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MAKAUT course structure and syllabus of 4" semester has been changed from 2020.
Previously DESIGN AND ANALYSIS OF ALGORITHM was in 5" [CS & IT]
semester. This subject has been completely redesigned and shifted in 4" semester in
present curriculum. Few new topics have been introduced also. Taking special care
of this matter we are providing the relevant MAKAUT university solutions and some
model questions & answers for newly introduced topics, so that students can get an
idea about university questions patterns.
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INTRODUCTION

% Chapter at a Glance

e Algorithms arc classilied mto two major groups. One 1s an "analytuc™ approach of
recognizing individual characters, while the other is a "holistic" approach. In some non-
heuristic studies, analysis consists of two phases:

1. A priori Analysis: By theoretical method we may calculates the computing time and space
required by an algorithm by formulating a function and 1t 1s independent of programming
language and the machine.

2. A posteriori Analysis: In some cases we cannot calculate the time and space requirement of
an algorithm using theoretical method. Then we observe its execution and measure the time
and space actually used by the algonithm. This is called a posteriori analysis.

e Space complexity: It is defined as how much space 1s required to execute an algorithm. The
(space) complexity of an algorithm (for a given input) is the number of elementary objects
that the algonthm needs to store during its implementation. This number 1s computed with
respect to the size n of the input data This space 1s generally computer memory space.
Naturally, an algorithm to achieve a specific growth with less space requirement is considered
a betler algonthm n lerms ol space complexily.

The space complexitly ol an algorithm X can be delined as, S(X) = C (X) + I(X) Where C(X)
1s lhe required conslanl space whereas, 1(X) 1s the nslanlancous space requirement lor
algorithm X.

e Time complexity ol an algonthm 1s the measure of total tme required W excecule thal
algorithm. Time complexity 15 independent ol computer, programmung language,
programmer, and other implementation details. Usually, 1t 1s depending on the size ol the
mpul. The (ime) complexity ol a algonthm (for a given mput) 1s the number of clementary
instructions that this algorithm implements.

e Asymptotic Notations: The algorithm that takes mimimum tme (o execute given an mput of
specilic size 1s asymplotically more elhicient algonthm.

—  Worst-case complexity: The worst-case complexity 1s the complexity ol an algornithm
when the input 1s the worst possible with respect to complexity.

— Average case complexity: The average complexity 1s the complexity of an algornithm
that 1s averaged over all the possible mnpuls.

e  Master's Theorem:

The Master Theorem applies to recurrences of the following forms: T(n)=aT(n/b)+f(n)
where a = 1 and b > | are constants and f{n) 1s an asymptotically positive function.
There are 3 cases:

1. If f(n)=0(n"") for some constant ¢ >0, then T{ﬂ)=9(ﬂm =

2. If f(n)= ©n'"™ log" n) with k 20 then T(n) = O n"**“log"*'n)

3. 0f f(n)= Q™" ") with #>0 and f(n) satisfies the regularity condition, then
T(n)=06(f{n)) .

Regulanty condition: afin/b)< cffn) for some constant ¢ < | and all sufficiently large n.
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* Recursion tree Method:
In this method, we draw a recurrence tree and calculate the tme taken by every level ol tree.
Finally, we sum the work done at all levels. To draw the recurrence tree, we start from the
given recurrence and keep drawing tull we lind a pattern among levels. The pattern 1s typically
an arithmetic or geometric series.
S0, the main problem ol substitution method 15 1o lind out the good guess otherwise, 1t will
not find out the correct soluton. But mn recurrence tree method, we start [rom the mital
source to expand the tree.

¢ Substitution Method: We make a guess for the solution and then we use mathematical
induction (o prove the guess 1s correct or mncorrect. So, this method consists ol two steps:
—  Guess the lorm of the solution.
— Use mathematical induction o ind constants in the lorm and show that the solution

works.

Multiple Choice Type Questions

1. Lower bound for any comparison sort is (WBUT 2006, 2007, 2008, 2009, 2017)
a) O (log n) b) O (n%) ¢c) O (n log n) d) O (n’ log n)
Answer: (c)

2. O(g(n)) is [Read as small oh of g(n) is] (WBUT 2006, 2008, 2009, 2012]
a) Asymptotically loose b) Asymptotically tight
c) Same as big oh d) none of these

Answer: (a)

3. Time complexity for recursive relation 7'(n) =27 (/n )+ 11s

(WBUT 2006, 2008, 2013]
a) O(n) b) A(logn) c) A(nlogn) d) #(n)
Answer: (b)
4. Tight bound for building a max heap algorithm will be (WBUT 2006, 2015]
a) O (log n) b) O (n’) c) O (n log n) d) O (n)
Answer: (c)
5. Q)-Notation provides an asymptotic (WBUT 2006, 2015, 2017]

a) Upper bound
b) Lower bound
c) One that is sandwiched between the two bounds

d) None of these
Answer: (b)

6. Time complexity for recurrent relation 7'(n)=2T(n/2)+n is

[WBUT 2007, 2018, 2019]
a) O (log n) b) O (n log n) c) O (n) d) O (n°)
Answer: (b)
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7. The Big O notation of the expression f(n)=nlogn+n" +¢™"is
[WBUT 2008, 2012]

a) O (n) b) O (n?) ¢) O (n log n) d) O (e 2"
Answer: (b)
8. ‘Small 0o’ of g (n) is [WBUT 2010, 2012]
a) asymptotically loose b) asymptotically tight
c) same as ‘Big O’ d) none of these
Answer: (d)

9. The time factor when determining the efficiency of an algorithm is measured by
a) counting microseconds [WBUT 2010, 2016]
b) counting the number of key operations
c) counting the number of statements
d) counting the kilobyte algorithm

Answer: (b)

10. Which of the following is used to depict the working of algorithm? [WBUT 2010]
a) Flowchart b) Pseudo code c) Source code d) All of these

Answer: (d)

11. The running time of an algorithm 7'(n), where 'n' is the input size is given by

T(n)=8T(n/2)+qn, ¥ n>1 and T(n)=p,if n=1, where p and g are constants.

The order of this algorithms is [WBUT 2011]
a) O(n) b) ®(n") c) On') d) ®@(n'"")

Answer: (¢)

12. Complexity the recurrence relation T(_n_):ﬂr[’—;) tn’ i8S (WBUT 2012, 2016]

a) O(n) b) O(n") c) O(log, n) d) O(n’)
Answer: (b)
13. Complexity of Tower of Hanoi problem is [WBUT 2012]

a) O(n) b) O(n) c) O(2") d) none of these
Answer: (c)
14. Consider the following three claims: (WBUT 2013]

) (n+ k)" =0(n") where &k and m are constants.

n 2 =0(2")

m 2°"' =0(2")

Which of the following claims are correct?

a)land ll b) | and Il c) Il and llI d) I, Il and Il
Answer: (d)
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15. Which of the following functions is asymptotically smallest? (WBUT 2013]
a) 2 b) n"" c) n"" d) i/logn

Answer: (d)

16. An algorithm is made up of two independent time complexities ((») and

g(n) . Then the complexities of the algorithm is in the order of [WBUT 2014]
a) f(n)xg(n) b) max(f(n),g(n))
c) min(f(n),g(n)) d) f(n)+g(n)

Answer: (b)

17. Which of the following is used to depict the working of algorithm? [WBUT 2014]
a) flowchart b) pseudo code C) source code d) all of these

Answer: (d)

18. The space requirement for the quick sort method depends on the [WBUT 2015]
a) number of nested recursive calls b) size of the stack
c) both (a) and (b) d) none of these

Answer: (c)

19. Which of the following property/properties is/are necessary for an algorithm?
a) Definiteness b) Effectiveness [(WBUT 2017]
c) Both (a) and (b) d) None of these

Answer: (¢)

20. Time complexity for recurrence relation 7'(n)=2T(n-1)+cis [WBUT 2017]

a) O(n’) b) O(log n) c) O(nlogn) d) 0(2")
Answer: (b)
21. The Big O Notation of the expression [ (n)=nlog, n+n" +¢"*"is
[WBUT 2018, 2019]
a) ()(n’ ) b) O(log, n) c) O(nlog,n) d) 0({:'”5'")
Answer: (a)
22. Time complexity of quick sort in worst case is (WBUT 2019]
a) O (n) b) O (log n) c) O (n2) d) O (n log n)
Answer: (d)
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Short Answer Type Questions

1. Prove that n'=(0(n"). [WBUT 2008, 2017]
Answer:

The n! 1s defined for integers n 2 0 as

| ] iin=20
n'=
nn-1)y ifn=>0

Thus,n'=123... n.

A weak upper bound on the factonal function is n! € n" (1)
since each of the n terms 1n the factonal product 1s at most n. Stirling’s approximation,

-] o)

Where e 1s the base of the natural loganthm, gives us a tighter upper bound, and a lower
bound as well.
So, from the above equation (1), we can say that f{n) = n! and g(n) = n" and according to

the definition of O-notation, f(n) =n! <n"= O (n") where n= 0

2. Why Recursion Tree method is better than the Substitution method for solving a
recurrence relation? Find asymptotic upper bound of the following recurrence
relation with help of recursion tree method. (WBUT 2014]

F(n)=T(n/4)+ T(n,-"2)+{':*)(n2)

Answer:
Substitution Method: We make a guess for the solution and then we use mathematical
induction to prove the guess 1s correct or incorrect. So, this method consists of two steps:
e (Gucess the form of the solution,
e Use mathematical mmduction to find constants 1n the form and show that the
solution works

Recurrence Tree Method: In this method, we draw a recurrence tree and calculate the
time taken by every level of tree. Finally, we sum the work done at all levels. To draw the
recurrence tree, we start from the given recurrence and keep drawing ull we find a pattern
among levels. The pattern 1s typically an anthmetic or geometric series.

So, the main problem of substitution method 1s to find out the good guess otherwise, 1t
will not find out the correct solution. But in recurrence tree method, we start from the

initial source to expand the tree. So, recurrence tree method 1s better than the substitution
method,
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3. State Master theorem and find the time complexity for the recurrence relation
T(n)=2T(n/4)+n . [WBUT 2015]
Answer:

1* Part:

The master theorem often vields asymptotically tight bounds to some recurrences
[rom divide and conquer algorithms that partition an input into smaller sub-problems of
equal sizes, solve the sub-problems recursively, and then combine the sub-problem
solutions to give a solution to the oniginal problem. The time for such an algorithm can be
expressed by adding the work that they perform at the top level of their recursion (to
divide the problems into sub-problems and then combine the sub-problem solutions)
together with the time made 1n the recursive calls of the algonthm.

2" Part:

{3 () ()
erfor{ o) anfior o

= n+2(+2 J7+2J7+2\/7 420" 1/ -
4"11

—Jr_:+J_ Jr_:+J;+ +J_ Jn(lug,nﬂ) OJ_Ign

4. Solve the following recurrence relation wusing generating function
a,=6a, —1la, ,+6a, ; for n=3 with initial condition a, =1.a, =1 and a, =1.
[WBUT 2016)

m-3
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Answer:

We have

an_ﬁau I+llan1_6an 1=0 “”(1)
Let, g(.r)=Za,,.r"

me=ii

Multiplying (1) by x"and summing fromn =3 tox,

We get, Zux —62::" X" +112u" X -62:1, X" =

r=J n=3

Or, (Zunxn_ d, —a,x— a-.x) 6.1'2& II "H11x° Za# .,,_1' —6_1'32 "'31‘

n=0 n=3 n=1

=0

or, {g(x)—a, —ax—a,x’) - 61(2::“_].{‘_' —dy —a,x)

+11x° (Zaﬂ o -au)-ﬁsz.f:._].t"'] =)

n=2 n=0

or, (g(.t)—l+x—x")—6x(2a, Y —l+x)+ll.x1(ia X)) - 6x'g(x)=0

or, {g(x)=1+x—=x"}=6x{g(x)=1+x}+11x"{g(x)=1}=6x"g(x)=0
or, -g(x){6x’ ~1lx" +6x-1}=18x" ~ Tx +1
(18x" ~Tx+ 1)
6x —11x" +6x—1
Now, we can simplily,
6x' ~1lx" +6x—-1=6x"(x-1)-Sx(x-1+1(x-1)
=(x-1{6x" ~Sx+ 1l =(x-1)2x-D3x-1)
So, from eq". (2), we get,
(x) = ~(18x" ~7x+1)  (18x" -Tx+1)
B = 2x—)(Bx=1)  (1=x)(1-2x)1—-3x)
Now from ¢q”. (3), we can wrile,
A B C
+ +
l-x 1-2x 1-3x
= A1 -2x)1-3x)+ B(l-x)1-3x)+ C(1 - x)(1 -2x)=18x" - Tx +1
Putting, x=1, weget 4 =6
Putting, x = 1/2, we get B= -8
Putting, x = 1/3, we get C=3
Apply these values in eq". (3)

- (2)

or, g(x)=

.- (3)
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l 1 1

x)=6.—— 8 ——+3——=6.(1-x)" ~8(1-2x)"" +3(1-3x)"
g(x) e e T (1=x)" =8(1-2x)" +3(1 - 3x)
=6 x" -85 2°x" +3¥ 3" x" =Y x"(6-82" +33")1x"
A=l n=0 n={l w=l)

Hence, a, =6-8.2" +3.3" for Vn=10

5. Prove thatif f(n)=a,n™ +a_ n™ "+ ... +an aﬂthonf(n)=0(n").

[WBUT 2019]
Answer:

f{n)ﬂila, '

=0

LY
£n"’2|a‘ n"
1=0

<n" ) |a,| for n=1

So, f(n) = O(n‘" ] (assuming that m 1s lixcd).

6. What Iis algorithm? Define the characteristics and categories of Algorithm.
[MODEL QUESTION]

Answer:

1* Part:

Algorithm 1s a step-by-step procedure, which defines a sct of instructions to be executed
in a certain order to get the desired output. Algorithms are generally ereated independent
of underlying languages, 1.e. an algornithm can be implemented in more than one
programming language,

2" Part:

The important categories of algorithms are :

(i) Search — Algorithm to search an item 1n a data structure.

(ii) Sort ~ Algonthm to sort items 1n a certain order.

(1i1) Insert — Algorithm to insert item 1n a data structure,

(iv) Update — Algonthm to update an existing item 1n a data structure.
(v) Delete — Algornthm to delete an existing item from a data structure.

3" part:

Not all procedures can be called an algorithm. An algorithm should have the following
characteristics ~

1. Unambiguous — Algorithm should be clear and unambiguous. Each of 1ts steps (or
phases), and their inputs/outputs should be clear and must lead to only one meaning.

2. Input — An algorithm should have 0 or more well-defined inputs.
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3. Output — An algorithm should have 1 or more well-defined outputs, and should match
the desired output.

4. Finiteness — Algorithms must terminate after a finite number of steps.

5. Feasibility — Should be feasible with the available resources.

6. Independent — An algorithm should have step-by-step directions, which should be
independent of any programming code.

7. Write an algorithm to add two numbers and discuss the time and space

complexity. [MODEL QUESTION]
Answer:
Calculate the Space complexity:
Add (a,b)
{
Step | a= 10;
Step 2 b= 20;
Step 3 x=a+b;
Step 4 return x;
h

Here we consider the first algorithm Add (). The size of the each vanable ( a, b and x) 1s
lixced. IT the space required for a single constant variable 18 n bytes then the total space
required for all the constant vanables used above 1s
C( Add())= spacc requirement of (a, b, x)

= (nt+ nt n) bytes = 3n bytes
As, there 18 no nstantancous space requirement, so, the space complexity ol the
algorithm 1s S ( Add()) = (3n+0) bytes = 3n bvtes.

Calculate the Time complexity:
[Iniialize ¢ = 0]

Add (a,b)
i

Step | a= 10,

[c=ctl]] /[l ci1snow l.
Step 2 b= 20;

[c=c+l ] // ci1snow 2.
Step 3 x=a+b;

lc=ct+l]] // c¢1snow 3.

Step 4 return x;

[c=c+l] // cisnow4.

I

In the above example, an auxilhary vanable c¢ 1s inserted into the algorithm, which 1s
intialized to 0 and incremented after each instruction. This vanable ¢ is not a part of the
algorithm Add ().
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After executing of Add () , the value of ¢ will be 4 as shown in the commented lines in
the algorithm. This time 1s constant time and there 1s no instantancous time in this

algorithm,
So, the time complexity of Add () 1s T( Add())= 4.

8. Calculate the space for recursive factorial function of an element.

[MODEL QUESTION]
Answer:
Fact (n)
l
Step | if n < 0 then
Step 1.1 return |;
Step 2 else
Step 2.1 return ( n* Fact(n-1));

;

The return address of a recursive algonthm requires only one word of memory. Each call
of Faet () function requires two words, once for the value of n and another for return
address. Now, this recursive function 1s executed (n+1) times, n times for variable n and
last onc for checking the value if n< (0. Now 1f the size of cach word 1s k bytes then the
space complexity of the above algornthm 1s

S(Facet()) = 2(n+1)k bylcs.

9. Calculate the space requirement for [MODEL QUESTION]
(I) Sequential search algorithm.
(i) Find an element from a set of array elements.

Answer:
(1) SeqSearch (a, n, k)
|

I
for index =0 ton do

t

if k « a[index]

ans = index :
break:

else

ans = -1;

.'r

return ans.

'

This 1s a simple sequential search algorithm, where we search whether an element k 1s In
the hist af | or not. Vanable ans returns the index value 1if the search 1s successful
Otherwise it retumns -1.

There are four constant vanables, k, index, ans and n. If the space required for a single
constant variable 1s m bytes then the total space required for all the constant variables
used above is C(SeqSearch ()) = 4 * m bytes.
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The space required for the array depends on n and n is either equal to or less than the
array si1ze but not greater than af |. So, the space required for the array af | 1s at least (n .
m) bytes, 1f m bytes of space are required for cach array content.

The space complexity of the above algorithm 1s

S(SeqSearch () ) = (4 +n).m bytes.

(i) FindMax(a. n)

max = a0},
for index=11ondo

if max < alindex| then
max = a|index|;

;.
refurn max;

A
J

T'here are three vanables, max, index and n. So, it requires C(FindMax ()) = 3. k bytes, 1f
the space required for a single constant variable 1s k bytes. The size of the array 1s also ( n
- k) bytes, which we have already discussed in the previous example,

The space complexity of the above algonthm 1s

S(FindMax () ) = (3+n)k byles.

10. Find the time complexity of an algorithm that computes the multiplication of n

numbers stored in an array. [MODEL QUESTION]
Answer:
Multiply ( a \n) complexity
l
Step | Inihialhize m «1; O(1)

Step 2 for 1«1 tondo O(n)
Step 2.1 m=m *a[i]; O(1)
Step3  return m; O(1)
l
So the total time complexity of algorithm Multiply () 1s O(1)+O(n).O(1)+O(1) = O(n).

Long Answer Type Questions

1. Discuss different types of asymptotic notation. [WBUT 2005, 2011, 2013]
OR,

Define the following notations with example

Big-oh (0O), Little-oh (0), Q, 6 [WBUT 2015]
OR,

Write the significance of different asymptotic notations (Big-O, Big-omega, Big-

theta) with graphical analysis. [WBUT 2017]
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Answer:

Big-O notation: Big-O notation 1s a theoretical measure of resource requirement of an
algorithm. Usually time and memory needed, given the problem size n (which 1s usually
the number of inputs) do count as resource. Informally speaking, some equation

f(n) = O(g(n)) means, fin) is less than some constant multiple of g(n).

So, f{n) = O(g(n)) means there are positive constants ¢ and k, such that

0< fin)<cg(n) foralln = k. The value of ¢ and k must be fixed for the function I and

must not depend on n.

) notation: €) notation 1s also a theoretical measure of the resource requirement of an
algorithm. Usually time and memory needed, given the problem size n (which 1s usually
the number of inputs) arc treated as resource as before. Informally, saying some equation
f(n) = €2(g(n)) means 1t 1s more than some constant multiple of g(n). So, f(n) = (g(n))
means there are positive constants ¢ and k, such that 0< ¢cg(n)< fin) for all n = k. The
valucs of ¢ and k must be fixed for the function and must not depend on n,

@ -notation: ®» notation 1s also a theoretical measure of the resource requirement of an
algorithm. Usually the time and memory needed, matter as resources, given the problem
sizc n, (which 1s wsually the number of inputs). Informally, saying some cquation
fln) = o(g(n)) means g(n) relative to fin) becomes msignificant as n goes to intfinity. The
notation 1s rcad as, “fof n is little omega of g of n”.

Given any £ = () however small, there exists a & = 0 such that | fi"; - < g, whenever n =
n

k. The value of & must not depend on n, but may depend on c. In other words,

lim 2 () =0

= f(n)

® notation: This is also a theoretical measure of the excecution of an algorithm, in terms
of the time or memory needed, given the problem size n. Informally, saying some
equation f(n) = © (g(n)) means it 1s within a spectrum induced by a pair of constant
multiples of g(n). So, fin) = ®(g(n)) means there are positive constants ¢, ¢, and k,
such that 0 < ¢, g(n) = f(n)=c,g(n) foralln = k. The values of ¢, c;, and k must be

fixed for the function f and must not depend on n.

Little-o notation: This 1s yet another theoretical measure of the execution of an algornthm
with respect to time and / or memory resources needed, given the problem size n, which
1s usually the number of input items. Informally, f(n) = o(g(n)) means fin) becomes
insignificant relative to g(n) as n approaches infinity. The notation 1s read as, “fof n is
little oh of g of n”".
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Given any € > 0 however small, there exists a k = 0 such that f :n; < ¢, whenever n = k.
g(n
The value of k must not depend on n, but may depend on ¢. This i1s equivalent
o lim J(n) =0.
n—x g(")

2. a) Solve the following recurrence relation using generating function:
a, =6a,, —1la,_,+4a, _, with initial condition a; =1, a,=2,a, = 1.

[WBUT 2007, 2011]
Answer:

A(s)=) a,s" is the generating function of the sequence {a,, nz 0}.

M=)

Relation, a, =6a_,-1la,_,+4a,_,n=3anday, =1, a,=2,a,= 1.
Multiplying both sides by 5" and sum over the range n = 3 to o,

Then
ians" = iﬁan_ls” - il la,_,s" + 24‘1&-3"’:"
n=1 n=3 =3 m=3

i L [
or, A(s)-a,s’ ~a;s-a,=6s) a, s""'~1ls'Y a, 5" "+4s') a, "

n=1 =3 =3
of, A(s)-s"=25=1=6s(A(s)—as—a,)—=115"(A(s)—a,)+4s’ A(s)
or, A(s)-s" ~ 25 - 1=6s(A(s) - 25 1)~ 11s" (A(s) 1) + 45" A(s)
or, A(s)~s’ ~ 25 - 1=654(5) - 125" ~ 65 115 A(s) 115" + 45 A(s)
or, AS)[1-68+118" =45 |==125" + 57 + 1157 =65+ 25 + 1 =45 +1
or, A(s)=(4s—1)4s" =115" +65-1)
=(4s-1)(T-1)" where, T=4s’ — 115" + 65
=(1-4s)(1-T) '= (1-4s) [ 1+ T+T +T" +..]
=(1-4s)[14+(6s-11s" +4s’)+ (.Y +(.) +..]
Collect coefficient of s terms in general, for » > () and that will be a,, =0

b) What is the Tail Recursion? Give an example. (WBUT 2007]
Answer:

A function call 1s said to be tail recursive 1if there 1s nothing to do after the function
returns except return its value. This 1s a special form of recursion where the last operation
of a function 1s a recursive call. The recursion may be optimized away by executing the
call in the current stack frame and returning its result rather than creating a new stack
frame.

Although 1t may not save a lot of run time, 1t can save a lot of memory.
The following finds the maximum value n a list.
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There i1s an example which 1s written in two different methods. First one 1s written in
general recursive method and second one 1s written 1n tail recursive method. Later, we
shall compare these two methods.

Max_list() 1s an algorithm to find the maximum element from a hst A.

Max list (A, max)

{

if (A] ] = null) then

return max;

if (max < head(A)) then

return max list (tail(A), head(A)):;

alse
return max list (tail(A), max);

}

The return value of the current algorithm 1s just the return value of the recursive call. A
compiler could optimize 1t in the following way of implementation. So 1t doesn't allocate
ncw space for | and max on cach invocation as 1s happening now.

Max list ( A, max)

{

while( true)

{
if (Al ] null) then

return max;

if (max < head(l)) then
{

max = head(A);

A = tail (R);

!

aelse

A tail (A):;
}

)
Now, there 1s no need to allocate new memory for the parameters. So this 1s more

efficient.

3. State master’s theorem and find the time complexity for the following
recurrence: T(n) = 2T(n'?) + log n. [WBUT 2009, 2016]
Answer:

Master Theorem

The Master Theorem applies to recurrences of the following forms:

T (n)=aT (n/b) + fin)

Where a = 1 and b = 1 are constants and f{n) 1s an asymptotically positive function.

There are 3 cases:

1. If f(n)= O(n"™" )for some constant £ > 0, then T(n)= O( n"**")
2. If f(n)= O(n"* log" n)withk =0, then T(n)= O( n"**“log""'n)
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3. If f(n)= Q"™ *"“)with £ 20 and f(n) satisfies the regularity condition, then T
(n) =0 (f(n)).

