)(A~-4)

The polynomial of #, is A(A-1)(A-2)(A-3)

The polynomial of H, is A(A-1)(A-2)(A-3)

The polynomial of H, is A(A—-1)(A-2)

Hence the required chromatic polynomial of the given graph 1s
AA-INA-2)A-3)A-4)+2A(A-1)(A-2)A-3)+A(A-1)(A-2)
or, A(A-1)(A-2)(A" -54+7)

b) 1" part:
Given a k-coloring of G, the vertices being colored with the same color form an
independent set, Let, G be a graph with n vertices and ¢ a ---coloring of G. We define

V,={v:e(v) =il
for i=1,2,... k. Each V is an independent set. Let £(G)be the independence number of

G, we have, Vi< p(G).
Since, n=|V|+V|+. .+ |V |<k.B(G)= 2(G)B(G),
We have, z7\G)= -
(9256
2" Part:

As we know maximum chromatic number of a plannar graph i1s 4.

So in this case 4ﬂ(6)2nnr,ﬂ((})2;.
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¢) The statement 1s wrong, as the following 1s a circuit with 3 vertices which not 2-
chromatic.

5. a) Find the chromatic polynomial of the fol{l,owlng graph: [WBUT 2016(ODD)]
a

e d
Answer:
Let the chromatic polynomal of the graph be

R A
o HA=D)(2-2)(4-3)(2-4)
* 5

where C,, C,, C,, C,, C, are constants.

Since the graph has a tnangle, so 1t will require at least 3 different colours of proper
colouring.

C,=C,=0.
The given graph has five vertices, thus C, =5!
Moreover (', =3!=6, because if we choose three vertices b, ¢, d, then these vertices

can be coloured by three different colours in 3!=6 ways and we have no more choice
except the vertex “a " or e’ can be coloured by the same colour at “¢ "
Similarly, with 4 colours the vertices b, ¢, d can be properly coloured mn

2x6+2x6=24 ways,
C,=24.
Hence P (A)=A(A-1)(A-2)+A(A-I)YA-2)(A-3)+ A(A-1)(A-2)(A-3)(A-4)

=A(A-1)(2=2)[1+(2=3)+(2-3)(A-4)] = 2(2-1)(2-2)[ A’ —64~10]

b) Let (| be a cycle with n vertices. If (' is a subgraph of a graph & and »n is
odd, then show that chromatic number of & i.e., 7(()> 3. [WBUT 2016(ODD)]

Answer:

We may assume that G 1s connected. We already know that 1if & contains an odd cycle
then it cannot be coloured by 2 colours. Suppose G contains no odd cycles. Fix any
vertex v of ¢ and give it colour 1. Let vy, vs, v;, ....., v, be the vertices of G which are

DCM-119



POPULAR PUBLICATIONS

adjacent to v, colour each of them with colour 2. Next, colour all vertices adjacent to v,’s
with colour 1. Continue in this manner, alternatively assigning the colours 1 and 2. Since
(7 15 connected (and finmite), every vertex of G will get coloured eventually. (In this way,
all vertices whose distance from v 1s even will get colour 1 and those at odd distance from
v will get colour 2.) In this colouring, no two adjacent vertices get the same colour. We
must ensure, however, that this colouring 1s done ambiguously, that 1s, no vertex 1s
coloured with both colours. If this happens for some vertex u, then are two walks from v
10 u, one of even length and other of odd length. Putting these two walks together and we
get a closed walk and thence a circuit of odd length. This circuit may not itself be a cycle.
But 1t can be expressed as a union of disjoint cycles and one of these cycles must be odd,

a contradiction. So G is colourable with two colours. Thus we get a lower bound of 7(G)
e. ¥(G)=3.

c) Show that every complete graph is perfect. [WBUT 2016(0ODD)]
Answer:

Let G=(A, B, E) be a bipartite graph every vertex of which has degree d . Consider an
arbitrary subset S< A4 and its neighbourhood N(S). Then |S|d '5‘ N(S)ld , because
|S |d i1s the number of edges between § and N(S) (i.e., the number of edges incident to
the vertices of §), which ‘N (S )‘d counts all edges between § and N(5) and possibly

some other edges incident to the vertices of N(S). (if such edges exist). Therefore, (1)

holds for & and hence there 1s a matching covering 4. This matching 1s perfect, because
| A|d =| B|d (which is the total number of edges counted twice from each side of the

graph) implying | 4|=|B|.