Regulanty condition: affn/b)= cf(n) tor some constant ¢ < | and all sufficiently large n.
Time complexity for the following recurrence: T(n) = 2T(n"*) + log n

Let us consider that, p = log n

So, T(27)=2T(2"*)+ p

Now, we further consider that K(p)=T7(27)

So, K(p)=2K(p/2)+p =2.2K(pR2)+p+p=2°K(p/2)+2p

Subject to some terminating condition (1.e. not given here), K(p) = O ( p log p)
So, T(n) = T(2") = K(p) = O(p log p) = O( log n log(log n))

4. Suppose we have a recurrence relation 7'(n)=a7'(%)+ f(n). Show that the
followings: [WBUT 2010, 2012]

a) If af[%)ﬂgf(n) for some constant k < 1, then 7(n)=0O( /(n))

b) If f!f(%) = kf (n) for some constant k > 1, then 1'(n) = O(n"*"

c) If af[%) =kf (n) for some constant k = 1, then I'(n)=0( f(n)log, n)

Answer:

To prove this, we basically draw a general version of the recursion tree. Master Theorem
1s Just a special case of the use of recursion trees. This statement of the Master Theorem
gives only upper bounds - although you can sce that our analysis below allows us o
calculate T(n) explicitly (where n 1s a multiple of b) - and assumes f has a very
particular form. It 1s actually possible to give accompanying lower bounds ¢ven with
weaker restrictions on /.

Consider the equation 7'(n)= a'f{%] + f(n).
We start by drawing a recursion tree.

e The root contains the value [(n)

e |t has a children, each of which contains the value fin/b).

e FEach of these nodes has a children, containing the value fin/b’)

e In general, level 1 contains a; nodes with values fin/b’)

e Hence the sum of the nodes at the i-th level is a'f(n/b")
The tree stops when we get to the base case for the recurrence. We will assume that T(1)
=f{1) = ® (1) is the base case. Thus the depth of the tree is log , n and there are log |,
n+llevels.

Let T(n) be the sum of all values stored in all levels of the tree. From the recursion tree,
once again assuming that N is a power of b, we see
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T(n) = fin)+a fin/b)+a’ fin/b )+ - +a' fin/b)+ - +a" finb") ....(1)
Where L. = log,, n 1s the depth of the tree

Since f(1) = ® (1). the last term of this summation is

O (a") = O (a"%") = O (n"5,")

Now,

a) Il af [;J =kf (n) for some constant k < 1, then f{n) is a constant factor larger than a

f(n/b), then the sum is a descending geometric series. The sum of any geometric series is
a constant times 1ts largest term. In this case, the largest term 1s the first term f{n). So,
[rom equation 1,
T(n) = fin)+a fin/b)+a’ An/b’ )+ - +a' [(n/b')y+ - +a' [(n/b")
= fin) [1+k+k + . +K%" ]
ifk < 1, then the series 158 O (1) - as may be seen by the closed form of the sum — so,
T(n) = O (f (n)).

b) Il [{n) 15 a constant lactor smallcr than a [{n/b), then the sum 1s an ascending geometrie
series. The sum of any geometric series 1s a constant times 1ts largest term. In this case,

this is the last term, which by our carlier argumentis T'(n) = o(n"“f-*“‘ )

¢) il k = 1, then all terms in the series are cqual, and there are log, n ol them, so
T(n)=0(f(n)log,n).

5. State Master’'s theorem and find out the time complexity for the recurrence
I'(n)=T(2n/3)+1. [WBUT 2012)

Answer:

T(n)=T(2n/3)+ l,inwhicha=1,b=3/2,f(n)=1,andn"%,"=n"*;, '=n"= 1.
[leta=1and b > 1 be constants, let (n) be a function, and let T (n) be defined on the
nonnegative integers by the recurrence

T (n)=aT (n/b) + f(n),

where we interpret n/b to mean cither I_ﬂf bJ or [n/ b-‘. Then T (n) can be bounded
asymptotically as follows.

If f(n)= O(n"*“), thenT (n) = O(n"*“1gn). |

Since f(n) = O(n"*") = ©(1) . and thus the solution to the recurrence 1s

T(n)= O(lgn).

6. Use the recursion tree to give an asymptotically tight solution to the recursion
I'in)y=T(n—a)+1T(a)+cn where a >=1 and ¢ >( are constant. (WBUT 2012]
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Answer:
The recursion tree 18

l cn con
log, n c(n-a) cla) ————sn
clm-a)y2 cln-a) cal2 ca'2 > cn

ANV A |/\ /\

Total: (A nlog n)
The recursion tree 1s full for log;n levels and each contributing cn, so we guess
C(nlogn) . It has log, n levels, each contnbuting € ¢cn, so we guess O(nlog n).

7. Solve the recurrence relation using generating function a, —7a_, +10a_, =0,
where n =2 a, =10,a, =41. [WBUT 2013]

Answer:
Method |

Leta =r"

So, the characteristic equation of the recurrence relation is 7 — 7r +10 =0

Itsrootsarer — 2and r — 5.

Hencee the sequence {a, | 1s a solution to the recurrence relation if and only 1f
a =a,2" +a,s"

for some constant ¢, and a, .

From the imitial condition, 1t follows that

ao=10=a, + a, D)

a, =41 =2a, + Sa; .. (2)
Solving the equations (1) and (2), we geta,= 3, a, =7
Hence the solution 1s the sequence {a,} witha, =3.2" +7.5"

Method Il (Generating functions)
First, find the close form of the generating functions.

G(x)=»ax"=(> ax")+ax+a,=[> (Ta,, —10a, ,)x"]+41x +10
n={ m=2 m=2

=7x() a, x"")-10x"(D a, ,x" ") +41x+10

n=l

=Tx(G(x)—a,) - 10x°G(x) + 41x +10 = TxG(x) - 10x’G(x) - 29x + 10
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So, we have, G(x)(10x* = 7x+1)=-29x+10

—29x+10 -29x+10 4 b
G(x)= . - m—— +
10x° =T7x+1 (1-2x)1-5x) (1-2x) (1-5x)
Thenwecansolve.a=3andb=7
3 ? - 4| =
23 2 o 7 5 n — ‘ ] ) n "
(l—2x)+(l—5x) “Zu( x)" + g( x)" =%(32"+75")2x

Thus, a, =3.2" +7.5"

S0, G(x)=

I, n=1
8.1f T(n)=
(n) {21‘(";2) LSn, n>1

Then show that 7'(n) = O(nlog, n).

Show all steps of derivation.
Answer:

et a=1and b>1 be constants and f(n)be a function and 7'(n) be defined on the non-
negative integers by the recurrence

I'(n)=aT(n/b)+ f(n), then

We can apply the second rule of Master Theorem,

If f(n)=0©(n"*"),thenT(n)=©(n"*"1gn)

Here,a=2, b=2and fin) = 5n

Now, n"®9 = p"*:*

i.c. T(n)=0(n'log, n)=0(nlog, n)

[WBUT 2015]

= N

9. Write short notes on the following:

a) Asymptotic notation [WBUT 2008, 2012, 2014, 2016, 2019]
b) Turing machines [WBUT 2009]
c) Recursion tree [(WBUT 2009, 2012, 2015, 2016)
Answer:

a) Asymptotic notation:

Suppose we are considering two algorithms, 4 and B, for solving a given problem.
Furthermore, let us say that we have done a careful analysis of the running times of each
of the algorithms and determined them to be T, (n) and Tg (n), respectively, where n 1s a
measure of the problem size. Then it should be a fairly simple matter to compare the two
functions T, (n) and Ty, (n) to determine which algorithm 1s the best.

One possibility anses 1f we know the problem size a priori. For example, suppose the
problem size 1s ng and T4 (n) < Ty (n). Then clearly algorithm A 1s better than algorithm
B for problem size ny,.

In the general case, we have not a priori knowledge of the problem size. However, 1f 1t
can be shown, say, that T, (n) € Tg (n) for all n = 0, then algorithm A 1s better than
algorithm B regardless of the problem size.
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Unfortunately, we usually don't know the problem size beforchand, nor is it true that one
of the functions 1s less than or equal the other over the entire range of problem sizes, In
this case, we consider the asymptotic behavior of the two functions for very large
problem sizes.

The notations we use to describe the asymptotic running time of an algorithm are defined
In terms of functions whose domains are the set of natural numbers N = {0, 1, 2, ...}.
Such notations are convenient for describing the worst-case running-time function 7' (n),
which 1s usually defined only on integer input sizes.

Different types of asymptotic notations are,

Big-0 notation

Q-notation

(1) =notation

®) -notation

Little-o notation

b) Turing machines:

A Turming machine (TM) denoted by M, 1s detined as 7-tuple,

M=(0Q.LT.,5.q,.2.H).

Where,

QO = a [initc non-cmply sct of statcs,

¥ =a non-cmply sct of input symbols (alphabets) which is a subsctof Tand # # X,

I"= a linitc non-cmpty sct of tape symbols, i.c,, (X #)

& = the transition function OxI' - Q=T x{L R},

It 1s mapping from the present state of automaton and tape symbol to next state, tape

symbol and movement of head in left or night direction along the tape. Ths tells us that a
Turing machine 1s In some present state ¢ e O, after scanning an mput symbol from

(X #) it goes to next state ¢"e Q by writing a symbol x e I"in the current cell of input

tape and finally takes a left or right move.
(o = the mitial state, and ¢, € O

# = the blank and #¢ O

Make sure that # 1s not a symbol. A xell with # indicates that 1t does not contain any
alphabet at all. Also 6 may not be defined for some elements of Ox1

¢) Recursion tree:

In recursive tree method, we converts the recurrence into a tree whose nodes represent
the costs incurred at each level in the tree, and sum the costs at each level to determine
the total cost of all levels of the recursions. Recursion trees are particularly useful when
the algornithm 1s based on divide-and-conquerer algorithm. A recursion tree can be used to
visuahze the iteration procedure.

DAA-20



Steps to construct recursion tree:
1. Draw the tree based on the recurrence
2. From the tree determine:
a. # oflevels in the tree
b. cost per level
¢. # of nodes in the last level
d. cost of the last level (which 1s based on the number found in 2¢)
3. Wnite down the summation using } notation - this summation sums up the cost of all
the levels in the recursion tree
4. Recognize the sum or look for a closed torm solution for the summation created in
3). Use Appendix A,
5. Apply that closed form solution to your summation coming up with your “guess” In
terms of Big-O, or ®, or Q2 (depending on which type of asymptotic bound 1s being
sought).

6. Then use Substitution Method or Master Method to prove that the bound 1s correct.
Example:
n e > n
n fn
— — e ————— - > n
2 2
g /\ AN
n n n n
- — — e
4 4 4 4
l‘ ‘I l‘ "l- .I"i ‘1. l" ‘i
B B |] =====n

Total: @(nlgn)

10. How to analysis the Algorithm? Describe the complexity of algorithms.
[MODEL QUESTION]

Answer:
Analysis of Algorithm: Efficiency of an algorithm can be analyzed at two different
stages, before implementation and after implementation. They are the following —

e A Priori Analysis — This 1s a theoretical analysis of an algonthm. Efficiency of
an algorithm 1s measured by assuming that all other factors, for example,
processor speed, are constant and have no effect on the implementation.

e A Posterior Analysis — This 1s an empincal analysis of an algorithm. The
selected algorithm 1s implemented using programming language. This 1s then
executed on target computer machine. In this analysis, actual statistics like
running time and space required, are collected.
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Algorithm analysis deals with the execution or running time of various operations
involved. The running time of an operation can be defined as the number of computer
instructions executed per operation.,

Algorithm Complexity

Suppose X is an algorithm and n 1s the size of input data, the time and space used by the
algorithm X are the two main factors, which decide the efficiency ot X.

e Time Factor — Time 1s measured by counting the number of key operations
such as comparisons 1n the sorting algorithm.

e Space Factor — Space 1s measured by counting the maximum memory space
required by the algorithm.

The complexity of an algorithm f(n) gives the running time and/or the storage space
required by the algonthm in terms ot n as the size of input data.
1. Space Complexity: Space complexity ol an algorithm represents the amount of
memory space required by the algorithm in its life cycle. The space required by an
algorithm 1s equal to the sum of the tollowing two components —

e A lixed part that 1s a space required to store certain data and vanables, that are
independent of the size of the problem. For example, simple vanables and
constants uscd, program sizc, cic.

e A varnable part 1s a space required by vanables, whose size depends on the size
ol the problem. For example, dynamic memory allocation, recursion stack
space, efc.

Space complexity S(P) of any algorithm P 1s S(P) = C + SP(I), where C 1s the lixed part
and S(I) 1s the vanable part of the algonthm, which depends on instance charactenstic 1.
Following 1s a simple example that trics to explain the concept —

Algorithm: SUM(A, B)

Step 1 - START

Step2- C«—=A+B+10

Step 3 - Stop
Here we have three vanables A, B, and C and one constant. Hence S(P) = 1 + 3. Now,
space depends on data types of given variables and constant types and 1t will be
multiphied accordingly
2. Time Complexity: Time complexity of an algonthm represents the amount of time
required by the algorithm to run to completion. Time requirements can be deflined as a
numerical function T(n), where T(n) can be measured as the number of steps, provided
cach step consumes constant ime.
For example, addition of two n-bit integers takes m steps. Consequently, the total
computational time 1s T(n) = ¢ * n, where c¢ 1s the time taken for the addition of two bits.
Here, we observe that T(n) grows linearly as the input size increases.

11. Calculate the time complexity of sequential search algorithm.
[MODEL QUESTION]

Answer:
[Intialize ¢ = 0]
SeqgSearch (a, n, k)
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\
Step | for index =0 to ndo
\
|c=c+l] // ¢ 1s incremented | for
/"for’ statement in Step 1.
lc=c+l] // ¢ 1s incremented 1 for “if’
/lor *else’ statement in step 1.1
/for Step 1.2.
Step 1.1 if k = =alindex] then
Step |.1.1 ans = index;
[c =c+]] /! ¢ 1s incremented 1 for
/leither step 1.1.1 or Step
//1.2.1 statement,
Step 1.1.2 break:

lc =ctl] // ¢ 1s Incremented 1 for
//*break’ statement in Step 1.1.2
Step 1.2 else
Step 1.2.1 ans = -1,

i

[c =ctl] //c 1s now mcremented | for
//last time execution of step 1.i.c
//(nt1) th step execution of step 1.
Step 2 return ans, // cis incremented 1 for
//‘'return’ statement in Step 2.

}

In the above example the tme complexity of  SeqSearch () can be divided into two
parts:
l. For successtul search,
1 (SeqSearch () < 3n+ 1+1
If 1t 1s equal to the (3n+2) then the search 1s successful at the last element ot the
array. Otherwise the search time is less than (3n + 2).
2. For unsuccessful search,
T (SeqSearch ()) = 3n + 2 1.¢ no element 1s matched with the search element.
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FUNDAMENTAL ALGORITHMIC STRATEGIES

% Chapter at a Glance

e Dynamic programming: It 1s typically applied to optimization problems. There can be many
possible solutions in such problems. There 1s a value of each solution and we have to find a
solution with the optimal (minimum or maximum) value, We call such a solution an optimal
solution to the problem, as opposed to the optimal solution, since there may be several
solutions that achieve the optimal value.

There 1s a similarity between divide and conquer method and dynamic programming method.
In divide and conquer method, we can divide the problem into many sub problems and solve
them. Each time we have to solve each sub problem in divide and conquer method. In
dynamic programming also we divide a problem into many sub problems. But unlike divide
and conquer, here we do not solve the entire sub problem each time. In this method, we apply
the result of a sub problem to another sub problem. So, it is more flexible than divide and
conquer method.

The development of a dynamic-programming algorithm can be broken into a sequence of four
SICps.

1. Characlenze the structure ol an optimal solution.

2.  Recursively deline the value ol an optimal solution.

3. Compule the value of an opimal solution 1n a bollom-up lashion.

4. Construct an opimal solution [rom computed mformation.

*  Traveling Salesman Problem: (TSP)

In the Travehing salesperson problem, a salesperson has (o travel through all the cities in his
domain ¢xactly once and return (o the staring city. The traveling salesperson problem 1s o
[ind a tour of mumimum cost. This traveling salesperson problem 1s simular to the Hamilloman
path problem. In Hamiltoman Path problem there may be more than one path [rom source
vertex o visit all the vertices of the graph. The traveling salesperson problem 1s o [ind the
minimum cost Hamiltoman path among all the Hamiltoman paths of that graph.

¢ Backtracking:

The problems which deal with scarching for a set of solutions or which ask for an optimal
solution satisfying some constraints can be solved using the backtracking formulation. In
many applications ol the backtrack method, the desired solution 1s expressible as an n-tuple
(X1, X32,.. X,), where the x; are chosen from some [inite set S,. Often the problem to be solved
calls for linding one vector that maximizes (or minimizes or satisfies) a criterion function
P(xy, X3,.. X).

¢  8-Queen's Problem:
8-queens problem 1s one of the common problems. This happens to be an approprale
example, where backtracking may be used very effectively. The problem 1s to set 8 queens 1n
an 8x8 chessboard that no two queens will attack each other. So, no two queens are in the
same row or same column or same diagonal. In general, it can be described as to place n
queens in an nxn chessboard in such a way that no two queens attack one another. The

solution space required is [8°(8° = 1) (8° = 2)... (8% = 7)] to solve this problem. So, in general

-1
we can say that for 8-queens problem, the solution space 1s 11{3: ~1).
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¢ (Greedy Method:
The charactenstic of greedy method 1s basically same as that of solving a typical optimization
problem prelerably of tume inleasible nature. The components ol a typical greedy method are:
1. A set of elements hike nodes, edges in a graph.
2. A set of elements which have already been used.
3. To test whether a given set of elements provide a solution or not. However, the solutions
may nol be opumal.
4. A selection function that picks up some elements which have not yet been used.
5. An objective function which associates a value to a solution,

¢ Knapsack Problem:
The knapsack problem states that we have to fill a knapsack having constant weight, with
some objects having different weights and different profit values. We have to fill up the
knapsack with objects in such a way that the total weight of selected objects does not cross the
limit of the knapsack and we get the maximum profit.
Suppose, The capacity of the knapsack 1s ¢. There are n many objects. An individual object 1s
represented by 1 where 1=1.2 . .n. Weight of i-th object 15 z; , | <1< n. Profit for 1-th object 1s
a.l<1<n
We can put maximum one unit of each object in the knapsack or some fractional part of that
object. So, we consider that some fraction x;, 0<x;<1 of the object 1 is kept into the knapsack.

Now, the weight of the knapsack is Z'::‘.r_, and profitis 4= “ax so we can define this

problem as:
Maximize A=) “a.x, A1)
Subject o Z__I":,:r, < .A2) and0=£x,21,021<n.

Multiple Choice Type Questions

1. Time complexity for the Floyd’s algorithm to find all pairs of shortest path of a
graph G with V vertices and E edges using dynamic programming method is
[WBUT 2007, 2015]
a) 0 (V%) b) O (E?) c) O (V?) d) O (E’)
Answer: ()

2. The edge, removal of which makes a graph disconnected is called [WBUT 2007]
a) pendant vertex b) bridge
c) articulation point d) colored vertex

Answer: (b)

3. The minimum number of colors needed to color a graph having n > 3 vertices

and 2 edges is [WBUT 2007, 2014, 2016)
a) 2 b)3 c)d d)1

Answer: (b)
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4. Which of the following algorithm design techniques is used in the quick sort

algorithm? [(WBUT 2008, 2010, 2016, 2018]
a) Dynamic programming b) Backtracking
c) Divide and conquer d) Greedy method

Answer: (¢)

5. Kruskal algorithm is a [WBUT 2009, 2012]
a) Divide & conquer algorithm b) Branch and bound algorithm
c) Greedy algorithm d) Dynamic programming

Answer: (¢)

6. Optimal substructure property is exploited by [WBUT 2009, 2013]
a) Dynamic programming b) Greedy method
c) Both (a) & (b) d) None of these

Answer: (a)

7. Which of the following approaches is adopted in Divide & Conquer algorithms?

a) Top- down b) Bottom-up [WBUT 2009, 2018]
c) Both (a) & (b) d) None of these
Answer: (a)

8. The fractional Knapsack problem can be solved by using [WBUT 2010, 2016]
a) Greedy method b) Divide and Conquer method
¢) Dynamic programming d) none of these

Answer: (a)

9. Time complexity of Binary Search algorithm on n items is [WBUT 2010, 2016]
a) O(n) b) O(nlogn) c) O(n’) d) O(nlogn)

Answer: correct answer 1s O(log, n)

11. Which of the following cannot be performed recursively? [WBUT 2011, 2013)
a) binary search b) quick sort c) DFS d) none of these

Answer: (d)

12. In which sorting technique, is an element placed in its proper position at each

step? [WBUT 2011]
a) Bubble sort b) Quick sort c) Merge sort d) Heap sort
Answer: (a)

13. The average number of comparisons performed by merge sort algorithm in

merging ‘2’ sorted lists of length ‘2’ is [WBUT 2011, 2018, 2019]
a) 8/5 b) 11/7 c) 11/6 d) 8/3
Answer: (d)
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14. Which of the following design techniques is used in the quick-sort algorithm?
[WBUT 2011, 2013, 2018, 2019]

a) Dynamic programming b) Back tracking
¢) Greedy method d) Divide and conquer

Answer: (d)

15. The time-complexity of TSP is (WBUT 2011]
a) O(n"2") b) ®(n'2") c) Q(n'2") d) none of these

Answer: (a)

16. Which of the following algorithms solves the All-Pair Shortest Path problem?
(WBUT 2011, 2016]
a) Dijkstra’s b) Floyd's Warshall's c) Prim’s d) Kruskal's
Answer: (b)

17. Best case time complexity for Binary search in unsuccessful case is
[WBUT 2012, 2018]

a) o) b) O(logn) c) O(n) d) None of these
Answer: (b)
18. The tight bound for building a max heap is [WBUT 2012, 2016]
a) Oln) b) O(log, n) c) O(n.log,n) d) none of these
Answer: (c)
19. The worst case running time of a quick sort algorithm is [(WBUT 2012]
a) O(n’) b) O(n.log, n) c) O(n) d) O(log, n)
Answer: (a)
20. Binary Search algorithm can’t be applied to (WBUT 2012]
a) sorted linked lists b) sorted binary trees
c) sorted linear array d) sorted integer array
Answer: (a)
21. Kruskal's algorithm uses ................. and Prim’s algorithm uses ................ in
determining the MST. (WBUT 2013]
a) edges, vertex b) vertex, edges C) edges, edges d) vertex, vertex
Answer: (a)
22. Match the following [(WBUT 2014)
a) Fractional Knapsack i) Greedy Algorithm
b) 0-1 Knapsack i) Dynamic Programming Algorithm
a) a-l and b-li b) a-i and b-ii c¢) a-ii and b-i d) a-ii and b-ii
Answer: (b)
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23. The average number of comparisons performed by merge sort algorithm in

merging two sorted lists of 2 elements is (WBUT 2014)
a) 8/5 b) 11/7 c) 11/6 d) 8/3

Answer: (d)

24. Which of the following sorting methods would be most suitable for sorting a

list which Is almost sorted (WBUT 2014]
a) bubble sort b) insertion sort c) selection sort d) quick sort

Answer: (b)

25. Prime’s algorithm is an example of (WBUT 2014]
a) backtracking b) dynamic programming
c) greedy method d) none of these

Answer: (¢)

26. Kruskal's Algorithm for finding minimum spanning tree is an example of

a) Dynamic programming b) Greedy method (WBUT 2015]
c) Both (a) and (b) d) None of these
Answer: (b)

27. Given two sorted lists of size “m” and “n” respectively. The number of

comparisons needed in the worst case by merge sort will be (WBUT 2015]
a) m*n b) Max(m, n) c) Min(m, n) d) m+n—1
Answer: (a)

28. The running time 7'(n) where “» " is the input size of a recursive algorithm is

given by (WBUT 2015)
I'(n)=c+T(n-1), ifn=l
=d, if n<l
The order of the algorithm is
a) n b) »n c) n’ d) n"
Answer: (b)

29. Travelling salesman problem is (WBUT 2015, 2016)
a)P b) NP c) NP-complete d) NP-Hard

Answer: (d)

30. Locally best computation is done in (WBUT 2017])
a) Dynamic programming b) Greedy method
c) both (a) and (b) d) none of these

Answer: (b)
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31. Which of the following algorithm design techniques is used for solving graph

coloring problem? (WBUT 2017]
a) Divide and conquer b) Backtracking
¢) Dynamic programming d) Greedy method

Answer: (b)

32. The total running time of matrix chain multiplication of n matrices is
(WBUT 2017]

a)u(n") b) u(n") c) n(ln: ) d) o(n)

Answer: (b)

33. The sub-problems in Divide and Conquer are considered to be [WBUT 2017]

a) distinct b) overlapping c) large size d) small size
Answer: (d)
34. Which of the following algorithm design techniques is used in merge sort?
a) Dynamic programming b) Backtracking (WBUT 2017]
¢) Divided and conquer d) Greedy method

Answer: (¢)

35. Which of the following standard algorithm is not based on Dynamic
Programming? [WBUT 2018, 2019]
a) Bellman-Ford Algorithm for single source shortest path
b) Floyd Warshall Algorithm for all pairs shortest paths
c) 0-1 Knapsack problem
d) Prim’s Minimum Spanning Tree

Answer: (d)

36. Time complexity of Quick sort in worst case Is [WBUT 2018]
a)O(n) b) O(logn) c) O(n*) d) O(nlogn)

Answer: (c)

37. A machine needs a minimum of 100 ms to sort 1000 names by quick sort. The
minimum time needed to sort 100 names will be approximately [WBUT 2018, 2019]
a) 50.2 ms b) 6.7 ms c) 72.7 ms d) 11.2 ms

Answer: (d)

38. What is the time complexity to insert an element into a heap?
[WBUT 2018, 2019]

a) O(nlogn) b) O(logn) c) O(n) d) None of these
Answer: (b)
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39. Best case time complexity for Binary search in unsuccessful case is
(WBUT 2019]

a) O(n) b) O (log n) c) O(1) d) O (nlog n)
Answer: (b)

40. Which of the following approaches is Divide & Conquer strategy? [WBUT 2019]
a) Top-down b) Bottom-up c) Both (a) & (b) d) None of these
Answer: (a)

41. A machine needs 200 ms to sort 200 names, using bubble sort. In 800 ms, it can
approximately sort (WBUT 2019]

a) 400 names b) 800 names c) 750 names d) 1800 names
Answer: (a)

42. Which of the following is not a backtracking algorithm? [WBUT 2019]
a) N queen problem b) Tower of Hanoi
c) M coloring problem d) None of these

Answer: (d)

Short Answer Type Questions

1. What is union-find algorithm? [WBUT 2004, 2005, 2007, 2011, 2012]
OR,

What is union-find algorithm? Explain with an example. [WBUT 2015]
OR,

Write short note on Union Find Algorithm. [WBUT 2018, 2019]

Answer:

Union-Find Algorithm of disjoint sets

A disjoint set structure maintains a partition of a set A = (A, A, ... A,) such that no
clement belongs o more than one set simultancously. For cach set A; in the partition, a
representative, which 1s some member 1n the set, 1s kept track of. The mmitial partition has
cach clement 1n a set by itsell. Suppose A; and A; are two different sets where 1 # ). If
they are disjoint sets, then there 1s no element that 1s bothm A; and A;.