6. a) Find the chromatic polynomial of the following graph: [WBUT 2017(EVEN)]

2

Answer:
Since the given graph G has 5 vertices, its chromatic polynomial f(x) is given by

f(x)=6¢,"C,+¢,"C, +¢,"Cy + ¢, "C, +¢5C
Since G cannot be coloured with one colour, ¢, =0. Again, since ¢ cannot be coloured
with 2 colures, ¢, =0.
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To find ¢, we observe that 3 colours can be assigned to the vertices v,,v,,v, In 3! 1e.,6
different ways and then v, can be assigned the same colours as of v, and v, can be
assigned the same colours as of v,.

Thus we are left with no other choice. Hence ¢, =6.

Next we observe that starting with 4 colours, we choose 3 colures in ‘C, ways, ie., 4
ways and colour the vertices v,,v,,v, In 4x3x2 ways and the remaining colures can be
assigned either to v, orto v, 1n 2 ways so ¢, =24x2 =48

To final ¢,, we see that 5 colours can be assigned to 5 vertices in 5!, e, 120 ways.

Hence ¢, =120

Therefore the required chromatic polynomal 1s
f(x)=0"C, +0°C, +6°C, +48°C, +120°C,
. 6x(x—1)(x-2) +48x(x—1)(:r—2)(x-3)(x—4)

3 41

x(x=1)(x=2)(x-3)(x-4)(x-5)
5!

=x(x-1)(x-2)+2x(x—1)(x-2)(x-3)(x—4)+x(x-1)(x-2)(x-3)(x—4)(x-5)
Since f(1)=/f(2)=0but f(3)=6+0, 7(G)=3

+120

b) What is chromatic polynomial of a graph? Find the chromatic polynomial of a
tree having » vertices. [WBUT 2017(EVEN)]

Answer:

1" Part:

Chromatic Polynomial: One may be interested in knowing the number of ways a graph
of n vertices can be properly coloured by A —colours. The answer to this question has
been given by what is known as chromatic polynomial.

Definition: The chromatic polynomial of a connected graph of n vertices denoted by

P (A), 1sapolynomial in A which gives the number of ways the graph can be properly
coloured with at most A colours.
In fact, this is given by P.(4)= Za J‘i(‘ , where a, denotes the no. of ways of colouring

j=1
(G properly with exactly j colours chosen from A colours. Such jcolours can be

chosen from A colours in “C, ways. Then aIJC ; gives the number of ways of

colouring (G properly with exactly ; colours.
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Hence P,(4)=) a, “C,
)=

cahig AN HADAZD) A (Ant)
- 2l 3! n!
Note that for determining the chromatic polynomial of' a connected graph, the coefficients

a,,d,,....,a, need to be calculated from the graph.

a,

For evaluation of a,.a,.....,a,, the following observations will be helpful.

(1) As for a non-null graph 1.e., a graph with at least one edge, two colours are required
which means @, =0

(2) A complete graph with n vertices requires n colours for proper colouring and this
can be done in n! ways i.e., a, =n!

2" Part:
Let G be a tree with n vertices. We shall prove that the chromatic polynomial f(x) of

G is x(x-1)"".
Clearly the result 1s true for n=1, 1.e. with x colours any one vertex graph can be

colored in x ways.
If n=2v, G 15 a tree with two vertices joined by an edge. These also the result 1s true

because the no. of ways they can be colours is x(x—1)

Let us assume that the result 1s true for a tree with m vertices.
Now let us take a tree with m+1 vertices. We choose a pendant vertex v say. The graph

G —|v} is atree with m vertices.

We see that the pendant vertex can be colures in x—1 ways as the vertex adjacent to v
cannot be given the same colures as of v.

Thus the tree G with m+1 vertices can be coloured in x(x-1)" l(:nr—l) €.

x(x=1)""" ways.

Thus by induction we see the result 1s true for n vertices when ne N.

c) Show that a cycle with n(=3) vertices is 2-chromatic if » is even and 3-

chromatic if » is odd. [WBUT 2017(EVEN)]

Answer:
We note that a cycle with 3 vertices 1s a triangle. So 3 colours are required to colour 1t

properly. Therefore z(C,)=3
A cycle with 4 vertices is a square. So 2 colours are required to colour it, because vertices
can be colures alternately by 2 colures. Thus z(C,)=2
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For a cycle with 5 vertices, we see the first four vertices can be colours by 2 colures and
the 5th vertex 1s to get different colours.