Union of disjoint-set

Union (A;, A;), where 1 # ), replaces A, and A,, and specifies a representative for A,
WA, 1.e. the umon of two disjoint sets A; and A, create a new set in which all the
elements of A; and A; are kept and whose representative 1s X, where x € A;orx € A 15 a
representative of either A; or A,

Algorithm

Union (x, y)

|
|
i

parent[x] = vy;
}
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Find operation
Find(x) 1is used to find out the set which the element x belongs

to.
Find (x)
{
if (x#parent[x]) then

(
parent[x] «<Find( parent ([x]):

return parent|[x];

}
else
return “not found”;

Y b
/_’”‘: size(a) fl: sizel(h)

['NION (a, b)
with weight halancing

FIND(x)
with path compression

h a
. Xe — ool
OR
? %

if size(a) < size(h) if size(a) = size(h)

2. What is the basic characteristic of a Greedy algorithm?
[WBUT 2004, 2006, 2008, 2012, 2015]
OR,

What do you mean by greedy method? [WBUT 2017]
Answer:
The charactenistic of greedy method 1s basically same as that of solving a typical
optimization problem preferably of time infeasible nature. The components of a typical
greedy method are:

1. A setofl elements like nodes, edges 1n a graph.

2. A set of elements which have already been used.

3. To test whether a given set of elements provide a solution or not. However, the
solutions may not be optimal.
A selection function that picks up some elements which have not yet been used.
An objective function which associates a value to a solution.

B
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3. State the 0/1 Knapsack problem. [WBUT 2004, 2007, 2012, 2013]
OR,

What is 0/1 knapsack problem? Explain it with an example. [WBUT 2010]
OR,

Critically comment on “Greedy strategy does not work for the 0-1 knapsack

problem for all time”. (WBUT 2016]

Answer:

A thief robbing a store finds n items. the 1-th item 1s worth v; rupees and weighs w; Kgs,
where v, and w, are integers. He wants to take as valuable a load as possible, but he can
carry at most W Kgs 1n his knapsack tor some integer W. Greedy strategy does not work
for the 0-1 knapsack problem.

In the 0-1 problem, when we consider an item for inclusion 1n the knapsack, we must
compare the solution to the sub-problem in which the item 1s included with the solution
to the sub-problem in which the item 1s excluded betore we can make the choice. The
problem formulated in this way gives rise to many overlapping sub-problems— dynamic
programming can be used to solve the 0-1 problem.

Let 1 be the highest-numbered item 1n an optimal solution S for W Kgs and items 1. . . .,
n. Then S =S — {i!} must be an optimal solution for

W — w; rupees and 1items 1, . . ., 1 — 1, and the value of the solution S 1s v; plus the value
of the sub-problem solution S.

We can express this relationship 1n the following formula:

Deline ¢f1,w] to be the value of the solution foritems 1, .. ., 1 and maximum weight w,
Then

0 it i=0orw=0
ofi,w]=1 ¢[i—1,w] . "oy

max(v, +cli-Lw-w]ci-Lw]) if i>0andwzw,

The last case says that the value of a solution for 1 items e¢ither includes item 1, in which
case 1t 1s v; plus a sub-problem solution for 1 — 1 1tems and the weight excluding w;, or
doesn’t include 1tem 1, in which case 1t 1s a sub-problem solution for 1 — 1 items and the
same weight. That 1s, 1f the thief picks 1tem 1, he takes v, value, and he can choose from
items 1, .. ., 1= 1 up to the weight limit w — w; | and get ¢[1 — T,w — w;] additional value.
On the other hand, 1f he decides not to take item 1, he can choose fromitems 1, .. .1 —1
up to the weight lmit w, and get

c[1 — 1,w] value. The better of these two choices should be made.

The algorithm takes as mputs the maximum weight W, the number of items n, and the
two sequences v =(vy, va, .. ..vy) and w = (w;, wa, ... ,w,). It stores the ¢[1, j] values in
a table c[0 . . n, 0. .W] whose entries are computed in row-major order. (That 1s, the first
row of ¢ 1s filled in from left to nght, then the second row, and so on.) At the end of the
computation, ¢[n, W| contains the maximum value the thiet can take.
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4. Find out the best and worst case time complexity of merge sort.

(WBUT 2007, 2011, 2013]
OR,
Derive the complexity of merge sort. [WBUT 2009, 2013]
OR,
Analyze the time complexity of Merge Sort algorithm. (WBUT 2018, 2019]
Answer:
Best case

In cach itcration, we split the array into two sub-lists, and recursively invoke the
algorithm. At best case we split it exactly to halt, and thus we reduce the problem (of
cach recursive call) to halfl of the original problem. We need log,(n) iterations, and cach
iteration takes exactly O(n) (each iteration 1s on all sub lsts, total size 1s still n), so at
total time complexity O(log,n).

Worst case

In Merge sort all the comparisons arec made in the procedure Merge which can merge two
sorted sub arrays. I the size of one sub array 15 s and that of the other 1s t then merging
these lists would require at most s+t—1 comparisons in the worst case.

So, W (n)=W(s)+W(t)+s =t -1

ITs = \_m‘ZJ and = |-n/2-‘ then s +1=n and

W(n) =W(n/2) + W(n/2) + © (n), where © (n)=n-1
So, W(n)=W(n/2)+W(n/2)+ ® (n)
=2W(n/2)+ @ (n)
=2' W(n/2)+ © (n)
=W(n/4)+-W(n/4)y+-W(n/4)~-W(n/4)+ ® (n)
=4W(n'4)+ ® (n)
=2’W(n/4)+ O (n)

=2*W(1)+O(n)., where n>1 andn=2"
Also, W (1) =1, for n=I
S0, we can represent k = log > n
Thus the total running time of Merge sort algorithm in worst case 1s O(n log , n).

5. Find the best and worst case time complexity of quick sort.
[(WBUT 2008, 2012, 2015, 2016, 2019]

Answer:

Best case

* In the best case, the pivot is in the middle position of the array.

* To simphty the equations, we assume that the two sub arrays are each exactly half
the length of the onginal one. So, we get T(n) = 27T(n/2) + cn, ¢=0 constant
(independentof m)and n =2 with T(1) = 1.

*  This 1s very similar to the formula for Merge sort, and a similar analysis leads to 7(n)
=cn logan + n which 1s O(n log ; n).
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Worst case
* [f the pivot 1s always the smallest element, then i = () always

=  Weignore the term 7{0)=1, so the recurrence relation 1s 7{n)= T{n—-1)+cn

* So, I(n-1)=T(n-2)+c(n-1) and so on until we get 7(2) = 7(1) + 0(1_2)

*  Substituting backwards, we get T{n)=T{(1)+c(n+ ... +2)=O(n")

* [t may be noted that this case happens if we always take the pivot to be the first

clement in the array and the array 1s already sorted.
6. What are the basic characteristics of dynamic programming? [WBUT 2009]
OR,

What do you mean by dynamic programming? [WBUT 2014]
Answer:

Dynamic programming 1s a method for efficiently solving a broad range of search and
optimization problems which exhibit the charactenstics of overlapping sub problems and
optimal substructure, Optimal substructure means that optimal solutions of sub problems
can be used to find the optimal solutions of the overall problem,

Greedy method 1s an algonthm that always takes the best immediate, or local, solution
while finding an answer. Greedy algorithms find the overall, or globally, optimal solution
for some optimization problems, but may find less-than-optimal solutions for some
instances of other problems.

7. Write an algorithm of matrix chain multiplication. [WBUT 2010, 2013, 2018, 2019]
OR,
Write the algorithm of chain matrix multiplication. (WBUT 2014]
Answer:
This 1s the matrix chain muluplication algorithm which can generate the actual position
of the parenthesis within the matrix chamn (A, A,_A,).
Matrix-Chain-Order (p)
l
n « length [p] - |
fori«— 1 tondo
mf1, 1] « 0
for l«=2 to n do
)
I
fori~—lton-1+1do

\

J—1+1-1;
m(1, j] «— o
for k+«1 1to)-1do
\
qm i, K]+ m [k+1, ]+ pit.pi -p;

if q<m/[i, )] then
{

m [i, J] = q:

s [1,1] =k:

|
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return m and s:

I
Optimal parenthesis position of the product of matrix chain (A, A5 A,)

The algonthm below reports the optimal positions of the parentheses in the matnix chain
and this can be shown by the help of table s.
Optimal parenthesis position of the product of matrix chain (A4;A4,.4,)
The algorithm below reports the optimal positions of the parentheses in the matrix chain
and this can be shown by the help of table s.
The following algorithm is:
Optimal parenthesis (s, i, j)
’
il (1=)) then
print “A”
clse
print “( ©
Opumal parenthes:s (s, 1, s{1,)])
Optimal _parenthesis (s, s[1, )] *1,])
print )
]
Here [ 1s the length of the chain,
Now, 1n step 1, we first measure n which 1s equal to the length ot the chain minus one.
Instep 2.1, we make all m[ 1, 1] =0 for = 1,2,..,n.
In step 3, for all value of / from 2 to n, we first evaluate the value of m|1, 1+1], where 1=1
< n. Next we compute mfi, 1+2] and so on.
In step 3.1.3.1, we can compute the value of y according to the equation,
m(1, J| = m[1, k] + m[k+1, )] + p.ipup; , where, 1 =k <)).
Through steps 3.1.3.2 10 3.1.3.2.2, we can cvaluate the mimimum value of y according to
the equation,

mfi,j] =0 ifi=]
=min  {m[i, k] + mlk+1,j] +pupep;} 1<
1<k <)

and put this value into the array m which 1s actually the m table discussed above and
store the position of the parenthesis in the table s.

Time complexity of Matrix-Chain-Order (x):

One simple solution 1s called memonization: each time we compute the minimum cost
needed to multiply out a specific subsequence, we save it. If we are ever asked to
compute 1t again, we simply report the saved answer, and do not recomputed 1t. Since
there are about n2/2 different subsequences, where n 1s the number of matrices, the space
required to do this 1s reasonable. It can be shown that this simple trick brings the runtime
down from O (2") to O (n’), which is efficient enough for real applications. However, this
1s done at the cost of additional memory resource.
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8. Write an algorithm of eight queens problem and find time complexity of the

algorithm. Explain the algorithm using an example. (WBUT 2010, 2011]
OR,

Solve 8 Queen problem using Backtracking approach. [WBUT 2018, 2019]

Answer:

Algorithm: Refer to Question No. 3(i) of Long Answer Type Questions.

Example

Here we take an example ot 4-queen problem. In figure |1 there are some nodes denoted
by label ‘B’ means backtracking, That means the path from root to the leal node cannot
reach the goal state. 1.e. this path cannot generate a solution vector of appropnate position
of cach queen. So we have to backtrack from that node itselfl. For those x, values two
queens are 1n attacking position and then we use backtracking. For each path of the tree
from root to a node marked B in the figure we represent the position of the queen in the
chessboard. In figure, R’ represents the result or solution space of 4-queens problems.
1.¢. through the path from root to the leafl node we can reach a solution, where cach queen
1S not 1n mutual attacking position,

x=1
x=2 ° =4
x3
(3) (8 ) (13)
: x=2 e i x=2
5 ) (11) (14
B B
x=3

©)

B
Fig: 1: Solution tree for 4-queens problem

9. a) Find the optimal parenthesization of a matrix-chain product whose sequence
of dimensions is <5, 10, 3, 12, 5, 50, and 6 >.

b) Give an algorithm for the above procedure.

c) Analyze its complexity. (WBUT 2011, 2013]
Answer:

a) We can represent A, A,, A:, Ay, As, Ag1n such a way, that,

Al — pa X P

Ay = prxp:

A; = p2Xps;
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Ay = p3 X py

As = Py X Ps

A — Ps X Ps

where, po =5, pi=10,p2 =3, ps= 12, ps =5, ps =50, ps = 6
Now,

m|l,1]=0

m[2, 2] =

m|3, 3| =

m[4, 4] =

m|J5, 3| =

m[§, 5]=

Next, we can find out, that

m[1,2]=m[1, 1]+m[ 2, 2] +pgy.p,.p2=150

m|2, 3] =m[2, 2] +m| 3, 3] + p, . p2.Pp: =360
m[3,4]=m[3,3] +m| 4,4] * p2.p:.ps = 180
m[4, 5]=m[4,4]+m[ 5, 5]+ p:.ps.ps=3000
m{S5,6]= m|5,5] +m| 6,6] +py.ps.pes= 1500
Now, we can calculate the following

‘m|1.1] + m|2.3] + p,.D,.
m“m;min{m: | + ml 2,3] + p,.p Ps _ 110
m[12] + m[3, 3] +p,.p,.Ps
'm[ 2,2 3.4 P,
m[2,4]=min{m[ 21 + m[ 3,4] + p, . p, Pi _ 230
m[2,3] + m[4,4] + p,.p, . p,
3,31+ m[4,5]+ p,.p..p.
m[3,5] = min {"" |+mi4,51+ p, p‘p}=030
m[ 3,41+ m[5,5]+ p,.p,.ps
4,4)+m[5,6]+ p..p,.p.
m[4,6] = min {"'[ [+mi5.01+ pypepe| _ g6

m[4,5]+m[6,6]+ p,.p..p,
m[1,1] + m[2,4] + p, .p, .p.
m|l,4]=min m[ 1,2] + m[3,4] + p, .p, .p, =405
m[1,3] + m[4,4] + p, . P; . P,

m(2,2]+m[3,5]+ p,.p,.ps

m[2,5] =min <m[2,3]+m[4,5]+ p,.p,.p, = 2430
m|2,4]+m[5,5]+ p,.p,.p. |
(m[3,3]+m[4,6]+ p,.p,.p,
m[3,6] = min {m[3,4]+ m[5,6]+ p,.p,.p, += 1770
| m[3,5]+ m[6,6]+ p,.p,.p,
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m{1,1]+m[2,5]+ p,.p,.ps
m[1,2]+ m|3,5]+ p,.p,.p:
m{1,3]+m{4,5]+ p,.p;.p;
m{1,4]+m[5,5]+ p,.p,-ps
m[2,2]+m([3,6]+ p,.p,.p,
m[2,3]+ m[4,6]+ p,.p,.p,

m[2,6] = min = 1950
m|2,4]+m|5,6]+ p,.p,.ps

m|1,5] = min >= 1655

m|2,5]+m[6,6]+ p,.p;.p,
m{1,1]+m[2,6]+ p,.p,.p,
m[1,2]+m[3,6]+ p,.p,.p;
m[1,6] = min < m[1,3]+m[4,6]+ p,.p;.p, t = 2010
m{1,4]+m[5,6]+ p,.p,.p;
|\ m[1,5]+ m[6,6]+ p,.p;.p; |

1 2 3 1 5 6
6 | 2010 [ 1950 [ 1770 | 1860 | 1500 | 0
) 5 | 1655 | 2430 | 930 | 3000 [ ©
4 | 405 | 330 | 180 0
3 [330 [ 360 [ 0
2 [ 150 | 0
1 0
Table m
i
6
] 5
4
3
2

Tables

b) & ¢) Refer to Question No. 7 of Short Answer Type Questions.
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10. Differentiate between divide-and-conquer and dynamic programming.

Answer:

(WBUT 2011, 2013, 2015]

Divide-and-conquer

Dynamic programming

Solves problem by dividing problems into
sub-problems.

Solves problem by dividing problems
into sub-problems.

2. In divide-and-conquer the sub problems In dynamic programmuing the sub
are independent ol each other. problems are nol independent.

3. Divide-and-conguer does more work on Dynamic programmung solves the sub
the sub problems and hence has more problem only once and then stores 1l n
ume consumplion. lable.

Examples: Examples:

Matrix-chain-multiplications,  All-pair

shortest path prnhlem_

Merge sort, Quick sort and Binary search.

11. a) Discuss the Bellman-Ford’s algorithm for single-source shortest path
problem.

b) Prove that the time-complexity of the algorithm is O(/'L).

Answer:

a) The Bellman-Ford algonthm solves the single-source shortest-paths problem in the
general case in which edge weights may be negative, Given a weighted, directed graph G
= (V, E) with source s and weight functionw : E — R

(WBUT 2012, 2017]

BELLMAN-FORD/G,w, s)
I

|
INITIALIZE-SINGLE-SOURCE((, s)
fori—1to|lG] — 1 do
{
for cach edge (u, v) € E|G| do
i
RELAXu, v,w)
1

'
for each edge (i, v) € E[G] do

{
if dlv| = dlul| + wiu, v) then
{
return FALSE
| }
|
return |RUE

e RELAXu v,w)

\
if dlv] = dlu] + wiu, v) then
t
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d|v| « dlu| +wiu, v)
v u
}
'

e INITIALIZE-SINGLE-SOURCE(G, s)
[
for cach vertex v € V(G| do

{
dlv)e— o
x|v|« NIL

'

d[s] « 0
;

b) The mitialhization in INITIALIZE-SINGLE-SOURCE(G, s5) takes O¢F) time and each
of the | V-1 passcs over the edges in lines 2—4 of BELLMAN-FORD (G, w, s) takes O(E)
time and the for loop of lines 5-7 takes O(E) time. So, the Bellman-Ford algorithm runs
in time OV E)

12. What is meant by union by rank? Explain with an example. (WBUT 2013]
Answer:
We know that in Union (x, v), one can either create a pointer from x to y, or a pointer
[rom y to x, The Union by Rank rule specifics a way of making the choiee by which we
tend to keep the tree shallow. Associate with each node x a rank rank(x) which 1s
intially 0. However, how to determine rank of a node x will be discuss later, When a
Union requires choosing either a pointer from x to y or y to x, the pointer should run from
the node of lower rank 1o the onc of higher. I the ranks are equal, then the choice 1s
arbitrary. However, the node to which the new pomnter 1s directed gets its rank
incremented by 1. The basic propertics to assign rank Lo a node are given below.

(1) A node of rank k has at least one child of each having rank <k,

(2) The rank of any node 1s less than the rank of its parent,

S
| 1 7 g

0
52

Fig: |
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We have shown the rank of above two sets S, and S, in the above figure 1. The number
beside the circle denotes the rank at each level. Here we are starting the rank from lower
level to higher level of the tree.

Now, the union of S| and S, create a new set X whose rank 1s given below 1n figure 2.

Fig: 2
There 1s another example of union by rank where two difterent set A and B have different
ranks. The rank of set A 18 higher than the rank ol set B. So aller umon by rank the root

or the representative will be also the root of the set ALB as shown 1n figures 3 and 4. In
figurc 4, the number appearing beside each node 1s the rank of that node.

Fig: 3
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0 0
Fig- 4
13. Which type of knapsack problem cannot be solved using the greedy method?
Explain your answer. [WBUT 2013]
Answer:

Greedy 1s an algonthmic paradigm that builds up a solution piece by piece, always
choosing the next piece that offers the most obvious and immediate benefit. Greedy
algorithms are used tor optimization problems. An optimization problem can be solved
using Greedy 1 the problem has the following property: At every step, we can make a
choice that looks best at the moment, and we get the optimal solution of the complete
problem. Il a Greedy Algorithm can solve a problem, then 1t generally becomes the best
method to solve that problem as the Greedy algonthms are 1n general more efficient than
other techniques like Dynamic Programming, But Greedy algorithms cannot always be
apphed. For example, Fractional Knapsack problem (See this) can be solved using
Greedy, but 0-1 Knapsack cannot be solved using Greedy.

14. Find the recurrence relation of binary search and derive the time complexity of

binary search. [(WBUT 2014]
OR,

Find the best and worst case time complexity of binary search. [WBUT 2017]

Answer:

There 1s a recursive procedure here.

int search (vector v, int from, int to, int wval)

{

if (from>teo) return -1; //val not found

int mid = (from+to)/2;

1f (vimid] == wval)

return mid;

else 1f (val > v[mid])

return search(v,mid+l,to,val);

else return search(v,from,mid-1,val);

}

[et's analyze the run time.

e [t takes O(1) time to do the comparisons, then it cuts the search range in half.
T(N)=T(N/2)+ 1

e Repeat the recurrence...
T(N)
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= T(N/4) + 2
=T(N/8)+3 ..
=T(N/2k) + k
e Round up N to nearest power of 2: N<2".
T(N) < T(2"/2%)+k
e letk=m
T(N) < T(2"/2"y+m = T(1)+m = 1+m = O(m)
e IfN=2", then m=log N.
So T(N)=O(log N)

15. Write an algorithm for n-queen’s problem. Find its time complexity.

(WBUT 2015])
Answer:
Algorithm for n-qucens problem
Nqueen (k. n)
{
Step 1 for 1« Lo n do
{

Step 1.1 if Place (k, 1) then

{
Step 1.1.1 x[k] i

)
Step 1.2 if k —n then
Step 1.2.1 write (x [1l: n]):
Step 1.3 else
Step 1.3.1 Ngueen (k+1l, n)

}
)

The algonthm Place() 1s used to place a queen in k-th row and 1-th column.

Place (k, 1)
{
Step 1 for 9~ to k-1 do
{
Step 1.1 if ((x [J]= =1 )or ( |(x[3]-1) |= = |j=k]|)) then
{
Step 1.1.1 return false;
)
}
Step 2 return true;

)
In the above algorithm we can find the appropriate positions of each queen in an n x n
chessboard using backtracking by satisfying the condition stated in equation (1). In
Place(k, 1), we find the proper position of each queen. The vanable k and 1 denote the
position of a queen at k-th row and 1-th column. In Step 1.1, the “if” condition has two
parts:
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1. 1f(x[)] ==1) then this means that the two queens are in same column,

2. 1f ([(x]j]=1) = = [)-k|) means the absolute values of (x[j|-1) and (j—k) are same.
This corresponds to the placement of two queens on the same diagonal. If one of
the above two conditions 1s satisfied, then we cannot place k-th queen at row k of
column 1.

This function 1s used 1n Nqueens(k, n) algorithm. Here, the value of n denotes the index
of the queen. From this algorithm, in Step 1.1, if the return value of Place (k, 1) 1s true
then we can place a queen at 1-th column. From Step 1.2, it 1s evident that 1t there 1s no
other queen lefi, then print the array x[1:n] to show the position of cach queen finally.
Otherwise we call the recursive function Nqueen (k+1, n), in Step 1.3.1 for next queen
k+1.

The ethiciency of both the backtracking algonthms we’ve just seen depends very much
on four factors: (1) the time to generate the next x,, (2) the number of x; satistying the
cxplicit constraints, (3) the time for the bounding functions By, and (4) the number of x,
satistying the B.

However, by allowing only placements of queens on distinet rows and columns, the time
require 1s O(n!).

16. Which one is better and why? (WBUT 2017]
i) Max Min calculation using divide & conquer approach.

i) Max Min calculation using normal approach.

Answer:

[.ct us consider the Max-Min problem which can be solved by both the straight forward
and the divide-and-conquer technique. The problem s to find the maximum and
minimum 1tems 1n a set ot n elements.

In analyzing the time complexity of this algonthm, we once again concentrate on the

number of clement comparisons. More importantly, when the elements in a(l1:n] are

polynomals, vectors, very large numbers or strings of characters, the cost of an element
companson 1s much higher than the cost of the other operations. Hence the time 1s
determined mainly by the total cost of the element comparisons,

Algorithm StraightMaxMin(a, n, max, min)

//Set max to the maximum and min to the mmimum ol af/:n/.

{
max = min = a[]]
for1=2to n do
{

if (afi] = max) then max— afi]
if (afi]<min) then min=afi]
|
|
StraightMaxMin() requires 2(n-/) element comparisons in the best, average and worst
cases. An immediate improvement 1s possible by realizing that the comparison afi/ < min
1s necessary only when afi/ = max 1s false.
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Now the best case occurs when the eclements are in increasing order. The number of
clement comparisons 1s (n-/). The worst case occurs when the elements are in decreasing
order. In this case the number of element comparisons 1s 2(n-1). The average number of

element comparison 1s less than 2(n-1).

The algorithm MaxMin() 1s a recursive algorithm that finds the maximum and minimum
of the set of elements ja(1), a(i+1),....a())}. The situation of set sizes one (17)) and two
(1=)-1) are handled separately. For set containing more than two elements, the midpoint 18
determined, the two maxima and minima of these subproblems are generated. The two
maxima arc compared and the two minima are compared to achicve the solution for the

entire set.
Algorithm MaxMin (7, j, max, min)

I a[l : r.'] 1s a global array. Parameters / and j are integers,
/' 12i < j<n. The ettect 1s to set max and min to the

// largest and smallest values in afi: /], respectively.

!
if (i = j) then max =min =ali];// Small(P)

else if (7= j 1) then // Another case of Small( )

{
ir (a[i]{a[.f]) then
d
max = a| j|; min:=alil;
i
else
d
max = a| j]; min:=alil:
i
|
else
{ /1f P s not small, divide P into subproblems.

// Find where to split the set.
mid :=[(i+j)f2J :
//' Solve the subproblems.
MaxMin (7, mid, max, min);
MaxMin(mid+1,,max 1 ,minl);
// Combine the solutions.
if (max < max1) then max :=max];

if (min > minl) then min:=minl;
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j

Now, 1f T(n) represents the require time to execute Algorithm MaxMin(), then

rT{_[n.’ZJ}+T(]—nf2—|j+2, n>2
I'(n)=+<1, n=_2
k(], n=I

When n is a power of two, n=2" for some positive integer k, then
T(n)=2T(n!2) + 2
=2(2T(nld)+2)+2
=4T(nl4)+4+2

=2'"T2)+ ) 2
1<i<k |
=2'+2".2=3n2-2
Note that (3n/2 — 2) 1s the best, average and worst case number ol comparisons when n 18
a power ot 2

17. Derive the worst case time complexity of quick sort. [(WBUT 2018]
Answer:
Refer to Question No. 5 of Short Answer Type Questions.

18. Write an algorithm to insert an element into a heap. What Is the complexity of
the algorithm? Justify. [WBUT 2018]

Answer:
Refer to Question No. 12 of Long Answer Type Questions.

19. Write an algorithm for Graph Coloring Problem. What is the time complexity of
the algorithm. [WBUT 2018]

Answer:
1" Part: Refer to Question No. 3(ii) of Long Answer Type Questions.

2" Part:

O(V”2 + E) in worst case. The above algorithm doesn't always use minimum number of
colors. Also, the number of colors used sometime depend on the order in which vertices
are processed.

20. Explain: Brute Force search. [MODEL QUESTION]
Answer:

Brute Force Algonthms refers to a programming style that does not include any shortcuts
to improve performance, but instead relies on sheer computing power to try all
possibilities until the solution to a problem 1s found. A classic example 1s the traveling
salesman problem (TSP).

DAA-46



DESIGN AND ANALYSIS OF ALGORITHM

Suppose a salesman needs to visit 10 cities across the country. How does one determine
the order in which cities should be wvisited such that the total distance travels 1s
minimized. The brute force solution 1s simply to calculate the total distance for every
possible route and then select the shortest one. This 1s not particularly efficient because 1t
1s possible to eliminate many possible routes through clever algorithms. Another
example: 5 digit password, in the worst case scenario would take 10’ tries to crack.

The time complexity of brute force 1s O(n*m) . So, if we were to search for a string of
‘n’ characters 1n a string of “m’ characters using brute force, 1t would take us n * m tnes.

ng Answer Type Questions
1. a) Explain the basic concept of a divide-and-conquer algorithm.
[WBUT 2004, 2007]
OR,
What do you mean by Divide and Conquer Strategy? [WBUT 2018, 2019]

Answer:

Divide and conquer (D&C) 1s an important algorithm design paradigm based on multi-
branched recursion. A divide and conquer algorithm works by recursively breaking down
a problem into two or more sub-problems of the same type, until these become simple
cnough to be solved direetly. The solutions to the sub-problems are then combined o
give a solution to the original problem.

In divide —and-conquer technique, the set of numbers are stored in an array. The numbers
may or may nol arrange in soried order. To make these numbers in sorted order, we first
split the array into two parts. In merge sort and binary scarch the divided arrays are cqual
but 1n quick sort it may or may not be equal. Then we turther sphit the arrays into another
two parts each. In this way, we split the initial array into small parts until all the elements
of that small array are sorted (in sorting technique) or until we get the particular clement
in that small array (in searching technique). In sorting technique, we further merge the
small array and get the imiial array with sorted elements.

Example:

Merge sort Algorithm

b) Prove that the average case time-complexity of quick sort is O(n log n). You
should state clearly the reasons behind the design of the recurrence relation you
use for establishing this complexity. [WBUT 2004, 2007]

Answer:
We assume that each of the sizes of the left partitions are equally likely, and hence each
has probability 1/n.

*  With this assumption, the average value of T(1), and hence also of T(n—1-1), 1s

(T(O) +T(1)+ ...+ T(n-1))/n
* Naturally, our recurrence relation becomes
Tn)=2(T(O)+ T(1)+ ... + T(n—=1))/n + cn
*  Multiplying both sides by n we find nT(n) =2(T(0) + T(1)+ ... + T(n-1)) + en’
* Substitution of n by n — | gives

DAA-47



POPULAR PUBLICATIONS

(n—=1)T(n=1) = 2(T(0) + T(1) + ... + T(n-2)) + ¢(n—1)"
* Subtracting the last equation from the previous one, we get nT(n)— (n=1)T(n-1) =
2T(n—1)+2¢cn—c¢
* Rearranging and ignoring constant ¢, we arrive at nT(n) = (n+1)T(n-1) + 2¢cn
*  Division throughout by n(n+1) gives, T(n)/(n+1) = T(n—1)/n + 2¢/(n+1)
* Hence, T(n-1)n=T(n-2)/(n-1) + 2¢/n
Similarly T(2)/3 =T(1)2 + 2¢/3
* Thus, T(n)(n+1)=T(1)y2+2(l/3+1/4+ ...+ 1/ntl))
* The sum in brackets 1s about log (n+1) + v — 3/2, where ¥y is Euler’s constant,
which 1s approximately 0.577.
=  So, T(n)(n+1)=0O(log , n) and thus T(n) = O(n log , n)

2. a) What is dynamic programming? (WBUT 2004, 2005, 2007, 2010]
Answer:

Dynamic programming 1s a method for reducing the runtime ot algonthms exhibiting
the propertics of overlapping sub problems and optimal substructure, Dynamic
Programming 1s an approach developed to solve sequential, or multi-stage, decision
problems; hence, the name "dynamic” programming, But, as we shall see, this approach
1s equally applicable for decision problems where sequential property 1s induced solely
[or computational convenience.,

Dynamic programming 1s both a mathematical optimization method and a computer
programming mcthod. In both contexts it refers to simplifying a complicated problem by
breaking 1t down into simpler sub-problems 1n a recursive manner.

Algorithms which can be solved by Dynamic programming arc,

Matrix-chain multiplication,

All pair shortest paths,

Single source shortest path,

Travelling Salesman problem.

b) Consider the evaluation of the product of n matrices: [WBUT 2004, 2013, 2016)
M=M,* Hz N ins '““

Assuming that the multiplication of a p*q matrix by a q*r matrix require pqr scalar
multiplication; write a dynamic programming algorithm for ordering this
multiplication with minimum cost. Explain the algorithm in brief.

Answer:

Refer to Question No. 7 of Short Answer Type Questions.

3. Write an algorithm for any one of the following problems:

i) Eight queens problem. (WBUT 2004, 2009, 2013]
i) Graph coloring problem [(WBUT 2004, 2008, 2013, 2014, 2016]
Answer:

i) Eight queens problem:

Now, we discuss the general algorithm for 8-queens problem
Eightqueen (k, 8)

{
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Step 1 for 1~ 1 to B do
{
Step 1.1 if Place (k, 1) then

{
Step 1.1.1 x[k] <1

)

Step 1.2 if k —~8 then

Step 1.2.1 write (x [1l: 8));
Step 1.3 else

Step 1.3.1 Eightgqueen (k+l, 8)

)
)
The algorithm Place() 1s used to place a queen in k-th row and 1-th column.

Place (k. i)

{

Step 1 for j« to k-1 do

{

Step 1.1if ((x [jl==1 ) or ( |(x[J]-1) |== |j-k|)) then
{

Step 1l.1.1 return false;

}

)
Step 2 return Lrue;

)

In the above algorithm we can lind the appropriate positions of cach queen in an 8 x 8

chessboard using backtracking. In Place(k, i), we find the proper position of each queen.

The vanable k and 1 denote the position of a queen at k-th row and 1-th column, In Step

1.1, the 1" condition has two parts:

3. il (x[j] = =1) then this means that the two queens are in same column.,

4. 1f (|(x[3]-1) = = |J-k|) means the absolute values of (x|j]-1) and (j-k) are same. This
corresponds to the placement of two queens on the same diagonal. If one of the above
two conditions 1s satisfied, then we cannot place k-th queen at row k of column 1.

This function 1s used in Eightqueens(k, 8) algonithm. Here, the value of 8 denotes the

index of the queen. From this algornithm, in Step 1.1, if the return value of Place (k, 1) 1s

true then we can place a queen at i1-th column. From Step 1.2, it 1s evident that if there 1s
no other queen left, then print the array x| 1:8] to show the position of each queen finally.

Otherwise we call the recursive function Eightqueens (k+1, 8), in Step 1.3.1 for next

queen k+1.

i) Graph coloring problem:
Applying backtracking method we are trying to color all the nodes of a graph in such a
way that two adjacent nodes do not have same color.
Suppose, an undirected graph G = (V, E) 1s having n number of nodes. Now, we can
represent an adjacency matrix C[n:n] such that,
C[1, )] = 1, 1f there 1s an edge 1n between node 1 and node ).

= (), otherwise
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If at most k colors are required to color all the vertices and they are labeled as ¢y, ¢,
C3...Ck. S0, a solution of graph coloring problem can be typically represented by n-tuples
(Xq, X3, X3..., X,), where x, 1s the colorofnode1and 1= x, <k forall1, 1 <1<n.
The graph G = (V, E) has n number of vertices, 1.e. |V| = n and there are k number of
colors in an array A[1:k]
Graph coloring(c)
{
for 1 +1 to n do
(
Nextcolor (c) ; // insert a new color
if (c> k) then // there are no new color
{
print (no color left):;
return Ifalse;

)

else if (cn) then // all colors are used

print (A[l,n]): // print the color with respective vertex
else

Graph coloring (c+l); // otherwise search next color

}

return c;
}

Nextcolor (c)

{
while (!Fal=se)

{
Alc] —«(Alc]+l) mod (k+l); // £ind next Color

if A[c] 0 then // all colors are used.
return 0O;
for i -1 to n do // check for all wvertices
{
if (Glc, 1] # 0) and (A[c] = A[i]) then

// 1f there is an edge between ¢ and i but they are
// of same color.
break;
else

return c;
}
if (i=n+1) then //there is no new color
return 0;
}
)

The least number of color needed to color a graph 1s called 1ts chromatic number. The
chromatic number, say X of a complete graph G 1s X(G) = d+1, where d 1s the degree of
the vertex. So if we consider a graph G 1s a complete graph, 1.e., each node 1s connected
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to all other nodes of the graph then total number of colors required to color all the nodes
of the graph 1s d+1.¢e.g.,

coeaie

03 G4
Fig: |
In the above figure 1 cach graph like G1, G2, GG3 or (G4 requires (d+1) colors to color all
the nodes, where d 1s the degree of each node.

4. Discuss activity selection problem for job sequencing. [WBUT 2004, 2006, 2008]

OR,

Discuss the activity selection problem for job sequencing with an example. Prove
that the time complexity of the algorithm is O(nlogn). (WBUT 2012]
OR,

Discuss Job Sequencing with Deadlines with an example. [WBUT 2016, 2018]

Answer:
1* part:
Suppose we have a set S — ja,, a,, . . . , a,} of n proposed activities that wish to use a

resource, which can be used by only one activity at a ime. Each activity a; has a start
time s; and a fimish time f;, where 0 = s5; < f, < w_ If selected, activity a; takes place
during the half-open time interval [s;, ). Activitics a;, and a; arc compatible 1 the
intervals si, i) and [s;, t ;) do not overlap (1.e., a; and a; are compatible if s; = {;
or §; = [ ). The actuvity-selection problem 1s to sclect a maximume-size subset of mutually
compatible activities. For example, consider the following set S of activities, which we
have sorted in monotonically increasing order of fimish time.

i |12 [3[als5]e[ 71819 [10]11]
S I 3 0 5 3 > | 6 | 8 N 2 12 |
la] s Tel 7089wl nlnalinti

For this example, the subset {a3, a9, all} consists of mutually compatible activities. It 1s
not a maximal subset, however, since the subset {a,, as, as, a,} 1s larger. In fact, {a,,
a,, ag, a;; | 1s a largest subset of mutually compatible activities; another largest subset 1s
fﬂ:. dy, dg, d }

We only consider one choice, the greedy method and that when we make the greedy
method, one of the subproblems 1s guaranteed to be empty, so that only one nonempty
subproblem remains. Based on these observations, we shall develop a recursive greedy
algorithm to solve the activity-scheduling problem. We shall complete the process of
developing a greedy solution by converting the recursive algorithm to an iterative one.
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2" Part:
Probably wrong question.
Because, in job sequencing with deadline procedure, we are applying greedy approach to
find the optimal solution of the problem. Now, to find the optimal solution, our objective
1s 10 choose the next job in such a way that it would be optimized. Let us consider the
objective functinnz p, and we have to optimize this function, So, to enter next job into
et
the queue subject to the constraint that the resulting solution J must be a feasible solution,
we must assure that it will increase the objective function E p, maximum, Now, 1l we
et
arrange the jobs in decrcasing order according to their profits p;, then we can assign the
jobs scquentially to the job qucue without violating the deadlines, 1.¢. the solution must
be a feasible solution. This 1s the activity selection problem ot jobs sequencing.
Supposc we have a set S = {ay, a,,. . ., a,} of n proposced activities that wish to use a
resource, which can be used by only one activity at a time. Each activity a; has a start
time s, and a finish time [, where 0 < s, < [ < oo, Il selected, activily a; takes place during
the halt-open time interval [s;, f;|. Activities a; and a; are compatible 1f the mtervals |s;,
[;] and [s;, ;] do not overlap (i.c., a; and a; arc compatible i s; = [ or s, = [}). The activity-
selection problem 1s to select a maximum-size subset ot mutually compatible activities.
For example, consider the following set S of activitics, which we have sorted in
monotonically increasing order of finish time.
i 1 2 3 4 | 5 6 7 8 9 10 | 11
l 3 0 S 3 h 6 8 8 2 12
- s 5[ 6 7 [ 819wl [ 121314
For this example, the subsct {as, aq, @y} consists ol mutually compatible activities, It 1s
not a maximal subset, however, since the subset |a,, a4, ag, a,,} 1s larger. In fact, {a,,
ag, ag, an | 1s a largest subset of mutually compatible activitics; another largest subsct 1s
las, ay, aq, ay, ;.
We only consider one choice, the greedy method and that when we make the greedy
method, one of the sub-problems 1s guaranteed to be empty, so that only one nonempty
sub-problem remains. Based on these observations, we shall develop a recursive greedy
algorithm to solve the activity-scheduling problem. We shall complete the process of
developing a greedy solution by converting the recursive algorithm to an iterative one.
We still have to discuss the running time of the algorithm. The nitial sorting can be done
in time O(n log n), and the first loop takes time O(n). It 1s not hard to implement cach
body of the second loop in time O(n), so the total loop takes time O(n * ). So the total
algorithm runs in time O(n’).
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5. a) Find the optimal solution using greedy criteria for a knapsack having capacity
100 kg for the following list of items having values and weights as shown in the
table. [WBUT 2007, 2012, 2013, 2019]

OR,
Given weight vector (15, 25, 35, 45, 55) and the profit vector (10, 20, 30, 40, 50) and
a Knapsack of capacity 100, find at least three feasible solutions including optimal
one for the Knapsack problem of 5 times. [(WBUT 2014)

Answer:

To find the optimal solutions we keep those elements whose a;/z; 1s maximum nto the
knapsack, where a; represents the profit for i-th clement and z; represents the weight of
the 1-th element.

Now,

4 10 66 %2_20_g 4 _30_ g5 20 g0 S0_ g

= 15 oz, 25 7 oz, 35 z, 45 z, 55

=4

So, the highest a;/ z; ratio is > i.e. .9

So, we keep one unit of this element in the knapsack.
Sﬂ, Ag = 1 and 75Xg = S5x 1= 55,, dzX35 — 50x1=50 and M] =M - LR = 100-55 =45
Now, next highest value of a,/z; 1s a,/z,
Ir xg =1 then zgxs = 45x1 =45 and asx,=40x1=40
SO, M; :MI — Z4Xy =45-45=0(
So, the knapsack 1s full and then maximum profit 1s
= asXs T A4X4
= 50+40 =90
Similarly, we may consider that the highest profitable item gives the highest profit. Then
we 1nsert the highest profitable item to the knapsack first and then next highest item and
S0 on,
S0, X5 > X4 =~ X1 > X2 > X;.
First we insert the 5-th element into the knapsack because 1t 1s the highest profitable
element.
S{'l, X3 = l and Z5X35 = MNx1l= 55, d5X35 = 50x1=50 and M, =M - Z5X5 = 100-55 =45
Next, we msert the 4-th element into the knapsack because 1t 1s the next highest profitable
element.
So,xy =1 and z,x; =45x] =45 and a,x,=40x1=40 and M, =M, —z:x, =45-45=0
So, the knapsack 1s full and then maximum profit is
= as5X5 + a4Xy
=50+40 =90
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Similarly, we may consider that the lowest weight item gives the highest profit because,
we can insert more weight to the knapsack. Then we insert the lowest weight item to the
knapsack first and then next highest item and so on.

S0, X| > X2 > X3 > X4 = Xs.

First we insert the x, element into the knapsack because it 1s the lowest weight element.
So.x;=landz,x;, = 15x1=15, ax, = 10x]I=10and M, =M - z,x, = 100-15 = 85
Next, we nsert the x> element into the knapsack because 1t 1s the next lowest weight
element.

So, x; = 1 and z,x, = 25x1 = 25 and a,x,=20x1=20 and M, =M, — z,x, = 85 -25 = 60
Next, we nsert the x; element mto the knapsack because 1t 1s the next lowest weight
element.

So, x; =1 and 7z,x, = 35x1 =35 and a:x;=30x1=30 and M; = M, — z:x; = 60 -35 =25
Next, we insert the x; element into the knapsack because 1t 1s the next lowest weight
clement.

So,x4 =25/45=0 55 and zyx4 = 45x25 /45 = 25 and a;x:=40x 0.55=22 and M, = M;
—Z3X1=25-25 =0

So, the knapsack 1s full and then maximum profit 1s

=ax, taxx, tasx: t ax,

= 10+20+30+22 = 82

b) What is the difference between dynamic programming and greedy method?
[WBUT 2007, 2008, 2012, 2017, 2019]

Answer:

Greedy method s an algorithm that always takes the best immediate, or local, solution

while finding an answer. Greedy algonthms find the overall, or globally, optimal solution

[or some optimization problems, but may find less-than-optimal solutions for some

instances of other problems.

So the difference between Greedy method and Dynamic Programming are,

« Both techniques are optimization techmques, and both build solutions trom a
collection of choices of individual elements.

e The greedy method computes its solution by making its choices in a senal forward
fashion, never looking back or revising previous choices.

e Dynamic programming computes its solution bottom up by synthesizing them from
smaller subsolutions, and by trying many possibilities and choices before 1t arrives at
the optimal set of choices.

e There 1s no a prnion test by which one can tell if the Greedy method will lead to an
optimal solution.

e By contrast, there is a prior test for Dynamic Programming, called The Principle of
Optimality(A problem 1s said to satisfy the Principle of Optimality 1f the subsolutions
of an optimal solution of the problem are themselves optimal solutions for their
subproblems.), which can say if Dynamic Programming will lead to an optimal
solution.
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6. a) Find the minimum number of operations required for the following matrix
chain multiplication using dynamic programming:

A(10x20)* B(20x50)* C(50x1)* D(1x100) [WBUT 2008, 2013, 2015]

Answer:
We can represent Ay, Az, Ay, Ayinsuch a way, that,
A= pPo X Py
A= piIXp:
A-;—i P2 X Pj
Ay —psXpy
thrc, Po = Iﬂ, P 20, P2 = 50, P = 1, Ps— 100
Now,
m[f1,1]=0
m|{2,2]=0
m[ 3, 3]=0
m| 4.4|=0
This will happen when we parenthesize in the following order
(A ). (A2), (As). (Ay).
Next, we can find out, that
mflL,2]=m[1,1]+m[ 2, 2] +ps.p:1.D2
=0+ 0+ 102050
= 10000
1.e. the parenthesis1s ( A A, )
m[2,3]= m[2,2]+m[ 3,3]+p:.p:2.p:
=0+0+20.50.1
= 1000
1.e. the parenthesis 1s (A, Aj).
m[3, 4] - m[3,?] + m[4. 4] TP2.P3.Ps
=0+ 0+ 50.1.100
= 5000
1.e. the parenthesis 1s ( A:A,).
Now, we can calculate the following
m[1,17 + m[2,3] + p, .p, . P:

m[1, 3] = min-

m[1,2] + m[3,3] + p,.p, .p;
[ 0+1000+10.20.1
min
110000 +0+10.50.1

.} 1200
= min
10500

= 1200
Now, we can parenthesize A A,A; either ((A;A:)(A:)) or ((A;)(A:A;)). But the
minimum scalar multiplication will occur for ((A, N A2A3)).
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m[2.2]1 + m[3.4] + p .p. .
m[ 2. 4] = min - [ I+ P -P-Ps

m|[2, 3] + m[4,4] + p, .p, .p,
045000+ 20.50.100
1000+ 0+20.1.100

105000
3000

= min-

= min-

= 3000

Now, we can parenthesis A,A:A, either ((A;A:)(Ay)) or ((A;NA3A4)). But the
minimum scalar multiplication will occur for ((A>A;)NA2)).
Now, we get the final parenthesis,

m_..,l] t ml214, F Py -P-Ps
m|1,4|=min <m| 1,2] + m|3,4] + p, .p, - P,

m[1,3] + m[4,4] + p, .p; . p,
0+3000+10.20.100

= min< 10000+ 5000+ 10.50.100
1200+ 0+10.1.100

(23000
= min{ 65000
2200

= 2200
So, The minimum scalar muluplication will occur for ((A;A> A3)Ay)) and the total
number of scalar multiplication are 2200.

b) Give an algorithm for matrix-chain multiplication. (WBUT 2008, 2009, 2010]
Answer:
Refer to Question No. 7 of Short Answer Type Questions.

7. Design a backtracking algorithm to find all the Hamiltonian cycles in a

Hamiltonian graph. What is the worst-case time complexity of the algorithm?
[WBUT 2008, 2013]

Answer:

The following algonthms find Hamiltoman cycles from a graph by applying backtracking

method.

Search node( k)

{

Step 1 while ((x[k)] + 1) mod (n+l)!= 0);

{

Step 1.1 if (G| x[k-1], x[k]] # 0) then

{
Step 1.1.1 for jJj « 1 to k-1 do
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Step 1.1.1.1 if (x[]j] « x[k]) then
Step 1.1.1.2 return 0 ;

Step 1.1.2 4if ( j« k) then

Step 1.1.2.1 Aif ((k<n) or ((k=n) and G| x[n], x[1])] # 0) then
Step 1.1.2.2 return k;

Step 72 else

Step 2.1 return ( ™ no path”):;

}

}

}

Hamiltonian(k)

{

Step 1 while( Search node( k) !'= 0)
{

Step 1.1 if ( x[k]« n )then
Step 1.1.1 return ( x[1: n]);
Step 1.2 else

Step 1.2.1 Hamiltonian (k+1l):;

}
)

Complexity of Hamiltonian cycle algorithm

The time taken to scan n vertices 1s O(n) and O(n) time to extend all forced degree two
paths. Since the itcrations terminate unless a new vertex of degree two 1s ercated, at most
n iterations can occur. At most O(m) edges can be deleted.