So y(C,)=3

The same augment may be applied to any no. of vertices.
2 1f n1s even

Thus we conclude ;(((‘_)={3 i odd
if n is

7. a) A connected planar graph with n vertices and ¢ edges has ¢ - n + 2 regions.
[WBUT 2017(0ODD)]

Answer:

Proof: by induction on the number of edges in the graph. Base: If ¢ = 0, the graph

consists of a single vertex with a single region surrounding it. Sowe have | ~0+ 1 =2

which 1s clearly right. Induction: Suppose the formula works for all graphs with no more

than n edges. Let G be a graph with n + | edges.

Case I: G doesn’t contain a cycle. So G 1s a tree and we already know the formula works

for trees.

Case 2: G contains at least one cvcle. Pick an edge p that’s on a cycle. Remove p to

create a new graph G'. Since the cycle separates the plane into two regions, the regions to

either side of p must be distinct. When we remove the edge p, we merge these two

regions. So (G has one fewer regions than 5. Since GG’ has n edges, the formula works for

(' by the induction hypothesis. Thatisv' —e¢"+= =2 Butv'=v,¢'=e—1l, and "= —

|. Substituting, we find thatv—(e— 1)+ (f—1)=2

S0

v—e+f=2

b) Find the chromatic polynomial of the graph given below:  [WBUT 2017(ODD)]

Vi
Vs Vi
V. Ve
Answer:
We apply the Decomposition Theorem as follows:
v V,
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Choosing V, and V; and join them. Then fuse V', and V.
We now choose I, and V, and join then in / and then fuse them

Vi

V.

8. a) Show that the chromatic polynomial of a cyclic graph of order n is

(A-1) +(—l)"(.i. -1).
b) Find the chromatic polynomial of the following graph: [WBUT 2018(EVEN)]

Answer:
a) Chromatic polynomial of a cyclic graph of order n, (A -1)" +(-1) (A -1)
= Applying the method of induction,
for n=2its, (A=1) +(=1)(A=1)=(2-1) +(2-1) =22 +1-A-1
=A" =i =4(A-1)  (Proved)
Now, for n=3 s true as, C, = K, fora cyclic graph.
.. Deleting an edge from a cycle results in a path which 1s a true, so, its chromatic
polynomial be like A(A-1)"".
Contracting an edge yields a cycle of length n—1 which by the inductive hypothesis has
a chromatic polynomial of (A -1)"" +(~1)" (4 -1).
. The difference 1s —
AA=1)"=(2=1)" =(=1)"(A=1) =(A=1)"+(=1)"(A=1) (Ans.)
S0, by induction, 1t 1s proved that chromatic polynomial of a cyclic graph of order » 1s,
(A=1)"+(=1)"(A-1) (Proved)
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AAN(A-2) | AR-1)(3-2)(3-3)

(A1
P(A)=CA+C, "‘(21 )4 . : it

A(A-1)(2-2)(4-3)(A-4)

S!
where, C,, C,, C,, C,, C; are constants.
Here, C,=5!C =0,(C,=2!,C, =3 C,=24,
2(A-1) 6A(A-1)(A-2) 24i(A-1)A-2)(A-3)

2! ' 3! N 4dx3x2
+l2{]}t(ﬂ.-l)(i—2)().—3)(2—4)
5!

P(A)=A(A-1)+A(A-1)A-2)+A(A-1)(A-2)(A-3)
+A(A-1)(A-2)(A-3)(A—4)

+C

F(4)=

9. Answer the question very briefly: [MODEL QUESTION]
i) Define adjacency matrix of a graph.

Answer:
The adjacency matrix A (G) of a graph G 1s a square matrix [a;]. such that

a, =|r if the i" vertex is joined to the j* vertex by r edges.

a, =40 1f there i1s no edge joining i" vertex and j” vertex.

ii) Draw all simple graphs of 3 vertices. [MODEL QUESTION]

| e N\
= N A DN L X/
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10. Show that a simple graph with n vertices and k components has almost
(n—k)(n—k+1)/2 edges. [MODEL QUESTION]
Answer:

Let G be a graph with k components and let its i component have n. vertices where
i=12 e k.

Then the maximum number of edges of

=Z"' (ni_l) =%§:(nf-n,)=%i,ﬂf '%Z",

RS

247 7 2

Now, {Z:;(n,l)}:(nkf

or, i(n_,—l):+2i(n, ~1)(n, =1)=n* +k* — 2nk
=1 I )
<)

or, JI‘Z(rif -2n, +l) < +k*=2nk | ) (n, -l){ﬂ, -1)2 0

- | ]

1

or, an—Zan, +il£n:+k"—2nk
=] i=l

i=]

&

or, aninz+k3—2nk+2n—k
I=]

Hence the maximum number of edges

2, 12 —k)(n—k+1
5%{”'+k“—2ﬂk+2ﬂ—k—2ﬂ}=(" )(; +)

11. a) A graph has 21 edges, 3 vertices each of degree 4 and rest of the vertices are
of degree 3. Find out the total number of vertices. [MODEL QUESTION]

Answer:

[et n be the no. of vertices
Then we get

2%21=3x4+ (n-3) x3

or, 42= 12+ (n-3) %3

or, n=13
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b) What do you mean by a connected graph? Derive adjacency matrix for the

following: [MODEL QUESTION]
vl v3

vy

vh

Answer:

Connected graph: A graph 1s called connected if for every pair of vertices of the graph
there exists a path joining them.