(O(m)) and the next branch 1s taken, Thus, an casy upper bound on the pruning time for a
node searching from a vertex of degree d 1s O(d(n” + m)), but this 1s overly pessimistic.
Note that along any branch from the root of the scarch tree to a leal, at most n vertices
can be converted to degree 2. Also note that along each branch each edge can be deleted
at most once. If the degree 1s high we seldom take more than a few branches betore
SUCCCESS.

The implementation 1s such that when several vertices have two neighbors of degree two
at the beginning of an iteration, all redundant edges are removed n a single pass taking
time proportional to n plus the number of edges removed and checked. In practice, on a
graph G, 1t typically takes O(n + m) time per search node on simple Hamiltonian
Instances.
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8. Find the optimal solution for the fractional Knapsack problem given below:
[ = {I,J:,!}J_‘Jj}

w=15,10,20,30,40]

v=130,20,100,90,160/

The knapsack capacity, W = 60 (WBUT 2008]
Answer:

Here v, 1s the profit and w; 1s the weight of the cach knapsack ¢lements.
So, according to the Greedy Knapsack problem,

vi/w, =30/5=6

vyl wy =20/10 =2

vi/ wy = 100/20=5

\Hi Wiy ™ 90/30=3

v/ ws = 160/40=4

We consider that some [raction x;, 0 < x; <1 of the objeet 1 1s kept into the knapsack.
The highest ratio 1s v,/ w, =6 and msert one umit of w, = 5

S'O_.K] = ]_,JH W1 —5,K| .V -SOandW—W-x; W =60-5=155
Next highest ratio 1s v3/ w3 = 5 and msert one unit of w; = 20

So, x3=1,x3 w3 =20, x;.v;=100and W=W —x: .w; =55-20=35
Next highest ratio 1s v¢/ ws = 4 and insert fractional part of we.

So. xs =35/40=7/8. So. xs = /8. x5 .ws = %*40= 35, x5 . Vs ;%*m;mo and

W=W-xs.wsg=35-35=0
So, the knapsack 1s [ull and then maximum prolit 1s
=X;.VitX;.vytXs.ve =30+ 100 + 140 =270

9. a) State the general knapsack problem. Write a greedy algorithm for this problem
and derive its time complexity. [WBUT 2009, 2016)

Answer:
The Knapsack problem states that we have to fill a knapsack having constant weight,
with some objects having different weights and different profit values. We have to fill up
the knapsack with objects in such a way that the total weight of selected objects does not
cross the limit of the knapsack and we get the maximum profit.

Suppose,

The capacity of the knapsack 1s C.

There are n many objects. An individual object 1s represented by | where 1=1.2,.. .n.
Weight of 1-thobjectisz, , | =1 <n.

Profit for i1-thobjectisa; , 1 <1<n

We can put maximum one unit of each object in the knapsack or some fractional part of
that object. So, we consider that some fraction x,;, 0=<x,=1 of the object I 1s kept into the
knapsack.

Now, the weight of the knapsack is ) "z and profitis A=)

define this problem as:

,ax.S0 we can
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Maximize A= Zr;] "a,.x, (D
Subjectto ), "zx <C .. (2)

And 0<x,£1,0<1<n

Algorithm of Knapsack problem

To generate an algorithm to solve knapsack problem, first we consider that all the values
of a, / z, of the 1-th element are arranged in decreasing order. Two arrays a|l:n] and
7| 1:n] are used for maintaining profit and weight of n objects in such a way that af1] /
Z[1] = a[i+1] / z[i+1] respectively. M 1s the knapsack size and x[1:n] 1s the solution
vector.

Knapsack (M, n)

{
Step lfor I - 1 to n do

{
Step 1l.1x[i] « 0.0;

}
Step

N

U « M;
for T « 1 to n do

wad

Step
(
Step
Step
Step
step
Step
}
Step if I £ n then

Step 4.1 x[i]) ~ u/z[i];

Step 5 else

{

Step 5:1 for T « 1 to n do

Step 5.1.1 print « x[i];

}

}

Time complexity of knapsack problem is O(nW) [W 15 the maximum weight ol the

knapsack]|.

.1 if z[1] > u then
1.1 break;

.7 else

2.1 x [1] « 1.0;
.L2.£4. U e« u - zl1],

[T o

b) Given the weight vector (2, 3, 5, 7, 1, 4, 1) and the profit vector (10, 5, 15, 7, 6, 18,
3) and a knapsack of capacity 15, find at least three feasible solutions including
optimal one for the knapsack problem of seven objects. [(WBUT 2009, 2016)

Answer:

To find the optimal solutions we apply third method among the above, 1.e., keep those
elements whose a;/z; 1s maximum into the knapsack.

| Here a=value and z = weight]
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Now 2=9_5 &4._.2.1671 212,
2z, 2 z, 3 z, 5
49 _T_1 9 _6_¢ %_18_,s4 _3_,
Z, f, 2, | Z 4 z, |
s

So, the highest a;/ z; ratio1s — 1e.6
-5

So, we keep one unit of this element in the knapsack.
So.xs=landzsxs=1x 1= 1], asxs =6xl=6and M, =M -zsxs = 15-1 = 14
Now, next highest value of a,/z, 18 a,/7,
Itx, =1 thenz,x, =2x]1 =2 and a,x,=10x1=10
SoM=M,-z1x,=14-2=12
Next highest value of ai/7; 18 ag/7;
It x4 = 1 then z¢xs = 4x1=4 and asxs — 18x1 = 18 and
Mi=M:—-7:x=12-4=8
The next highest value of a;/ z; 1s a3/ z; or a, / z, both are same. So we can choose any
onc. Supposce we choose a5/z; for knapsack,
Itx,—lthenz, xs = Ixl=landa;x, =3x]1 =3 and
My=M;-zx7,=8-1=7
The next highest value 1s a,/ z,
Ifx;=1lthenz;x; =5l =5Sanda;x;= I5x]1=15and M =M, —-z;x; = 7-5=2.
The next highest value 1s a,/7;
If x; = I then z,x, = 3x1 = 3 which exceeds the value of knapsack. So, we have to put the
[ractional part ol x, to the knapsack, 1.¢., remaining part ol knapsack 1s 2.
So, X, = %Nuw,zm =3 x%—z, a,x, —5:-:%—3.33 andMs=Ms;-2zx,=2-2=0
So, the knapsack 1s full and then maximum profit 1s

=asXs + a1 X TasXs T a7X7 +a3X1 T a2X5 =6+]0+IE+3+I 5"'333 =5533

10. Apply backtracking technique to solve the 3-colouring problem for the
following graph. [WBUT 2009, 2011, 2016)

Fig: |

Answer:

In the graph of figure |, the number of vertices i1s n=5 and suppose we have to color it
using three colors 1.¢., k=3

Let us denote three colors by cl, ¢2, ¢3.
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Suppose all colors of five nodes 1, 2, 3, 4, 5 store in an array A[]. The index of each array
clement shows the vertex number and content of cach array element denotes the
respective color of the node. So the index of Afi] 1.e., | represents the vertex of graph G.
We start the assigning color to the first node of the graph. Applving backtracking method
we can use different color for different nodes. So, we get

Al1]=C1 ~
AT ~—

A[1=C2/ A[@=C3 All=cy /Al
e ® B @
ADI=C3 AD=C2 AR AL=E
oy SN
A
AR/ ag-c - o NG/ " L 2
O 00 O O Q0O G
Af=C2|  AL=C2 - = Q) Mea = @

/ AQ)
! =-C3

Al@=gy ) Al=C

AlR=C2 AQ=Cl
- ®
neeca /e N M/ NG
O OO0 O
ASl A
AE=ci|  AD=CI “C2 =

O Q0O O
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11. Write the algorithm of Quick sort. Find the best case, worst case and average
case time complexities of this algorithm. (WBUT 2009, 2013, 2014]
Answer:
The following procedures together form the quick sort algorithm.
QuickSort(A, p, r)
{
if o < r then
{
q « Partition (A, p, r);
Quick Sort (A, p, a):
Quick Sort (A, g + 1, r):;
t
!

Algorithm for partition
Partition (A, p, 1)
{

initialize x « Alpl:
1 ~p=1l, ]+~ rtl;
while (i < 3)
{
while (A[--3] > x)
{
while (A[t+t1] < x)
{
if (1 < j) then
Exchange (A[1], A[]]);
)
I

'

return j;
)
Exchange(A, L, j)
{

p « Ali]l;

Ali] « A[3];

Al]] « p;
)
Partition selects the first key x «— A|p] as a pivot key about which the array 1s partitioned.
If x < Alp], A/p] will move towards the left of the pivot, otherwise if x = A[p], A[p] will
move towards the right of the pivot key x.

Complexity Analysis
 Best case
* In the best case, the pivot 1s in the middle position of the array.
* To simphfy the equations, we assume that the two sub arrays are each exactly
half the length of the onginal one. So, we get T{n) = 21(n/2) + cn , ¢>0 constant
( independent of n J)and n= 2 with T(1) = 1.
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This 1s very similar to the formula for Merge sort, and a similar analysis leads to
I(n)=cnlog,n+ nwhichis O(n log, n).

o Average case: We assume that each of the sizes of the left partitions are equally
likely, and hence each has probability 1/n.

With this assumption, the average value of T(1), and hence also of  T(n—1-1), 1s
(I(0) + T(1) * ... + I(n-1))/n

Naturally, our recurrence relation becomes

Tn)=2(T(O)+T(1)+ ... + T(n=1))/n + cn

Multiplying both sides by n we find nT(n) = 2(T(0) + T(1)+ ... + T(n-1)) +cn’
Substitution of n by n—-1 gives

(n—1)T(n—=1)=2(T(0) = T(1)+ ... + T(n-2)) + c(n-1)

Subtracting the last equation from the previous one, we get nT(n) - (n-1)T(n-1)
=2T(n=1)+2¢cn—c¢

Rearranging and ignoring constant ¢, we arrive at nT(n) = (n+1)T(n-1) + 2¢cn
Division through out by n(n+1) gives

T(n)(n+1)=T(n=1)/n+ 2¢/(n+1)

Hence, I(n—1)n=T(n-2)/(n—1) + 2¢/n

Stmilarly T(2)/3 =T(1)y2 + 2¢/3

Thus

T)/(n+=1)=T(1)2+2¢(1/3+ %+ ... +1/(n+]))

The sum 1n brackets 1s about log .(nt1) + vy — 3/2, where vy 1s Euler’'s constant,
which 1s approximately 0.577.

So, T(n)/(n+1) = O(log , n) and thus T(n) = O(n log , n)

e Worst case: In quick sort tecchmique, the worst case condition arises when the
clements ol the array are alrcady sorted.

If the pivot 1s always the smallest element, then always /=0

We ignore the term 7{0)=1, so the recurrence relation 1s T(n) = T(n=1) + ¢n
So, T(n—1)=T(n-2)+c(n—1) and so on until we get T(2)=T(1)+c(2)
Substituting backwards, we get T(n)=T(1)+c¢(n+ ... +2)= O(n°)

It may be noted that this case happens if we always take the pivot to be the first element
in the array and the array 1s already sorted.

12. What is Heap property? Write an algorithm to make a Heap containing
elements. Then, show that how can you insert an element into a Heap. Then, write
the algorithm of Heap sort and find the running time of this algorithm. Write an

algorithm to find the existence of an element into a Heap. [WBUT 2010]
OR,

a) What is Heap property?

b) Write an algorithm of Heap Sort.

c) Find the running time of this algorithm. [WBUT 2018, 2019]

Answer:

Heap: A heap 1s a complete binary tree with the following properties:
I. If 1t 1s a max heap then the value of each node 1s greater than the value of its children.
2. If it 1s a min heap then the value of each node 1s less than the value of its children.
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Algorithm to make a Heap

BUILD HEAP () algorithm constructs a complete heap tree where each node of the tree
1S present at its proper position with the help of Heapify () algorithm. BUILD HEAP ()
breaks the total length of the array into two equal parts. So, the elements in the sub arrays

All, ...|n/2|] and A[|n/2|+] .. n] are all leaf nodes. Now it compares each node

from length |A)/2 down to | with the help of Heapity (). The bottom-up order of
processing guarantees that the sub tree rooted at each of the children are heap, before
Heapify() 1s run at their parent node.
BUILD HEAP (A, length)
{
heap-size (A) « length |A)
for 1« Llength[A]:"ZJ down to | do

Heapify (A, 1) ;
|

Heapily (A, 1)
’
[« el 1]
r «— night |1
if / = heap-size |A] and All| = Al then
largest « {
else
largest «— 1
if r < heap-size [A] and A[r] > A[largest] then
largest «r
if largest =1 then
exchange A[1] « A[largest]
Heapify (A, largest)
i

This Heapify () algorithm 1s totally based on the procedure to arrange a heap in a 1-D

array which has already been discussed earlier. If the above rule i1s violated, then
Heapify() algorithm set cach node to its appropnate position.

Insert an element into the Heap
Suppose we have a heap as follows

Nax heap
Fig: |
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Suppose, we want to add a node with key 15 in to the heap in figure 1. First, we add the
node to the tree at the next spot available at the lowest level of the tree. This is to ensure

that the tree remains complete. Thus the configuration becomes,

Insert element 15 to the heap
Fig: 2
However, aller inserting clement 15, as shown in figure 2, we find that the heap property
1s not maintained any more. To ensure the heap property preserved, we have pertorm a
few steps to convert it into a max heap. We interchange clements 15 and 8 as cvident in

figure 3.

Interchange between 15 and 8
Fig: 3
Next, another swap 1s required with respect to elements 14 and 15 in figure 3 to obtain a
situation shown 1n figure 4. This 1s for preservation of the heap property.

20)

® &

r
/

19 © O @
OO

Interchange between 15 and 14
Fig: 4
Now we have completed a heap tree and placed 15 in its appropriate position. No further
move 1s required because 15 < 20. But note that the left child having value 1, 1s less than
right child having value 8, of the sub-tree rooted at the node contaiming value 14. In our

subsequent discussion, we shall see how we can sort out this problem.
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Heap Sort algorithm

The heap sort algorithm starts by using procedure BUILD-HEAP() to build a max heap
on the mput array A[1 . . n]. Since the maximum e¢lement of the array 1s stored at the root
All], 1t can be put into its correct final position by exchanging it with A|n| (the last
clement in A). If we now discard node n from the heap then the remaining elements can
be converted into heap. The new element at the root may violate the heap property. So 1t
1s necessary Lo restore the heap property further.

HEAPSORT (A)

E
BUILD HEAP (A);

for /i «— length (A4) down to 2 do

J
|

exchange A[ 1] « A[i]
heap-size [4] « heap-size [4] - |
Heapify (A4, 1);

'
Complexity
The HEAPSORT () procedure takes time at most O (n log » n). Since the call 1o
BUILD HEAP () takes time O (n) and each of the n -1 calls to Heapity () takes time O
(log »n) which we have alrcady discussed carlier, so the worst case ume complexity of
heap sort 1s O (n log ; n).

13. a) Explain the graph coloring problem and write the algorithm. (WBUT 2011]
Answer:

Refer to Question No. 3(ii) of Long Answer Type Questions.

b) Solve the single source shortest path problem for the following graph
considering ‘1’ as the source vertex using Dijkstra’s algorithm. [WBUT 2011]

Answer:

Initially: Vertex 1 1s the source vertex and we have to find out the shortest distance from
vertex 1 to all the remaining vertices.

So, the distances from vertex | to all other vertices are given below.

S=1{1},D[2]1=5,D|3]=2, D[4]=10 D[5]=6
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Iteration 1: Now, vertex 1 to vertex 3 is the shortest distance and the distance 1s 3. Now,
we have to find out the shortest distance of the other vertices.

Select w=3,sothat S = {1, 3}

D|2|=min(5, D|3]+ (13,2])=mun( I, 2+13)=35

D[4l = min(10, D[3] + (13, 4])=min( 1, 2+9)= 10

D|5] = mn(6, D|3] + (13, 5]) =mn(6, 2+3)= 5

Iteration 2: Select w = 5, sothat S = |1, 3, 5}
D[2] = min(5, D[5] + (75, 2]) = min(5, 5+x0)= 5
D|4] = mn(10, D|5] + (15, 4)) =min(10, 5+4)=9

Iteration 3: Select w =4, sothat S = |1, 3, 5, 4}
D[2] = min(5, D[4] + (4, 2]) = min(5, 9+5) =5

Iteration 4: Selectw =2, sothat S = |1, 2}

D[2]=5

So, the shortest distances from vertex | to other vertices are given below.

1) D[2] = 5. 1.¢. the shortest distance from vertex 1 to vertex 21s 1 and the pathis 1 — 2
11) D|3] = 2 1.e. the shortest distance from vertex | to vertex 3 1s 2 and the path1s 1 — 3
m) D[4} = 9 1.¢. the shortest distance from vertex 1 1o vertex 4 18 1 and the path 1s
| »3—>5—- 4

iv) D[5] = 5 1.¢. the shortest distance from vertex 1 to vertex 5 18 5 and the path 1s
l—>3—3

14. Solve the following Knapsack problem with the given conditions: n=3 weight
of the Knapsack AM=20, Profits (p.p..p,)=(252415) and weight
(w,,w,,w,)=(18,15,10). [WBUT 2011, 2015]
Answer:

To find the optimal solutions we apply third method among the above, 1.e., keep those

clements whose pi/w; 158 maximum into the knapsack.
| Here p; = profit value and z, = weight|

Now Pr=2_138 Po_2_1¢ P_D_,5

w, 18 w, 15 W,
So, the highest p,/ w; ratio 1s 1.6
So, we keep one unit of this element in the knapsack.
S{), X2 = 1 and WXy = 15x 1= 1, P2X2 =24x1= 24 and M] =M - WreXHy = 20-15=15
Now, next highest value 1s 1.5
If x; = 1 then wix: = 10x]1 = 10 which exceeds the weight of the knapsack. So, we have
to put the fractional part of x; to the knapsack, 1.e., remaining part of knapsack 1s 5.

So, x, =i={}.5

10
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5
Nﬂ“’, Wi X3 =10 ){%=5‘ P =ISKl‘—O=?.S and M] :M[ —WaiXj3 =5-5=10

So, the knapsack 1s full and then maximum profit1s = pox,+ pix; =24 +7.5=335

15. a) Apply backtracking technique to solve the following graph-coloring problem
and also generate the state space tree: (WBUT 2013)

Answer:
Here the chromatic number 1s 4. 1.e. 4 different colors are required to color the graph such
that no two adjacency vertices are same color, In the ligure 1, we have considered lour
different colors are ¢, ¢2, ¢3, ¢4 and live vertices of the graph is represented by Af1],
Al2], A[3], A[4] and A[S].

- - fla,
1}-C1 * 3. -
o c2 % © .'1' CI...'-""- -
“ .1‘ . | |
I - 1‘-
ApFC2 C4
3
Ap)-C3 2
C4 2 C4 C3
A[4)=C4 C3 Cc4 2 1 Cc2

Fig |: State space tree of the graph

[Try to draw the remaining three parts of the tree|
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b) Write an algorithm for n-queen’s problem. Find its time-complexity and explain
the algorithm using an example. (WBUT 2013]

Answer:
1" Part: Refer to Question No. 15 of Short Answer Type Questions.

2" Part:

Our simple example 1s the n-queen problem, which happens to be NP-complete (which
mecans computationally hard). On an n x n chessboard, a queen can move any number of
squares up, down, to the nght, to the left, and digonally. Fig: 1(a) illustrates a possible
move for a queen for a case of n=35. The problem 1s to determine n “sale” positions for n
queens. A safe position means that none of the queens can move to a square occupied by
another queen in only one move. Obvously there must be one and only one queen in cach
row and column. (If two or more queens are in a row or column, then one would be
attacked by another, 1f no queens are 1n a row or coloumn, there must be a row or column
that has more than one queen.) Similarly, there must be at most one queen in each
diagonal direction (since there can be no queen in a diagonal direction). Fig: (b) 1s a
solution for n = §; generally, a solution 1s not unique for a specific value of n,

(a) (b)
Fig: 1 The n-queen problem illustration for n=5.
(a) A possible move of a queen. (b) A solution

16. Solve the APSP problem using Floyd-Warshall's algorithm for the following
graph: [WBUT 2013]

Answer:
The sequence of matrices D™ and TT"' computed by the Floyd-Warshall’s algorithm for
the graph 1s given below.
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17. a) Perform the PARTITION operation once (one time) on the following array as
per the requirement of the quicksort algorithm, assuming the last element of the
array to be the pivot element. Clearly mention the steps.
arr[1={2,8,7,1,3,5, 6, 4} [WBUT 2014)
Answer:
I pJ r
w PRl

pi J r

(b) F's 7[1]3]5 6'4\
p.i J r
(©) 7.711\3[5]6'4\
p.i ] r

(d)

(c)

(f)

(2)

(h)

(1)

The operation of PARTITION on a sample array. Lightly shaded array elements are all in
the first partition with values no greater than x. Heavily shaded elements are in the
second partiton with values greater than x. The un-shaded elements have not yet been
put in one of the first two partitions, and the final white element 1s the pivot. (a) The
initial array and vanable settings. None of the elements have been placed in either of the
first two partitions. (b) The value 2 1s “swapped with 1itself” and put in the partition of
smaller values. (¢)-(d) The values 8 and 7 are added to the partition of larger values.
(e) The values | and 8 are swapped, and the smaller partition grows. (f) The values 3 and
7 are swapped, and the smaller partition grows. (g)-(h) The larger partition grows to
include 5 and 6 and the loop terminates. (1) In lines 7-8, the pivot element 1s swapped so
that 1t hes between the two partitions.
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b) Using greedy strategy, schedule the following jobs within deadline so as to
maximize the profit. Deadlines and profits are mentioned as follow: [WBUT 2014]

' Job i [ 1 2 | 3 [ 4
" Deadline d; 3 2 3 1
| Profit g; | 9 7 | 7 2

Answer:

All the jobs are alrcady arranged in the above matrix according to their profit.

Suppose, mitially the solution vector 1s S={d}

Highest profitable job 1s J1. So, we add job J1 to the solution vector,

1.e. S={J1}.

Next, we add J2 to the solution vector. 1.e. S={J1, J2}.

Next, we add J3 to the solution vector. 1.e. S={J1,J2, J3}.

So, highest deadline 1s 3 and we can arrange maximum three jobs. The sequence of the
jobs arc S={J1, J2, 13} or S={J2, J1,J3} or S={J3, 12, J1} or S={J2, )3, J1} and the
maximum profit 1s 23.

18. What is negative weight-cycle? Write Bellman-Ford algorithm to find single
source shortest distance of a directed graph. [WBUT 2015])
Answer:

1" Part:

Somc instances ol the single-source shortest-paths problem may include edges whosc
welghts are negative. It the graph & (V. £) contains no negative weight cycles reachable
[rom the source s, then for all ve V| the shortest-path weight &(s,v) remains well
defined, even 1t 1t has a negative value. If the graph contains a negative-weight cycle
rcachable from s, however, shortest-path weights are not well defined. No path from s to
a vertex on the cycle can be a shortest path. If there 1s a negative weight cycle on some
path from s to v we define o(s,v)= - .

2" Part: Refer to Question No. 11(a) of Short Answer Type Questions.

19. a) Given the four matrices using £, ... 0.0, R, 500 - Find the optional

sequence for the computation of multiplication operation. Write the algorithm also.
b) Consider the following table that consists of some items with weight and cost
values:

items Iy |; l; | ls |§
Weight 5 10 | 15 | 22 25
Cost 30 40 45 77 90 |
If the knapsack capacity W =60 kg, find optional solution using greedy criteria and
write an algorithm for doing so. [WBUT 2017]

Answer:
a) Refer to Question No. 8 of Long Answer Type Questions.
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b) Here vi is the cost and wi is the weight of the each knapsack elements.
S0, according to the Greedy Knapsack problem,

vi/wl=30/5=6

v2/w2=40/10=4

v/ w3=45/15=3

vd/ wd=T77/22=13.5

v/ w5=90/25=36

The knapsack capacity W = 60 kg

We consider that some fraction xi, 0<xi<1 of the object i is kept into the knapsack.
The highest ratio 1s v1/ wl =6 and mnsert one unit of wl=5

So, xI =1, x1 wl=35 x1_ vl=30and W=W-x1 wl=60-5=55

Next highest ratio 1s v2/ w2 = 4 and msert one unit ot w2 = 10
So.x2=1.x2 w2=10,x2.v2=40 and W = W-x2 w2 = 55-10=45
Next highest ratio 1s vS/ wS = 3.6 and insert onc unit of wS = 25

SO, x5= 1, x5 w5=25,x5.v53=90and W = W-x5 w5 = 45-25=20
Next highest ratio 1s v4/ wd = 3.5 and insert fractional part of w4,
S0,x4=20/22=10/11.So0,x4 = 10/11, x4 w4 =(10/11)*22 = 20,

x4 vAd={10/11)*77=70 and W = W- x4 wd=20-20=0

S0, the knapsack 1s full and then maximum profit 1s

=x1.vl+x3. v3+x5.v5=30+40+90+70-= 230

20. a) Write an algorithm for Merge Sort. [WBUT 2018, 2019]
Answer:

The procedure MERGE-SOR'T (A, p, r) sorts the elements in the sub-array Afp . . r]. II'p
> r, the sub-array has al most onc¢ clement and 1t 1s alrcady sorted. Otherwise, the divide
step simply computes an index q that partitions Alp . . r] into two sub-arrays: Alp . . ql.
containing [n/2] elements, and A[g + 1. . r], containing [n/2] clements.

MERGE-SORT(A, p, 1)
{
if (p < r) then
b q—[(p+r)2]
MERGE-SORT(A, p. q)
MERGE-SORT(A, g+ 1,1)
MERGE(A, p,q, 1)
i
1

MERGE(A, p, q, )
{
n«<q-p+l
n; «<r—q
create arrays L[] . .n;+ 1]Jand R[] . . n, + 1]
for1« | ton,do

\
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L1 « Alp+1-1]
'
for )« 110n; do
{

Rl )]« Alq+)]
I
Lin, + 1]« x>
R[n, + 1]« =
1+ |
Rl
fork«—ptordo

{
if 1.[i] = R[ j] then

{

A[k] « L[]
1e—1+1
|
else
d
Alk| < R] j|
Je1+1
)
}
h
b) Create a Max-Heap containing the following elements: [WBUT 2018, 2019]
10, 20, 30, 40, 50, 60, 70, 80, 90, 100
Answer:

Max-Heap containing the following elements:
10, 20, 30, 40, 50, 60, 70, 80, 90, 100

/
@ ©

d
(d) (e)
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AMax Heap
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)
21. Write short notes on the following:
a) External sorting [WBUT 2015]
b) Heap Creation Technique [WBUT 2016]
c) 8 queens problem [WBUT 2003, 2006, 2013]
d) Hamiltonian cycle [WBUT 2017]
e) Heuristic Algorithm [WBUT 2018]
f) Bellman-Ford Algorithm (WBUT 2018]
Answer:
a) External sorting:

External sorting 1s a term for a class of sorting algorithms that can handle massive
amounts ol data. External sorting 18 required when the data being sorted do not [it into the
main memory of a computing device (usually RAM) and instead they must reside in the
slower external memory (usually a hard drive),

Characteristics:

e Processing large files, unable to fit into the main memory

e Restrictions on the access, depending on the external storage medium Primary costs —
for input-output

¢ Main concern: minimize the number of times each piece of data 1s moved between
the external storage and the main memory,

General strategy - Sort-Merge

e Break the file into blocks about the size of the internal memory

e Sort these blocks

e Merge sorted blocks

o Usually several passes are needed, creating larger sorted blocks until the whole file 1s
sorted

Basic Algorithm
Assumptions:
Four tapes:
Two for input - Tal, Ta2,
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Two for output - Th1, Th2.
Initially the file 1s on Tal,

N records on Tal

M records can fit in the memory

Step 1: Break the file into blocks of size M, [N/M|+1 blocks

Step 2: Sorting the blocks:
read a block, sort, store on Tbl
rcad a block, sort, storec on Th2,
read a block, sort, store on Tbl,
ctc, alternatively writing on Th1 and Th2

Each sorted block 1s called a run.

Each output tape will contain hall of the runs

Step 3: Merge:

a. From Tbl, Tb2 to Tal, Ta2.
Mecrge the first run on Th1 and the first run on Th2, and store the result on Tal:
Read two records 1n main memory, compare, and store the smaller on Tal
Read the next record (from Th1 or Th2 - the tape that contained the record stored
on Tal) compare, store on Tal, etc.

Merge the sccond run on Th1 and the second run on Th2, store the result on Ta2.
Merge the third run on Tbl and the third run on Tb2, store the result on Tal.
Elc, storing the result alternatively on Tal and Ta2,
Now Tal and Ta2 will contain sorted runs twice the size ot the previous runs on
Th1 and Th2

b. From Tal, Ta2 to Tbl, Tb2.
Merge the first run on Tal and the first run on Ta2, and store the result on Thl.,
Merge the second run on Tal and the second run on Ta2, store the result on Th2
Ete, merge and store alternatively on Tal and Ta2.

¢. Repeat the process until only one run 1s obtained. This would be the sorted file

Analysis of two-way merge

The algonthm requires |log(N/M)| passes plus the imitial run-constructing pass.
Each pass merges runs of length r to obtain runs of length 2*r,

The first runs are of length M. The last run would be of length N.

Let's assume that N 1s a multiple of M.

Initial situation:

Ist tape contains N records = M records * N/M runs

After storing the runs on two tapes, each contains half of the runs:

2 tapes * M records per run * (1/2)(N/M) runs = N records

After merge lst pass - double the length of the runs, halve the number of the runs:
2 tapes * 2M records per run * (1/2)(1/2)Y(N/M) runs = N records

After merge 2nd pass :

2 tapes * 4M records per run * (1/4)(1/2) (N/M) runs = N records
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After merge s-th pass:
2 tapes * 2s M records per run * (1/2s)(1/2)(N/M) runs = N records

iiiiii

Thus the length of the runs afier the s-th merge is 2°M.
After the last merge there 1s only one run equal to the whole file:

2’M =N
2°=N/M
s = log(N/M)

if s 1s the last merge, s = log(N/M)
At cach pass we process N records, so the complexity 1s O(Nlog(N/M))

b) Heap Creation Technique:

A complete binary tree is a binary tree in which every level, except possibly the last, 1s
completely filled, and all nodes are as far left as possible. A Binary Heap 1s a Complete
Binary Tree where 1items are stored in a special order such that value in a parent nodce 18
greater(or smaller) than the values i 1ts two children nodes. The former 1s called as max
hcap and the latter 1s called min heap. The heap can be represented by binary tree or
array. Since a Bmary Heap 1s a Complete Bmary Tree, 1t can be easily represented as
array and array bascd representation is space cfficient. IT the parent nodce 1s stored at
index I, the lett child can be calculated by 2 *1 + | and nght child by 2 * 1 + 2 (assuming
the indexing starts at 0).

Example:
Min-Heap — the value ot the root node 1s less than or equal to either of 1ts children.

=) =)= =
& &G

Max-Heap — the value of the root node 1s greater than or equal to either of 1ts children.
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Both trees are constructed using the same mput and order of armval.

Max Heap Construction Algorithm

The procedure to create Min Heap 1s similar but we go for min values instead ol max
values. The technique to denve an algorithm for max heap 1s to insert one element at a
time. At any point of time, hcap must maintain its property. While insertion, it should be
considered that the inscrting a node in an alrcady heapified tree.

Step 1 — Create a new node at the end of heap.

Step 2 — Assign new value to the node.

Step 3 — Compare the value of this child node with 1ts parent.

Step 4 — 1 value of parent s less than child, then swap them,

Step 5 — Repeat step 3 & 4 until Heap property holds.

¢) 8 queens problem:

8-queens problem 1s one of the common problems. This happens to be an appropniate
example, where backtracking may be used very etfectively. The problem 1s to set 8
queens in an 8x8 chessboard that no two queens will attack cach other. So, no two queens
are 1n the same row or same column or same diagonal. In general, 1t can be descnbed as
o place n queens in an nxn chessboard in such a way that no two queens attack onc
another.

The solution space required is [8°(8° — 1) (8° - 2)... (8° — 7)] to solve this problem. So, in

general we can say that for 8-queens problem, the solution space 1s H(S’ -i) and similarly,
1=0

we can say for n-queens problem, that the required solution space 1s II(" ~1). The
=

condition for placing 8-queens in an 8 x 8 checkerboard, each queen can be placed in any
square of each row or column, and there are 8 squares in each row and column, so we can
place 8 queens in 8° locations. But if we consider initially that 8 different queens are in 8
different rows then the solution space reduces to 8!. Because, 1f we have placed queen |
in row | then it takes any one of eight columns. But, there 1s an option for second queen
being placed in just remaining 7 columns and third queen has remaining 6 columns to be
placed in and so on. So, without loss of generality, we can place queen q; at row 1 for 1 €
1 < 8. Now, we can define solutions of this 8 queens problem as 8 tupples (x,, x> ...xy),
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where each x; denotes the column index where queen q, 1s placed, so that no two queens
are attacking cach other.
Here, we have shown some instances of 8-queens problem in figure 1.

Column — Column —
1 2 3 4 5 6 7 8 | 2 3 4 5 6 7 8

- O e B Wk

00 =1 Oh v o W b =

e e

Fig: 1 Placing 8 queens in an 8 x 8 checkerboard in two different way

Now, before discussing 8-queens problem, first we shall study 4-qucens problem.
Because 1t 1s easy to solve and 1s possible to draw path of backtracking for better
comprchension.

d) Hamiltonian cycle:
Refer to Question No. 7 of Long Answer Type Questions.

¢) Heuristic Algorithm:

A heuristic algorithm 1s onc that 1s designed to solve a problem in a faster and more
efficient fashion than traditional methods by sacnificing optimality, accuracy, precision,
or completeness for speed. Heunistic algorithms often times used to solve NP-complcte
problems, a class of decision problems. In these problems, there 1s no known efficient
way 1o find a solution quickly and accurately although solutions can be verified when
given. Heunstics can produce a solution individually or be used to provide a good
bascline and arc supplemented with optimization algorithms. Heurnistic algorithms are
most often employed when approximate solutions are sufficient and exact solutions are
necessarly computationally expensive.

The following are well-known examples of “intelligent” algorithms that use clever
simplifications and methods to solve computationally complex problems.

Swarm Intelligence: Swarm Intelligence systems employ large numbers of agents
interacting locally with one another and the environment, Swarm intelhigence refers to the
collective behavior of decentralized systems and can be used to descrnibe both natural and
artificial systems. Specific algorithms for this class of system include the particle swarm
optimization algorithm, the ant colony optimization algorithm, and artificial bee colony
algorithm. Each of the previous algorithms was inspired by the natural, self-organized
behavior of animals.

Genetic Algorithms: Genetic algorithms are a subset of a larger class of evolutionary
algorithms that describe a set of techmques mspired by natural selection such as
inheritance, mutation, and crossover. Genetic algonthms require both a genetic
representation of the solution domain and a fitness function to evaluate the solution
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domain. The technique generates a population of candidate solutions and uses the fitness
function to select the optimal solution by iterating with each generation, The algorithm
terminates when the satisfactory fitness level has been reached for the population or the
maximum generations have been reached.

Artificial Neural Networks: Artificial Neural Networks (ANNs) are models capable of
pattern recognition and machine leaming, in which a system analyzes a set of training
data and 1s then able to categorize new examples and data. ANNs are influenced by
animals™ central nervous systems and brains, and are used to solve a wide vanety of
problems including speech recognition and computer vision.

Support Vector Machines: Support Vector Machines (SVMs) are models with training
data used by aruficial intelligence to recognize patterns and analyze data. These
algornithms are used for regression analysis and classification purposes. Using example
data, the algorithm will sort new examples into groupings. These SVMs are involved
with machine learning, a subset of artificial intelligence where systems learn from data,
and require traiming data before being capable of analyzing new examples.

f) Bellman-Ford Algorithm:
Refer to Question No. 11 of Short Answer Type Questions.
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GRAPH AND TREE TRAVERSAL
ALGORITHMS

% Chapter at a Glance

Tree:

A connected graph with no cycle 1s called a tree. Generally, a graph that does not contain any
cycles 1s called an acychic graph. So, we can say that a connected acyclic graph 1s a tree,

N

P "
/

y
J /
(a) ()
Minimum cost spanning tree: A minimum cost spanning tree T of an edge weighted graph
(i contains all the vertices of (G with total cost of the edges are minimum. It may not be
unique.
Two methods for finding the minimum cost spanning tree of a weighted graph G:

. Pnm’s Algonithm
2. Kruskal's Algornthm

DFS (Depth First Search):

In a graph G = (V, E) Depth First Scarch (DFS) algornithm starts [rom a specilic verlex u e 'V,
which 1s labeled as the current vertex. Then we traverse graph by any edge (u, v) incident to
the current vertex u. I the edge (u, v) leads o an already visited vertex v, then we backtrack
o current vertex u. Otherwise 1l edge (u, v) leads o an unvisited vertex v, then we move o v
and v becomes our new current vertex. This process 1s continued until we get no vertex in this
path. At this point, we start backtracking. The process terminates when backtracking leads
back to the starting vertex with no vertex remaimng unvisited.

BFS (Breadth First Search):

Breadth First scarch (BFS) 1s a general technique for traversing a graph. It may be a directed
graph or an undirected graph. Breath First Search (BFS) starts from a given vertex of a graph,
which 1s at level 0. In the first stage, we visit all vertices at level 1. In the second stage, we
visit all vertices at second level. 1.e., visit the unvisited vertices, which are adjacent to the
vertices at level 1, and so on. The BFS traversal terminates when every vertex of that graph
has been visited. BFS method can label each vertex by the length ol a shortest path (in terms
of number of edges) from the starting vertex up to that vertex.

Network Flow Diagram:

A flow network G = (V, E) 1s a directed graph in which each edge (v, v) € E has a
nonnegative capacity c(u, v) = 0. If (u, v) € E, we assume that ¢(u, v) = 0. We distinguish
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two vertices in a flow network: a source s and a sink t. For convenience, we assume that every
vertex lies on some path from the source (o the sink.

That 1s, for every vertex ve Vv, there 1s a path s — v — . The graph 1s therelore connected,
and |[E| = V| = 1. We are now ready to deline flows more formally. Let G = (V, E) be a [low
network with a capacity function ¢. Let s be the source ol the network, and let t be the sink. A
flow 1n G 1s a real-valued function [V x V - R that satushies the following three properties:
Capacity constraint: For all w, v € V, we requare f (u, v) = cfu, v).

Skew symmetry: Forall u, ve V', we require f(u, v) =—f (v, u)

Flow conservation: Forallu € I'— |5, 1}

Multiple Choice Type Questions

1. Complexity of BFS algorithm is ................ if graph is represented as adjacency

list (WBUT 2006, 2015]
a) ® (n+e) b) @ (n%) c) © (log n) d) ®(n+elogn)

Answer: (a)

2. BFS on a graph G = (V, E) has running time (WBUT 2010, 2016]
a) O(|V|+|E|) b) O(|V]) c) O(|E|) d) none of these

Answer: (a)

3. Which of the following is useful in traversing a given graph using BFS?
[WBUT 2011]
a) stack b) linked list c) array d) queue
Answer: (d)

4. The diagonal of the adjacency matrix of a graph with a self-loop contains only
[WBUT 2011]

a) 1 b) 0 c) -1 d) =
Answer: (b)

5. Level order traversal of a rooted tree can be done by starting from the root and

performing [WBUT 2013]
a) depth first search b) breadth first search
c) pre-order traversal d) in-order traversal

Answer: (b)

6. An undirected graph G with n vertices and e edges is represented by adjacency
list. What is the time required to generate all the connected components?
[WBUT 2014)
a) O(n) b) O(e) c) O(e + n) d) O(e%)
Answer: (¢)

7. An adjacency matrix representation of a graph cannot contain information of
a) nodes b) edges (WBUT 2014)
c) direction of edges d) parallel edges

Answer: (d)
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8. The data structure required for Breadth First Traversal on a graph is

(WBUT 2014]
a) queue b) stack C) array d) tree
Answer: (a)
9. BFS on a graph has running time [WBUT 2014]
a) O(IV| +|E))  b)O(IV]) c) O(|E|) d) O(IV7))

Answer: (a)

Short Answer Type Questions

1. Compare and contrast: Depth-first-search and Breadth-first search.
[WBUT 2004, 2007, 2012, 2017]

Answer:
Compare:
e Both BFS and DFS traverse or visit all the vertices of a connected graph.

e Both BFS and DFS are applicable on spanning tree, paths and cycles of
conneceted graphs.

Contrast:

DES | BFS
I. DFS cannot find a shortest path between two | 1. BFS finds the shortest path between two
vertices. | vertices of a graph,
2. DFS wvisits all nodes on path lirst and | 2. But BFS 1s termunated 1l it reaches end ol a
Backlrack when path ends. | path 1n a graph.
3. In casce ol DFS we use slack operation. | 3. Tomplement BFS we use queue structure

4. DFS can represent back edge i.e. an edge | 4 BFS can represent the cross edge, i.e
from descendent to ancestor, |.et back edge( v, | cross_edge (v, w) denotes that w 1s in the
w) denote that w 1s an ancestor of v In the tree of | same level as v or in the next level in the tree
discovery edges where v and w are two vertices | of discovery edges where v and w are two
of the graph vertices of the graph.

2. Describe Floyd’s algorithm for all pair shortest path problem. Find its time

complexity. [WBUT 2005, 2011]
OR

Write down Floyd's algorithm to find all pai'red shortest paths of a graph.
[WBUT 2017]
OR,

Write an algorithm for all pair shortest path also compute its complexity.
[WBUT 2018, 2019]
Answer:
Given a directed graph G = (V, E), where each edge (v, w) has a nonnegative cost
Clv, w], for all pairs of vertices (v, w) find the cost of the lowest cost path from v to w.
Floyd's algorithm takes as mput the cost matrix C|v, w]
e (Clv,w]=woif(v,w)isnotinE
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It returns as output
e a distance matrix D[v, w] containing the cost of the lowest cost path from v to w
and initially D[v, w] = C[v, w]
e a path matnx P, where P|v, w] holds the intermediate vertex k on the least cost
path between v and w that led to the cost stored in D[v, w].
We iterate N times over the matrix D, using k as an index. On the k-th iteration, the D
matrix contains the solution to the All pair shortest path problem, where the paths only
use vertices numbered | to k.
On the next iteration, we compare the cost of going from 1 to | using only vertices
numbered 1.k (stored in D[1)]| on the k-th iteration) with the cost of using the k+1th
vertex as an intermediate step, which 1s D[ k+1] (to get from 1 to k+1) plus D[k+1] (1o
get from k+1 to)).
I this results in a lower cost path, we maintain it,
After N 1terations, all possible paths have been examined, so D|v, w| contains the cost of

the lowest cost path from v to w using all vertices 1f necessary.
Algorithm
FloydAPSP (N, C, D, P)
\
for 1«0 to N do

f
for) <0t Ndo
i

1
D{ilj] « Clillj}
} Pli]lj] « -1
DIi||i] « 0.0

f
for k « 0Oto N do

i
for1 <« 0toNdo

!
for)« 0t Ndo

\
i ((D[i][k] + DLKIOT )= DA]I0] ) then

\
DD < DOjk] + Dik]0]
Pli][)] < k
}
|
!
I

)
The complexity of the above algorithm depends upon two nested for loops. First one 1s

executed at most n’ time. Another nested for loop has three inner for loop and the total
execution time is n’. So, the complexity of the above algorithm is O (n’).
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3. Find out the minimum cost spanning tree using any algorithm: [WBUT 2007]

Answer:
Applying Kruskal’s Algorithm,

In step 6 we get the mimimum cost spanning tree by kruskal’s method and the mimimum
cost 15 99.

DAA-86



DESIGN AND ANALYSIS OF ALGORITHM

4. Write down the difference between Prim’s algorithm and Kruskal’'s algorithm.

[WBUT 2007, 2017]
Answer:
\ Prim’s Kruskal's I
Compare Compare
|. Find the minimum cost spanning. |. Find the mimnimum cost spanning.
2. Generate the minimum cost spanning | 2. Generate the minimum cost spanning
tree from a graph. tree from a graph.
Contrast Contrast
|. Generate the minimum cost spanning | 1. Generate the minimum cost spanning
tree starting from a root node. tree starting from a lcast weighted
2. Selection of edges must be adjacent untraverse non cycle forming edge.
to the tree which 1s already created. 2, The sclection of edges may be
discrete.

5. Explain the max-flow min-cut theorem with an example. [WBUT 2012, 2013, 2015]
OR,

State the Max-flow min-cut theorem for network flow analysis. [WBUT 2014]

Answer:

It f1s a flow 1n a tlow network G = (V, E) with source s and sink ¢z, then the following

conditions arc cquivalent:

I. f1s a maximum tlow 1n G.

2. The residual network (r secontains no augmenting paths.

3.|f1=cfS, T) tor some cut (S, 7) of G.

A flow f1in G with value | /| = 19. Only positive flows are shown. If f (u, v) > 0, edge
(u, v)1s labeled by [ (u, v) /e(u, v). (The slash notation 1s used merely to separate the flow
and capacity; it does not indicate division.) It f (u, v) =0, edge (u, v) 1s labeled only by its
capacity. :

A cut (S, T) in the flow network of Figure, where S = {s, vl, v2} and T = |v3, v4 1t |.
The vertices 1n S are black, and the vertices in T are white. The net flow across (S, T)1s f
(S, T )= 19, and the capacity 1s ¢(S, T ) = 26.
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6. Define Topological sorting. Write down the difference between Topological
sorting and DFS. [MODEL QUESTION]

Answer:

Topological sorting for Directed Acyclic Graph (DAG) 1s a linear ordering of vertices
such that for every directed edge uv, vertex u comes before v in the ordering. Topological
Sorting for a graph 1s not possible 1f the graph 1s not a DAG.

For example, a topological sorting of the following graph is “54 2 3 1 0", There can be
more than one topological sorting for a graph. For example, another topological sorting
of the following graph i1s “4 52 3 1 0”. The first vertex in topological sorting is always a
vertex with in-degree as 0 (a vertex with no incoming edges).

(5) (8

2] OO
O

Topological Sorting vs Depth First Traversal (DES):

In DFS, we print a vertex and then recursively call DFS for its adjacent vertices. In
topological sorting, we need to print a vertex belore i1ts adjacent vertices. For example, in
the given graph, the vertex *5" should be printed betore vertex “0°, but unlike DFS, the
vertex ‘47 should also be printed before vertex 07, So Topological sorting 1s different
from DFS. For example, a DFS of the shown graph 1s “5 2 3 1 0 47, but 1t 1s not a
topological sorting

1. Write any algorithm for performing BFS over a directed graph. Comment on the
time-complexity of your algorithm. [WBUT 2004, 2011]

Answer:

BFES traversal algorithm of a graph

In the BFS algorithm, we maintain a queue. When one or more than one vertices are
discovered, we can store them into the queue. 1.e., adjacent vertices of an explored vertex
are stored into the queue. Then we remove one vertex (say 1) from front position of the
queue and store the adjacent vertices of 1 at the end of the queue.

BFS(G, s)

{

Step 1 initialize vertices;

Step 2 Q = {s};

// Q 1s a queue; initialize to s

Step 3 while (Q not empty) then

{

Step 3.1 u = RemoveTop(Q);

Step 3.2 for each v € u-ad) do
{
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Step 3.2.1 Af (v—=color = = WHITE) then
Step 2.1.1 v—=color = GREY;
Step . v—=d = u—d + 1;

Step .
Step :
)
Step 3.3u->color = BLACK;
}

}

Enqueue(Q, v)

{

Step 1 if Q is full then

Step 1.1 return =-1;

Step 72 else

Step 2.1 Add adjacency vertices of v to Q;

)

Complexity of BFS() algorithm

e BEFS calculates the shortest-path distance [rom the source node
Shortest-path distance 6(s.v) = minimum number of edges fromsto v, or @ 1f v 1s
nol rcachable rom s

e BFS builds breadth-first rree, in which paths to root represent shortest paths in G
Thus we can use BFS to calculate shortest path from one vertex to another in
O( V]| + |E] ) ume

* The space complexity for BFS 1s equal to O(n) 1.e. the total space for keeping n

vertices in the memory

V—=p = u;
Enqueue (Q, v);

w L L Lo L
@ ® = - @
NN

= W o =

2. Write an algorithm for finding a minimum spanning tree of an undirected acyclic
graph. Estimate the time-complexity of your algorithm. [WBUT 2004, 2006, 2008]
OR,

Write an algorithm for finding the minimum spanning tree of a graph. Discuss its
time complexity. [WBUT 2009, 2016)
OR,

Write an algorithm to find a minimum spanning tree (MST) for an undirected graph.
Estimate the time complexity of your algorithm. [WBUT 2014, 2019]

Answer:

We can write either Prim’s or Kruskal’s algorithm for minimum cost spanning tree. Here
we define Prim’s algorithm.

A minmimum cost spanning tree T of an edge weighted graph G contains all the vertices of
G with total cost of the edges are minimum. It may not be unique.

Prim’s algorithm for minimum cost spanning tree
Input: A weighted, undirected graph G =(V, E, w).
Output: A mimimum cost spanning tree T.

Prim (V, E, w)

{
Step lInitialize treeT={};
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Step 2 Let r be a root vertex from V.
Step 3 r ¢ V;

Step 4 U = {r};

Step 5 while | U| < n do

{
Step 5.1 Find(u) € U and Find(v) € V-U

such that the edge (u, v) € E

Step 5.2 if ((u, v) is the least cost edge between

U and (U-~V)) then.

{

Step 5.2.1 T=7T Y {((u, v))

Step 5.2.2 U= U VY {wv}

}

)

)

Complexity

The spanning tree of the G = (V,E) has n number of nodes and (n-1) number of edges.
Now, in the above algorithm in Step 5.2.1 we have to put (n-1) number of edges in the set
T one by one. So 1t requires O(n) times. Similarly 1n Step 5.2.2 requires O(n) time to keep
n nodes in the set U,

Now, in Step 5.1, we are trying to lind out two nodes v and v from sets U and V-U and
each Find() requires O(1) time. In Step 5, the while loop 1s executed at most (n-1) times
and within the while loop there are instructions which are also exccuted n times. So the

execution time of while loop 1s 0{[11). |
So the time complexity of Prim’s Algorithm is O(n”).