The adjacency matrix of the given graph G 1s

R BV
V(o1 1 1 0 0)
il 0 01 0 0
AG)=r,|1 0 0 0 0 0
Vgl 1 0 01 0
Vo 0 01 0 1
O 0 0 0 | DJ
12. Examine Graphs H and G are isomorphic or not: [MODEL QUESTION]
A B | 2 3
4
L C k H:
5 6 7
¥ G
Answer:

Yes, G s isomorphic to H.

To see this define ¢: G — H as

§(4)=1,6(B)=4.6(C) =2.6(D) =5.6(E) = 6,6(F) =3,6(G) =7

Clearly ¢ 1s bijective and carries edges of G to the corresponding edges of H.
Hence ¢ 1s an isomorphism of G to H.

13. Write short notes on Hamiltonian Path. [MODEL QUESTION]
Answer:

The twin problem which are attributed as the genesis of graph theory apart from the
Konigsberg Bridge Problem 1s the one posed by a famous Insh mathematician Sir
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Willham Rowan Hamilton (1805-1865). As a matter of fact Hamilton made a regular
dodecahedron of wood each of whose 20 corners was marked with the name of a city and
the problem was to start from any city and find a route along the edges of the
dodecahedron that passes through every city exactly once and return to the city of ongin.
It may be mentioned here that the problem remains still unsolved.

To present the above problem graphically we need the following notions:
Definition:

A cycle in a graph 1s called Hamiltonian \f 1t passes every vertex exactly once.
A graph 1s called Hamiltoman 1f 1t admits of a Hamiltoman cycle.

It 1s obvious that only connected graphs can be Hamiltoman.

Note: also that there is as such no relation between Eulerian graphs and Hamiltonian
graphs. An Eulerian graph need not be Hamiltonian just as A Hamiltonian graphs
may not be Eulerian.

The following examples illustrate the situation:

A B C P Q)
L

F E D S R

Hamiltoman but not Eulenan Eulenan but not Hamiltoman

A result of importance about Hamiltoman graphs 1s due to Dirac.
Dirac’s Theorem:

A connected graph G with n vertices 1s Hamiltoman 1f n > 3 and d(v) > n for each vertex
v ot G.
Note that the condition stated in the theorem is sufficient only but not necessary.
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QUESTION

Gro
(Multiple Choic

1. Choose the correct alternatives for any ten of |
|) Blue baby syndrome is related to

a) NO, b) PO,

i) Which of the following can be used for disinfec
v'a) Chlorine v'b) Hydrogen Peroxi

i) Greenhouse effect is due to
a) over cultivation of land
v'c) some atmospheric gases like CO;, N2C
d) none of these

Iv) Kyoto protocol is related with
a) Ozone layer depletion
c) SPM

v) Which one of the following statements is true |
v'a) less the TLV, more toxic the pollutant is
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a) See Topic: ECOLOGY, Short Answer Tvpe Qu
b) See Topic: ECOLOGY, Short Answer Type Qu
¢) See lTopic: ECOLOGY, Short Answer yvpe Que
d) See Topic: ECOLOGY, Short Answer Type Qu
¢) See Topic: ECOLOGY, Short Answer Type Qu

9. In a BODg test

a) Why it is necessary 1o cover the bottle with a ¢
b) Why the dilution of waste water sample is nec
c) In dark test run is conducted explain why?
d) What is the necessity of seeding the sample?
e) Why ultimate BOD is not measured?

f) Giving a sketch and discuss the typical treatme
See Topic: WATER POLLUTION AND CONTR(

10. a) Explain the harmful effects of noise polluti
b) How much i1s a sound of 100dB louder than
'2wlm2)

c) What is weathering process? Describe differer
a) See Topic: NOISE POLLUTION AND CONTR
b) See Topic: NOISE POLLUTION AND CONTR
¢) See Topic: LAND POLLUTION AND CONTR(

11. a) Define coning, looping, fumigation, lofting
b) What is the CFC number for CCI.FCCIF,?