3. a) Write down the Dijkstra’s algorithm for finding out the shortest path.
[WBUT 2008, 2011]

Answer:
Dnkstra's algonthm finds the shortest paths from a single source to all other nodes ot a

weighted digraph with positive weights, It solves the single-source shortest-paths
problem on a weighted, directed graph G = (V, E) for the case in which all edge weights
are nonnegative. So, we assume that w(u, v) = 0 for each edge (u, v) € E. Dykstra’s
algorithm maintains a set S of vertices whose final shortest-path weights from the source
s have already been determined. The algonithm repeatedly selects the vertex w € V- §
with the mimmimum shortest-path estimate, adds « to §, and relaxes all edges leaving «. In
the following implementation, we use a min-priority queue Q of vertices, keyed by their d
values.
DIJKSTRA (G, w, s)
{
INITIALIZE-SINGLE-SOURCE (G, s)
S—0
Q — VI[G]
while Q # 0 do
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U« EXTRACT-MIN(Q)
S« SU {u}
for cach vertex v € Adj[u] do

{
;

RELAX (u, v, w)

|
|
RELAX(u, v, w)
!
if d|v| = d|u] + w(u, v) then
\
dlv] < d[u] + w(u, v)
nfv] « u
|

iN ITIALIZE-SINGLE-SOURCE(G, s)
| for cach vertex v € V [G] do
{ d[v] « =
n|v] « NIL
} d}[sj «— 0

b) Prove that the time complexity of Dijkstra’s algorithm is
3(n=2)(n-1)/2=0(n"). [WBUT 2008, 2011]

Answer:

With adjacency matrix representation, the running time is O(n°) By using an adjacency
l1st representation and a partially ordered tree data structure for organmizing the set V - §,
the complexity can be shown to be O(e log n) where ¢ 1s the number of edges and n 1s the
number of vertices in the digraph.

4. Apply the KMP algorithm for the pattern p = “ababaca” and string
s = “bacbabababacaab”. Show every step. (WBUT 2013]

Answer:

[et us execute the KMP algorithm to find whether “p’
occurs in “S7,

Initally : n=si1ze of S= 15;

m = size of p=7
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Stepl:1=1,q=0
comparingp [ I Jwith §[ 1]
Stringbacbhabababacaab
Pattemababaca
P[1] does not match with S[1]. “p’ will be shified one position to the right.

Step2:1=2,q=0

comparingp | 1 | with §| 2 |
Stringbacbabababacaab
Pattemababaca

Step3:1—=3 .q~ |

comparing p[ 2 Jwith S[ 3] p[ 2 ] does not match with S| 3 ]
Stingbacbabababacaab
Pattemababaca

Backtracking on p , comparingp [ 1 Jand S[ 3 ]

Step4:1=4 _q=0

comparingp| 1 JwithS| 4 | p| | ]| does not match with S| 4 |
Stringbachbabababacaab
Pattemababaca

StepS:1=5.,q~0

comparingp [ 1 Jwith S[ 5]
Stringbacbabababacaab
Palcrmababaca

Step6:1=6,q~=1

comparingp | 2 Jwith §| 6 | p [ 2 | matches with S| 6 |
Strimgbacbabababacaab
Patternababaca

Step7:1=7,q=2

comparingp [ 3 |with S| 7 ] p | 3 | matches with S| 7 |
Strimgbacbabababacaab
Pattemababaca

Step8:1=8,q=3

comparingp | 4 |with S| 8 | p[ 4 | matches with S| 8 |
Strimgbacbabababacaab
Patternababaca

Step9:1=9 ,q=4
comparingp [ 5| withS[ 9] p[ 5 | matches with S| 9 |
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Stringbacbabababacaab
Patternababaca

Step 10: 1= 10,g9=5

comparingp [ 6 ]withS[ 10 ]p[ 6 ]doesn’ t matches with S[ 1 0]
Stringbacbabababacaab
Patternababaca

Backtracking on p, comparing p | 4 | with S| 1 0 | because atter mismatchq=n| 5| =3

Step11:1=11,q-4

comparingp [ S]withS[ 1 1]
Stringbacbabababacaab
Paltcrmababaca

Step12:1=12.,q=5

comparingp [ 6 ]withS[ 12 ]p[ 6] matches withS[ 1 2]
Stringbacbabababacaab
Paltcrmababaca

Step 13:1=13 ,q=6
comparingp | 7 JwithS| 13 |p| 7 | matches with S| 1 3 |
Stringbacbabababacaab
Pattemababaca
pattern “p” has been found to completely occur in string *S’. The total number of shilts
that took place for the match to be found are: 1 — m = 13-7 = 6 shufts.

5. a) Write the string matching algorithm due to Knuth, Morris and Pratt. Analyze
its time complexity. (WBUT 2014]
OR,

Write Knuth-Morirs-Pratt algorithm for string matching problem. [WBUT 2015]

Answer:
KMP-MATCHER/(T, P)
n=length|T |
m = length[P]
n=COMPUTE-PREFIX-FUNCTION(P)
q = 0 // Number of characters matched.
fori« 1 ton // Scan the text from left to right.
dowhileg=0andPlg+ 1] & T[]
do q==xlq] // Nextcharacter does not match.
ifP[q+1]=T]
. theng=q + | //Next character matches.
10 ifqg=m // 1s all of P matched?
11 then print “Pattern occurs with shift” 1 = m
12 q = n|q] //Look for the next match.

COMPUTE-PREFIX-FUNCTION(P)

O 00 =) N B b e
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1 m e« length| P|

2 ml|«0

3 ke«0

4 forg« 2tom

S do while £ = O and Plk+ 1] # Plg|
6 do k « xlk]

7 if Plk+ 1] = Plq|

8 then k «— &k + |
9 lq] —k

10 return x

Running-time analysis

We begin with an analysis of the running times of these procedures. Proving these
procedures correct will be more complicated.

The running time of COMPUTE-PREFIX-FUNCTION is © (m), using the potential
method of amortized analysis. We associate a potential of k with the current state k of the
algorithm, This potential has an initial valuc of 0, by linc 3. Linc 6 deercases k whenever
it 1s executed, since n|k| < k. Since xn|k| = 0 for all k, however, k can never become
ncgative. The only other hine that affects k 1s linc 8, which incrcases k by at most onc
during each execution of the tor loop body. Since k < q upon entering the for loop, and
since g 1s ineremented in cach iteration of the for loop body, k < g always holds. We can
pay for each execution of the while loop body on line 6 with the corresponding decrease
in the potential function, since nfk] < k. Line 8 increases the potential function by at most
one, so that the amortized cost of the loop body on lines 5-9 1s O(1). Since the number of

outer-loop iterations is ® (m), and since the final potential function is at lcast as greal as
the imual potential function, the total actual worst-case running time of COMPUTE-
PREFIX-FUNCTION is @ (m). A similar amortized analysis, using the value of g as the
potential function, shows that the matching time of KMP-MATCHER is ©(n).
Compared to FINITE-AUTOMATON-MATCHER, by using & rather than 8, we have
reduced the time for preprocessing the pattern from O(m [ X [) to @ (m), while keeping
the actual matching time bounded by © (n).

b) Trace the execution of Ford-Fulkerson algorithm for finding the maximum flow
in the following graph. 12 [WBUT 2014)
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Answer:

(a)

(b)

(c)

(d)

The execution of the basic Ford-Fulkerson algorithm: (a)—(d) Successive iterations of the
while loop. The left side of each part shows the residual network G, from lin¢ 4 with a
shaded augmenting path p. The nght side of each part shows the new flow f that result
from adding [, to /. The residual network in (a) 1s the input network G. (¢) The residual
network at the last while loop test. It has no augmenting paths, and the flow f shown In
(d) 1s therefore a maximum low.

6. Describe the Depth first search algorithm for a given graph and explain its time
complexity. o [WBUT 2016]
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Answer:
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DESIGN AND ANALYSIS OF ALGORITHM

In the above figure, the progress of the depth-first-search algorithm DFS is shown step by
step on the given graph. As edges are explored by the algorithm, they are shown as either
shaded (if they are tree edges) or dashed (otherwise). Non-tree edges are labeled B, C, or
F according to whether they are back, cross, or forward edges. Timestamps within
vertices indicate discovery time/finishing times.

The tollowing pseudocode is the basic depth-first-search algorithm. The input graph G
may be undirected or directed. The vaniable time 1s a global variable that we use for

timestamping.

DES(G)

| for each vertexu € G.V

2 u.color = WHITE

3 u. 7 =NIL

4 time= ()

5 for each vertex ue GV

6 if u.color==WHITE

7 DFS-VISIT.G: v/

DES-VISIT(G, u)

| time — time + 1

2ud time

3 ucolor= GRAY

4 for each ve G._4dj|u]

5 if v.color==WHITE
6 Vv.TI=u
7 DES-VISIT (G, v)

8 u.color = BLACK

O time =time + |

10 uf=time

The loops on lines 1-3 and lines 5-7 of DFS take time (1), exclusive of the ume to
execute the calls to DFS-VISIT. The procedure DES-VISIT 1s called exactly once for
each vertex v € J _ since the vertex u on which DFS-VISIT 1s invoked must be white and
the first thing DFS-VISIT does 1s paint vertex u gray.

During an execution of DFS-VISIT (G.v), the loop on lines 4-7 executes | Adj|v]|times.
Since,

| Adjv]|= ©(E)

vl

The total cost of executing lines 4-7 of DFS-VISIT i1s ©@(£). The running time of DFS is
therefore ®() + E) .
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7. Find the minimum cost spanning tree using Prim’s algorithm for the graph given
below. Write down the complexity of Prim’s and Kruskal's algorithm.
[WBUT 2017)

Answer:

Minimum cost spanning tree (MST) ot the graph
There 1s no weight between node 1 and node 2. So, we assume that it 1s 3 and node 1 18
the starting node.

6

The cost is = 2+2+6+3+3 =16

Complexity of Prim’s and Kruskal’s algorithm:

Time Complexity of the Prim’s algorithm is O(V~). If the input graph is represented using
adjacency list, then the time complexity of Prim’s algorithm can be reduced to O(FE log V)
with the help of binary heap. The performance of Pnm’s algorithm depends on how we
implement the min-priority qucue Q.

Time Complexity of the Kruskal's algonthm 1s O(ElogE) or O(Elog)’). Sorting of edges
takes OfELogk) time. After sorting, we 1terate through all edges and apply find-union
algorithm, The find and union operations can take at most OfLogl) tume. So overall
complexity is O(ELogE + ELogV) time. The value of E can be at most O(1~), so O(LogV’)
are OfLogE) same. Therefore, overall time complexity 1s O(ElogE) or O(ElogV).

8. Write short notes on the following:

a) Dijkstra’s Algorithm [WBUT 2013, 2018, 2019]
b) Kruskal's algorithm for finding MST [WBUT 2014]
¢) Minimum spanning tree [WBUT 2015]
d) BFS and DFS [WBUT 2015, 2017, 2019]
e) Ford - Fulkerson algorithm [WBUT 2017, 2018]
Answer:

a) Dijkstra’s Algorithm:
Refer to Question No. 3(a) of Long Answer Type Questions.
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b) Kruskal’s algorithm for finding MS'T:
Refer to Question No. 3 of Short Answer Type Questions.

¢) Minimum spanning tree:
A spanning tree of a graph G =(V, E)is a connected subgraph with |l--"‘—1 edges

spanning all of V. The cost (or weight) of a tree 1s the sum of the length of the edges in
the tree. A minimum spanning tree (MST) 1s a spanning tree with mimimum cost. It 1s
well known and casy to show that a spanning tree can be found in polynomial time, If W*
denotes the weight (cost) of the mimimum spanning tree, then we must have
W#*< L*since deleting any edge from the optimal tour results 1n a spanning tree.
The mmimum spanning tree can be used to find a feasible traveling salesman tour mn
polynomial time,
Two methods are there tor finding the mimimum cost spanning tree of a weighted graph
(i

1. Pnim’s Algonthm

2. Kruskal’s Algorithm

Kruskal’s Algorithm: Examines edges in mondcecrcasing order of their Iengths and
include them in MST if the added edge does not form cycele with the edges alrcady
chosen. The proof of the algorithm uses the path potimality conditions. Attractive
algorithm 1 the cedges are alrcady sorted in incrcasing order of their lengths. The
precedure of Kruskal’s algorithm 1s shown in figure below.

(a)agrapG = (V,E )and weight wy, V(i j) e V

~ Fig: A small-scale example of MST
Procedure: Kruskal's Algorithm . y

Input: graph G =(V,E), weight w,_ V(i j)eV
Output: spanning tree T

Begin

I« ¢;

A« E; //A: ehgible edges

While |7 <[V'|-1do

Choose an edge (u, v) <« argmin {wg

(i,/)e A} :
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A« A\{{u,v)};

output spanning tree T,
end

d) BFS and DFS:
Breadth first search algorithm:
. Select an unvisited node v, visit it, have 1t as a root in a BFS. Its level 1s called the
current level.

2. Form each node x 1n the current level, in the order imn which the level node were
visited. Visit all the unvisited neighbours of x. The newly visited nodes from this
level form a new level. This new level becomes the next current level.
Repeat step 2 for all the unvisited vertices.
4. Repeat form step 1 until no more vertices are remaining,

Step 1:

s

We wall start search
from node A. Insert
A in the quene

Adjacent nodes 1o A will be
obtained and wall be mserted
i the Q. Dekete A from Q
and print it




Step S

As there is no unvisited node
remaining we will delete the
vertices [rom queue and print

Henee we geta sequenceas A, B, C, D, E F, G, H.

Depth first search traversal
1. Select an unvisited node v, visit it and treat it as current node.

2. Find an unwvisited neighbor of the current node, visit 1t and make 1t as new current

node.
3. I current node has no unvisited neighbours back track to 1ts parent and make 1t a new

current node.
4. Repeat the step 2 and 3 until no more nodes can be visited.

5. Repeat from step | for the remaining nodes.
For example: Step 1:

We will start search
from node A. We
will start searching
i depth  first
Mmanner.
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Step 3:
A-B-C

Step 4
A-B-C-I

Slep 5:
A-R-C-F-F
Now, there 15 nmo
rcachable node  further
hence we will pop the
nodes and scarch for a
node from which we can
roceed.

Step 6
A-B-C-F-F-A-D

Slep 7

Hence we obtain DFS sequence as A, B, C, F, E, D, G, H.
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¢) Ford —Fulkerson algorithm:

Each iteration of the Ford-Fulkerson method, we find some augmenting path p and
increase the flow [ on each edge of p by the residual capacity ¢4p). The following
implementation of the method computes the maximum flow in a graph G=(V.E) by
updating the flow flu, v] between each pair (u,v) of vertices that are connected by an
edge. If u and v are not connected by an edge 1n either direction, we assume implicitly
that fJu,v/=0. The capacities ¢(u,v) are assumed to be given along with the graph, and
c(u,v)=0 1l (u,v)e E The residual capacity ¢u,v) 1s computed in accordance with the
formula

cifu, v)= cfu, v) — flu,v).

The expression ¢,fp) in the code 1s actually just a temporary variable that stores the
residual capacity of the path p.

FORD-FULKERSON(G,s, 1)

1 for cach cdge (u, v) € E|G]

2 do f|u, v]«< 0

3 fv, ul <0

4 while there exists a path p from s to 7 in the residual network Gr
S do ¢i(p) «— min {cdfu, v) : (u, v)1sin p}

6 for each edge (v, v)n p

7 do ffu, v] « fu, v] + ¢Ap)

3 JLv, u] < —flu v

The FORD-FULKERSON algorithm simply expands on the FORD-FULKERSON
METHOD pseudocode given earlier. Lines 1-3 mitialize the tlow f to (. The while loop
of lines 4-8 repeatedly finds an augmenting path p in (G, and augments tlow f along p by
the residual capacity ¢fp). When no augmenting paths exist, the flow f1s a maximum
flow.

9. Given a flow network G = (V, E), let f; and f; be functions from V x V to R. The
flow sum f, + f; is the function from V x V to R defined by (f; + f;)(u, v) = fy(u, v) +
fa(u, v) forallu, v € V. If f;, and f; are flows in G, which of the three flow properties
must the flow sum f, + f, satisfy, and which might it violate? [MODEL
QUESTION)]

Answer:

The Mow sum (I, + ;)satishies skew symmetry and flow conservation, but might violate
the capacity constraint.

We give proofs for skew symmetry and tlow conservation and an example that shows a
violation of the capacity constraint.

Let F(u, v)=(f, = 5)(u, v).

For skew symmetry:

f(u, v)=1(u,v)+fiu,v)

=— (v, u) = f>(v, u) (skew symmetry)
=~ (fi(v, u) + fy(v, u))
=—=f{v,u).
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For flow conservation, letu € V ={s, 1}:

Zf(u,v) = Z(j] (1.v)+ f, (u,v_))

vel vel

- Zf, (u,v)+z_f: (u,v)

vel vel
=0+0 (flow conservation )
=0
For the capacity constraint, let V= {s t}, E = {(s, 1)}, and c(s, t) = 1.

Let Ih(s, t=I5(s, t)=1. Then [, and I; obey the capacity constraint, but (I, + [3)(u, v)=2,
which violates the capacity constraint.

10. Let f be a flow in a network, and let a be a real number. The scalar flow product,
denoted af, is a function from V x V to R defined by (a f)(u, v) = a - f (u, v).

Prove that the flows in a network form a convex set. That is, show that if f, and f;
are flows, thensoisaf, +(1-a)f;forallaintherange 0 S a £ 1.

[MODEL QUESTION]
Answer:
To see that the tlows torm a convex set, we show that 1f t;, and t, are tlows, then so 1s «
(+(l=a)flforallasuchthat 0 <a <1,
For the capacity constraint, first observe that a = | implies that 1 — a = 0. Thus, for any u,
veV,
We have,afj(u,v) +(l —a)f(u,v)= 0. fi(u,v) +0.(]l —a)fiu, v)=0.
Since My, v) < ¢(u, v) and 2(u, v) < ¢(u, v), we also have
afi(u,v)+ (1l —a)f2(u v)=ac(u, v) + (1 —a)c(u, v)
=(a+ (1 —a))(u, v)=c(u, v).
For skew symmetry, we have [(u, v) =—1,(v, u)
and I(u, v)=—ly(v,u)foranyu, v e V.
Thus, we have
afi(u, v) + (I —a)ti(u, v) = —af(v,u) ~ (1 — a) f2(v,u) = ~(a f(v,u) + (1 — a) t2(v, u))

13. Write the Rabin-Karp algorithm and analysis the complexity.

[MODEL QUESTION]
Answer:
Algorithm:
The following procedure makes these ideas precise. The inputs to the procedure are the
text 7, the pattern P, the radix d to use (which is typically taken to be | X |), and the prime
g L0 use.

RABIN-KARP-MATCHER (T, P, d, q)
| n « length|T |

2 m +— length| P)

3 he—d 'modg
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Rl pe0

5 [y + ()

6 fori« ltom // Preprocessing.

7 dop « (dp+ Pli |) mod g

8 10 « (d0+ T|i |) mod ¢

9 fors« Oton—m /Matching.

10 doifp=1is

11 thenif P[1 . .m]=T[s+1..5+m]

12 then print “Pattern occurs with shift” s
13 ifs<n—m

14 then s+l «— (@dits—T[s+ 1)+ T[s+m+ 1])mod g

Rabin and Karp have proposed a string-matching algorithm that performs well in practice
and that also generalizes to other algonthms for related problems, such as two-

dimensional pattern matching. The Rabin-Karp algorithm uses © (m) preprocessing time,
and its worst-case running time 1s ® ((n—m+1)m).
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TRACTABLE AND INTRACTAELE PROEBLEMS

% Chapter at a Glance

e  P-NP Class:
Deterministic algorithm: An algonithm having a property that the result of every operation 1s
uniquely defined 1s called a deterministic algorithm,
Non-Deterministic Algorithm: An algonthm containing certain operation whose outcomes
are not uniquely defined but are limited to specified set of possibilities, 1s called a non-
determumstie algonthm.
The P versus NP problem s 0 determuine whether every language accepled by some
nondelermumstuce algorithm in polynomual ume 1s also accepled by some (determimstic)
algonthm 1n polynomal me.

¢ NP- Complete problem:
The NP-Complete problems are an mteresting class ol problems whose slatus 1s unknown.
The properties ol NP-Complele problem are:
—  No polynomual-lime algonthm has been discovered lor solving an NP-Complete problem
—  No polynomual lower bound i respect of ime overhead has been proved lor any NP-

Complete problem.

Multiple Choice Type Questions

1. Which one is true of the following? [WBUT 2008]
a) All NP hard problems are NP compete
b) All NP complete problems are NP hard
c) Some NP complete problem are NP hard
d) none of these
Answer: (b)

2. Traveling salesman problem belongs to (WBUT 2009]
a) P class b) NP class c) NP- Hard d) NP-complete class

Answer: (d)

3. Consider the following statements: (WBUT 2009]
NP hard problem is a subset of NP complete problem.
Which of the following alternatives is true.
a) I- True, lI-False b) Both True
c) Both False d) |- False, lI- True

Answer: (d)

DAA-106



4. Which one is true of the following? [WBUT 2010, 2013)
a) All NP hard problems are NP complete
b) All NP complete problems are NP hard
c) Some NP complete problems are NP hard
d) None of these

Answer: (b)

5. Travelling Salesman Problem is [WBUT 2012, 2013]
a) NP Hard b) NP c) NP Complete d) none of these
Answer: (a)

6. Which one is true of the following? [(WBUT 2014]
a) all NP hard problems are NP complete
b) all NP complete problems are NP hard
c) some NP complete problems are NP hard
d) none of these
Answer: (c)

Short Answer Type Questions

1. Define classes P, NP and NP complete. [WBUT 2008]
Answer:

Class P and Class NP:

Refer to Question No. I(a) of Long Answer Type Questions.

Class NP complete:
Refer to Question No. I(c) of Long Answer Type Questions.

2. Describe circuit satisfiability problem and prove that circuit-SAT is in NP.
[WBUT 2008]
OR,
Define circuit satisfiability problem and prove that circuit SAT is in class NP.
[WBUT 2014]
Answer:
Proving that circuit-SAT 1s in NP, The algonthm V() takes in mput the description of a
circuit C and a sequence of n Boolean values x, . x5...., x, and V (C, x,,..., x,) = C(x4,...,
X, ). 1.¢. V simulates or evaluates the circunt.

Now we have to prove that for every decision problem A in NP, we can find a reduction
from A to CSAT. This 1s a difficult result to prove, and 1t 1s impossible to prove it really
formally without introducing the Turing machine model of computation. We will prove
the result based on the following fact, of which we only give an informal proof.
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Suppose A is a decision problem that 1s solvable in p(n) time by some program P, where
n 1s the length of the input. Also assume that the mput 1s represented as a sequence of
bits.

Then, for every fixed n, there 1s a circuit C,, of size about

O((p(n)’).(log p(n))”")

such that for every mnput x = (x,,..., X,) of length n, we have

A(x) = Ca(x1,..., Xn)

That 1s, circuit C, solves problem A on all the inputs of length n.

Furthermore, there exists an efficient algorithm (running in time polynomial in p(n)) that
on mnput n and the description of P produces C,,.

3. Describe Clique Decision Problem (CDP). [WBUT 2009, 2012]
Answer:

A Cligue Decision Problem (CDP) in an undirceted graph G = (V, E)1sasubscet 17 V
of vertices, each pair of which 1s connected by an edge 1n £. In other words, a clique 1s a
complete subgraph of . The size of a clique is the number of vertices it contains, The
clique problem 1s the optimization problem of finding a clique of maximum size 1n a
graph, As a dccision problem, we ask simply whether a clique ol a given size k exists in
the graph. The formal definition 1s

CLIQUE = {{G, k) : G 1s a graph with a clique of size k}.

A [ algorithm for determining whether a graph G = (V, E) with || vertices has a clique of
siz¢ k 18 1o list all k-subscts of V', and check cach onc to see whether it forms a clique.
The running time of this algorithm is Q(k’("'Cy)), which is polynomial if & is a constant.
In general, however, & could be near [V], in which case the algorithm runs in super-
polynomial time. As one might suspect, an efficient algorithm for the clique problem 1s
unlikely to exist. K.

4. What do you mean by non-deterministic algorithms? [WBUT 2009, 2012, 2016)
OR,
What is nondeterministic algorithm? Explain with example. [WBUT 2014]

Answer:

In the theory of computation, a nondeterministic algorithm 1s an algonithm with one or
more choice points where multiple different continuations are possible, without any
specification of which one will be taken. A particular execution of such an algorithm
picks a choice whenever such a point 1s reached. Thus, different execution paths of the
algorithm arise when 1t 1s applied to the same mput / imitial state, and these paths, when
they terminate, generally produce different output / end in different final states.

It 1s not random, as in randomized algorithm, or indeterminate. Rather it has the super
computational characteristic of choosing the optimal behavior. Conceptually, a
nondeterminmistic algorithm could run on a deterministic computer with an unlimited
number of parallel processors. Each time more than one step 1s possible, new processes
are nstantly forked to try all of them. When one successfully fimshes, that result 1s
returned. Thus, the computation 1s as fast as 1f it always chooses the rnight step.
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This notion is defined for theoretical analysis. Nondeterministic algorithms compute the

same class of functions as deterministic algorithms, but the complexity may be much

less. Every nondeterministic algorithm can be turned minto a deterministic algorithm,

possibly with exponential slow down.

Such an algorithm has three phases

~  Nondeterministic “guessing” phase: In this phase arbitrary string, s, 1s wrntten
starting at some place in memory (s may differ for cach time it 1s run)

~  Deterministic “verifying” phase: In this phase a normal algorithm will consider the
input to the decision problem & s may return true/false.

~  Qutput phase: It verifies phase outputs. If 1t 1s then output 1s true; else no output.

Example:

Merge Sort,

Spanning Tree

5. Show that 2SAT is in P but 3SAT is NP-complete. [WBUT 2010]
Answer:
2SATisin P
To show that 2SAT < P, we outline a polynomial time algorithm for solving 2SAT.
The idea 1s 1o construct a dirceted graph G(F) = (V, E) with
(1) V= {x, x| F contains the hicral x}
(M E={x,y)(y.x)[(x vy eF} c(VxV)
We interpret the (directed) edges of G as implications. Because of the following
equivalence

XV Yy=(X—=y)A(y—x)
An assignment of F corresponds to an assignment of 6. An assignment 1s satisfying 1ff no
implication modeled through an edge 1s violated. G is satisfiable ifT for no x there exists a
path from x to x or from x to x in G. In other words: in order 1o be satislying, x must not
imply x, and x must not imply x.

Thus, the following algorithm solves 2SAT (with input size n = |F|):
1) Construct the graph G(F), which has O(n) vertices and edges.
2) For cach variable x, scarch a path from x to x . Effort: O(n°)

3) If no such paths exist, return "yes’, otherwise return 'no’
This algorithm has complexity O(n”).

3SAT is NP-complete
A version of the SAT problem in which every clause has 3 literals 1s called 3SAT.
[et the given instance of SAT contain the collection C = {¢, €3, . .., ¢t Of clauses over

the vanables U = {u,, us, . . ., u,}. We construct a collection C; of 3 literal clauses over
the vanables U, which consist of the original variables plus sets of additional variables as
follows:
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Replace each clause ¢, € C by a collection of 3 literal clauses over the variables which
appear 1n ¢; plus some additional variables which appear only in these 3 literal clauses.
The exact procedure depends on the number of literals in ¢,.

Letc; € C be given by {z,, z5, . . . , zy |} where the z;’s are literals over U.

Ifk=1c¢, = {2}, use two additional vanables {v,,, v,2}. Form the collection

(‘;; {{zlp }'illg }"1;}, {?-In }f:_h }"IZ}_! {Z], }',l__l*_l yl,:‘-}t {?‘h Y:.h }II.I}}
k=2c¢, = {7, 7>}, usc onc¢ additional variable {vy,,}.
Form the collection C, = {{z, 2, Yi1}, {71, 72, Yir }}

k=3¢, = {z,, Z2, z;}. No additional vanables. ('_'; =C;.
k > 3 Use the additional vanables {v;, vi2, ..., Vix-:{. Form the collection

(--'; = M Z1.Z2, Virfs tYi1s Z3, Vi ds 1Vi2s Zas Yids AVits Zs, Viafs - - 5 Yik-3s Zu-15 Zicy §

To show that this procedure forms a polynomial reduction, firstly we observe that the
number of 3 literal clauses in €' is bounded by a polynomial in nm which Icads to the
procedure being a polynomial time one. Secondly, whenever C is satistiable, then the ("

clauses formed 1n the cases k = 3 are automatically satisfied (for arbitrary assignment of
any additional varniables) while in the casc k = 3

(a) Il 2, or 7, 18 truc, assign all additional variables the truth value “lalse”, In this casc,
the first literal in each relevant clause 1s true.

(b) IT 7,y or 7, 1s truc, assign all additional varables the truth value “true”. In this case,
the third literal in each relevant clause 1s true.

(¢) Otherwise, 1 7, 18 true, assign y;; the value “true™ when 1 <)< 1 — 2 and the value
“false” when 1 — 1 = j £k — 3. In this case, the third literal in each relevant clause
preceding the one which includes z, 1s true while the first literal in each relevant
clause succeeding the one which includes 7 18 true.

Thus all the clauses in C' are satisfied. Conversely, if all the clauses in C' are satisfied

by an truth assignment to " (which includes the original variables), then C is satisfied

by the same truth assignment restricted to U.

Thus we conclude that C' is satisfied if and only if C is satisfied.

6. Show that 3-colouring problem is NP-complete. [WBUT 2010]
Answer:

(1) 3-Coloring 1s in NP because for cach node a color from (1, 2, 3). Check 1f for cach
edge (u, v), the color of « 1s different from that of v

(2) Reduce 3-SAT 1o 3-COLORING.

(3) Given a 3-SAT formula of m clauses on n vanables x, X,,....X,,

We construct a graph G as follows. We have
(a) a vertex v; for each vanable x;.
(b) a vertex v," for the negation of each varnable x;,
(¢) 5 vertices J;-)s for each clause .
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(d) 3 special vertices: T, F, R
We would like T, F, and R to be forced to different colors, so we will add edges between
them to form a tnangle. For the remaining nodes, and node that 1s colored the same color
as T/F/R will be called colored TRUE/FALSE/RED., respectively.
We would like the edges to enforce the constraints on satisfying assignments.

Constraint: For all 1, exactly one of v; and v;" 1s colored TRUE and one 1s colored
FALSE.

Edges: for each 1, form a tnangle between v;, v;', and R.
Constraint: For cach clause J, at lcast onc of the literals in the clause 1s colored TRUE.
Edges: for each clause ), say = (x; or not(x;) or x; ), we have the following gadget.

vi —==j1
| \
| j3---74
| / |\
vi'==-=32 | T
|/
) " —— i5

Claim: If cach of v,, v;', and v, 15 colored TRUE or FALSE, then gadget 1s 3-colorable 1T
at least one of v;, v;", and v, 1s colored TRUE.

Proof: If v;, v{', and v, are all colored false, then we are torced to the tollowing colors:

F —-——jl
|\
| §3--- F
| / |\
F =-=--32 | T
|/
F ——eee—————— R

But then j,, )2, Js all must be colored difterent colors and NONE can be colored F, so
there 1s no legal coloring,

The remainder of the proot considers the 7 possible combinations of coloring v;, v;', and
vy such that at least one 1s colored TRUE and the rest are colored FALSE, and shows that
a; coloring exists in cach case,

As an example, 1f v, 1s colored TRUE but v; and v;' are colored FALSE, we have the
following legal 3-coloring:

F === T
'\
| F =—-—- R
| / \
F === R T
/
T —cemmme—aa- F

The other cases are similar and were presented in class. The construction takes
polynomial time. Follows from the above arguments thus 3-COLORING 1s NP-complete.
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7. State satisfiability problem. State Cook’s theorem in connection with P and NP
problem. (WBUT 2015]

Answer:
1 part:
SATISFIABILITY, or SAT, 1s a problem of great practical importance, with applications
ranging from chip testing and computer design to image analysis and software

engineering, It 1s also a canonical hard problem. Here's what an instance of SAT looks
like:

(xvyvz)xvy)yvI)(zvx)(xvyvT)

This 1s a Boolean formula in conjunctive normal form (CNF). It 1s a collection of clauses
(the parentheses), cach consisting of the disjunction (logical or, denoted v ) of scveral
literals, where a literal 1s either a Boolean vanable (such as x) or the negation of one

(suchas x).

A satisfving truth assignment 1s an assignment of talse or true to each vanable so that
cvery clausce contains a literal whose value 1s truc. The SAT problem 1s the following:
given a Boolean formula in conjunctive normal form, either tind a satistying truth
assignment or else report that none exists.

2™ part:

The Cook’s Theorem gives a prool that the problem SAT i1s NP-Complete, via the
technique ot showing that any problem in NP may be reduced to it.

Belfore proving the thecorem, we give a formal defimtion of the SAT problem
(Satistiability Problem): Given a Boolean formula ¢ in CNF (Conjuctive Normal Form),
1s the formula satishiable? In other words, we are given some Boolcan formula ¢ with n
Boolecan variables x1, x2, .. .. xn, @ =Cl AC2 A - - - A Ck, where cach of the Ci 15 a
clause of the form (1, V 1 V. .. V 1), with cach |; 15 a literal drawn from the set

(X, X X, . X, X, X, | We need to decide whether or not the exists some setting
of the x,,x,,...,x, that cause the formula ¢ to be satisfied (take on a Boolean 1 value of

true).
Cook-Levin Theorem: SAT is NP-complete.

Statement: Suppose L. 1s a NP problem, then L. has a polynomial time verifier V :
ILIFTXEL, Iwitnessy, V(x,y) =1

2.Ifx & L,Vwitnessy, V(x,y)=0

We can build a circuit with polynomial size for the verifier V, since the verifier runs in
polynomial time (note that this fact 1s nontrivial; however, it 1s left to the reader to venfty
that 1t 1s true). The circuit contains AND, OR and NOT gates. The circuit has |x| + |y|
sources, where x| of them are hardcoded to the values of the bits in x and the rest |y| are
variables.

8. What do you mean by chromatic number of a graph? (WBUT 2017]
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Answer:

The least number of color needed to color a graph 1s called its chromatic number. The
chromatic number, say X of a complete graph G 1s X(G) = d+1, where d 1s the degree of
the vertex. So if we consider a graph G 1s a complete graph, i1.¢., cach node i1s connected
to all other nodes of the graph then total number of colors required to color all the nodes
of the graph i1s d+1.¢c.g.,

&
gHA

In the above ligure cach graph like G1, G2, GG3 or G4 requires (d+1) colors to color all
the nodes, where d 1s the degree of each node.

9. Can we define Euler graph with SAT problem? [MODEL QUESTION]
Answer:

In the summer of 1735 L.conhard Euler, the famous Swiss mathematician, was walking
across the bridges of the East Prussian town of Konigsberg. After a while, he noticed n
[rustration that, no mattcr where he started his walk from, no matter how cleverly he
continucd, 1t was impossible o cross cach bridge cxactly once. And from this silly
ambition, the ficld of graph theory was born, Euler identified at once the map of the park
into a graph whose vertices are the four land masses (two 1slands, two banks) and whosc
edges are the seven bridges: Northern bank

Small Big
island island

Southern bank

This graph has multiple edges between two vertices. A feature we have not been allowing
so far in our discussion, but one that 1s meaningful for this particular problem, since each
bridge must be accounted for separately. We are looking for a path that goes through each
edge exactly once (the path 1s allowed to repeat vertices). In other words, we are asking
this question:

When can a graph be drawn without lifting the pencil from the paper?

The answer discovered by Euler 1s simple, elegant, and intwitive: If and only 1f (a) the
graph 1s connected and (b) every vertex, with the possible exception of two vertices (the
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start and final vertices of the walk), has even degree. This 1s why Konigsberg's park was
impossible to traverse: all four vertices have odd degree.

To put 1t in terms of our present concerns, let us define a search problem called EULER
PATH: Given a graph, find a path that contains each edge exactly once. It follows trom
Euler's observation, and a little more thinking, that this search problem can be solved in
polynomial time.

ong Answer Type Questions

1. a) Define the classes P and NP. [WBUT 2005, 2009, 2016)
Answer:

Class P:

Let A be an algonthm to solve a problem X. We say that A 1s deterministic 1f, when
presented with an instance of the problem X, it has only onc choice in cach sicp
throughout 1ts execution. Thus, 1f A 1s run again and again on the same input instance, 1ts
oulput never changes.

The class of decision problem P consists of those decision problems whose solution can
be obtained using a determimistic algorithm that runs in polynomial number of steps, 1.¢.,
in O( n") steps, for some nonnegative integer k, where n is the input size.

Class NP:

The class NP consists of those problems for which there exists a determimistic algorithm
A, which presents with a claimed solution to an istance of the problem. This 1s able to
verify its correctness in polynomial time. That s, 1 the claimed solution Icads to a yes
answer, there 1s a way (o verily this solution in polynomial tume. For example, in the
hamiltonian-cycle problem, given a directed graph G = (V, E), a certificate would be a
sequence vy, va, vi, ..., vin?  of |V] vertices. It is casy to check in polynomial time that
(vi,vi) € Efori=1,2,3, .., |V -1and that (v, v;) € E as well. Any problem in P 1s
also in NP, since if a problem 1s in P then we can solve it in polynomial time without
even being given a certificate, We will formalize this notion later in this chapter, but for
now we can believe that P € NP. The open question 1s whether or not P 1s a proper
subset of NP,

b) Discuss what you mean by Polynomial Reductions. [WBUT 2005, 2009, 2016)
Answer:

The root of NP-Completeness is reducibility. Informally, a problem P can be reduced to
another problem Q 1f any instance of P can be “easily rephrased™ as an instance of Q, the
solution to which provides a solution to the instance of P. This rephrasing 1s called
transformation. If P reduces to Q, P 1s “no harder to solve” than Q.

Suppose,
P1 : i1s an unknown problem (easy/hard ?)
P2 :1s known to be easy
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If we can reduce P1 to P2, that is, we can casily solve Pl using

P2 as a subroutine then P2 1s easy

One of the example of reduction 1s that solving linear equations 1s reducible to solving
quadratic equations.

e.g.,

P: Given a set of Booleans, 1s at least one TRUE.

Q: Given a set of integers.

Transtormation: (x,, X2, ..., X,) = (V. V2, ....¥,) where y, = 1 if x, = TRUE, y;, = 01f
x,= FALSE

c) Discuss diagrammatically the relations among P class, NP class, NP-hard and

NP-complete. [WBUT 2005, 2009]
OR,

Define classes P, NP, NP hard and NP-complete and also explain their relationship

diagrammatically. [WBUT 2014]
OR,

Define P-class, NP-class, NP-complete class and NP-hard class of problems. What

is the relation between them? [WBUT 2015, 2016)

Answer:

e Wc say that a decision problem Piis NP-complete if it 1s NP-hard and
* 1t1s also in the class NP itself.
= insymbols, P1i1s NP-complcte 1f P11s NP-hard and P1 € NP.
e Highly informally, 1t means that P1 1s one of the hardest problems in NP.
¢ So the NP-complete problems form a sct ol problems that may or may not be
intractable but, whether intractable or not, are all, in some sense, of equivalent
complexity,
¢ Ilanyonc ever shows that an NP-complete problem is tractable, then
* Every NP-complete problem 1s also tractable indeed,
= Every problem in NP 1s tractable and so P = NP,
e If anyone ever shows that an NP-complete problem 1s intractable, then
* Every NP-complete problem is also intractable and, of course, P # NP,
* So there are two possibilities as shown n figure:

’ NP P = NP

-

e We don’t know which the case 1s, but this gives Computer Scientists a clear line of
attack. It makes sense to focus efforts on the NP-complete problems; they all stand or
fall together.

P
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e So these sound like very significant problems in our theory.

2. Prove that CDP (Clique Decision Problem) is NP-Complete.
(WBUT 2006, 2009, 2012]

Answer:
To show that CLIQUE & NP, tor a given graph & = (V, E), we use the set " < I of
vertices in the chique as a certificate for (. Checking whether 17 1s a clique can be
accomplished in polynomial time by checking whether, for cach pair u, v € 17, the edge
(u, v) belongs to E.
We next prove that 3-CNF-SAT <, CLIQUE, which shows that the clique problem is
NP-hard. The reduction algorithm begins with an instance of 3-CNF-SAT. Let o = C, A
(s A - A Cp be a Boolean formula in 3-CNF with & clauses. For r =1, 2,..., &k, cach
clause C, has exactly three distinct literals 1,", 1,", and 1;" We shall construct a graph G
such that ¢ 1s satisfiable 1l and only 1 & has a clique of sizc k.
The graph G = (V, E) is constructed as follows. For cach clause (1,"v 1, vIi') in @, we
place a triple of vertices v,".v,', and v:' into J. We put an edge between two vertices v;'
and v;" 1l both of the following hold:

e v; and v;" are in different triples, that is, » # 5, and

o their corresponding literals arc consistent, that is, 1" is not the negation of' 17,
This graph can easily be computed from ¢ in polynomial time. As an example of this
construction, ifwec havep =(x; v v x3) A (Cx; v vxi) Alx) vx: vxs), then Gis
the graph shown in Figure below.

(’;—.1'1 V=aldaV=aly

C.= 1I| V.T: "-".T] (l;_.tl v .Tz v .1‘3

The graph G denived from the 3-CNF formula ¢ = C, A C, A C;, where
Cy=(x; v—x; v—;) Co=(—x) vx; vxs) and (5 = (x; v x; v x3), 1n reducing 3-CNF-
SAT to CLIQUE. A satistying assignment of the formula has x, = 0, x; = |, and x;, may
be either 0 or 1. This assignment satisfies C'; with —x,, and it satisfies C; and C; with x;,
corresponding to the clique with lightly shaded vertices.

We must show that this transformation of ¢ into & 1s a reduction. First, suppose that ¢
has a satisfying assignment. Then each clause C, contains at least one literal /" that is
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assigned 1, and cach such literal corresponds to a vertex v,’. Picking one such "true"
literal from each clause yields a set 17 of &k vertices., We claim that 17 1s a clique. For any
two vertices v,', v, € 17, where r # 5, both corresponding literals are mapped to 1 by the
given satistying assignment, and thus the literals cannot be complements. Thus, by the
construction of G, the edge (v,, v,") belongs to £

Conversely, suppose that & has a clique " of si1ze &. No edges in & connect vertices In
the same triple, and so J”* contains exactly one vertex per triple. We can assign 1 to cach

literal 1," such that v,” € V' without fear of assigning | to both a literal and its complement,
since (7 contains no cdges between inconsistent hiterals. Each clause 1s sausfied, and so ¢
I1s satisfied.

3. a) What is Non-deterministic algorithm? Differentiate between Deterministic and
Non-Deterministic algorithm.

b) Write algorithm to sort an array using Deterministic and Non-Deterministic
technique. Compare the two techniques and show that the time complexity of non-
deterministic technique is better than Deterministic.

c) Describe P class, NP class, NP hard and NP complete class and describe their
relationships. (WBUT 2011]
Answer:

a) Refer to Question No. 4 of Short Answer Type Questions.

b) There are many deterministic algorithm for sorting an array, quicksort 1s onc of them.,
The following procedures together form the quick sort algornthm.

QuickSort(A, p, r)
{
if o < r then
{
q «~ Partition (A, p, r);
Quick Sorxrt (A, p, q):
Quick Sort (A, g + 1, x):;
'
}

Algorithm for partition
Partition (A, p, r)
{
initialize xXx « A[pl:
1 - p=1l, 7 ~ r+l;
while (i1 < 3)
(
while (A[--37] > x)
{
while (A[++1] < x)

{
if (i < j) then
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s

}

Exchange (A[i], Al7]);:
)

return j;

)

Exchange(A, L, j)

{

P - All];
Ali] « A[7):
Al]] « p;

)

Partition selects the first key x «— A|p| as a pivot key about which the array 1s partitioned.
It x = A|p], A/p/ will move towards the left of the pivot, otherwise 1f x = A|p|, A|p] will
move towards the right of the pivot key x.

Complexity Analysis
e Best case

In the best case, the pivot is in the middle position of the array.

To simplhify the equations, we assume that the two sub arrays are each exactly
halfl the length of the oniginal one. So, we get Ti{n) = 27(n/2) + ¢n , ¢=0 conslant
( ndependent of n )and n =2 with T(1) = 1.

This 1s very similar to the formula for Merge sort, and a similar analysis leads to
I(n) = cn log,n + n which 1s O(n log » n).

e Average case: We assume that cach of the sizes of the lefl partitions are equally
likely, and hence each has probability 1/n.

With this assumption, the average value of T(1), and hence also o T(n—1-1), 18
(T(O) + T(1) + ... + T(n—1))/n

Naturally, our recurrence relation becomes

Tn)=2(TO) +T(1)+ ... + T(n—=1)Vn + cn

Multiplying both sides by n we find nT(n) = 2(T(0)+ T(1)+ ...+ T(n-1))+cn’
Substitution of n by n—1 gives

(n=1)T(n=1)=2(T(0) + T(1) + ... + T(n-2)) + ¢(n-1)’

Subtracting the last equation from the previous one, we get nT(n) — (n—1)T(n-1)
=2T(n-1)+2cn-c

Rearranging and ignoring constant ¢, we arrive at nT(n) = (n+1)T(n-1) + 2¢n
Division through out by n(n+1) gives

T(n)/(n+1)="T(n=1)n+ 2¢/(n+1)

Hence, T(n—1)n=T(n-2)/(n-1) + 2¢/n

Similarly T(2)/3 =T(1)2 + 2¢/3

Thus

T/ (n+=1)=T(1)2+2c(1/3+ %+ ...+ 1/(nt+]))
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* The sum in brackets is about log .(n+1) + y — 3/2, where y 1s Euler’s constant,
which 1s approximately 0.577.

=  So, T(n)/(n+1)=0O(log , n) and thus T(n) = O(n log , n)
e Worst case: In quick sort techmique, the worst case condition anses when the

clements of the array are already sorted.

* [f the pivot 1s always the smallest element, then always / =0

=  Weignore the term 7{0)=1, so the recurrence relation 1s T(n) = T(n—1) +¢n

* So, T(n-1)=T(n-2)+c(n-1) and so on until we get T(2)=T(1)+c(2)

» Substituting backwards, we get T(n) = T(1) +c(n+ ... +2) = O(n?)
It may be noted that this case happens 1f we always take the pivot to be the first element
in the array and the array 1s already sorted.
let Afi], 1<i<n,bc an unsorted array of positive integers. The nondcterministic
algorithm NSort(A, n) sorts the number into nondecreasing order and then outputs them
in this order. An auxihary array B[1:n] 1s used for conbience. Line 4 imtializes B to zcro
though any value ditterent from all the A|1] will do. In the for loop of lines 5 to 10, each
A[1] 1s assigned to a position in B, Line 7 nondcterministically determines this position.
Line 8 ascertaines that B|)] has not already been used. Thus, the order of the numbers in
B 1s som¢ permutation of the initial order in A, The for loop of lines 11 and 12 verifics
that B 1s sorted in nondecreasing order. A successtul completion 1s achieved 1f and only 1f
the numbers ar coutput in nondcercasing order. Since there 1s always a sct of choices at
line 7 for such an output order, algorithm NSort 1s a sorting algornithm. Its complexity 1s

O(n). All deterministic sorting algorithms must have a complecity Q(nlogn).

1 Algorithm NSort (A, n)

y. // Sort n p:_:n:;-tit_,ivif ir‘lt,{:‘:ger:_i

3 |

4 for i: 1l ton do B[i]: 0, // Initialize B[].
5 for 1: = 1 to n do

6 (

7 j:= Choice(l, n);

) if B[j] #0then Failure():

9 B[9]: Ali]:

10 ?

11 For i = 1 ton -1 do // Verify order.
12 If B[i1]>B[i+l]lthen Failure();
13 Write ([Bl:nl);

14 Success|

13- :]

¢) Refer to Question No. I of Long Answer Type Questions.

4. What do you mean by deterministic and non-deterministic algorithm? Write a
non-deterministic algorithm for searching an element from a given list of real
numbers. Also, specify its time complexity. [(WBUT 2015])
Answer:
1* part:
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The algorithm where result 1s uniquely defined 1s a termed the deterministic algorithms.
Such algorithms agree with the way programs ar¢ executed on a computer. In a
theoretical framework we can remove this restriction on the outcome of every operation.
We can allow algorithms to contain operations whose outcomes are not uniquely defined
but are limited to specified sets of possibilities.

The machine executing such operations 1s allowed to choose anyone of these outcomes
subject to a termination condition.

This leads to the concepts of a nondeterministic algorithm,

To specity such algonthms, we introduce three new functions:

(a) Choose (s) arbitrarily chooses onc of the elements of sct s.

(b) Failure ( ) signals an unsuccesstul completion.

(¢) Success () signals a successiul completion,

The assignment statement x: = choice (1, n) could result in x being assigned anyone of the
integers 1n the range (1, n) there 1s no rule specitying how this choice 1s to be made. The
lailurc*1 and success () signals arc used to define a computation of the algorithm, These
statements cannot be used to ettect a return. Whenever there 1s a set of choices that leads
to a successful completion. Then one such set of choices 1s always made and the
algorithm terminates successtully.

2™ part:

A ngn-dclcrminislic algorithm for scarching an ¢lement from a given hist of real numbers:
Let 4/1. .n/ be an array and x be the target element to search for.

We can write the following nondeterministic scarch algorithm:

N SEARCH(A, x)

{

7 = choice(l . . . n)

1f A[3] = x then
print(j)
SUcCCesSs

endif

print(‘0’)

failure

)
Time complexity: O(n).

5. Write short notes on the following:

a) Clique decision problem (WBUT 2003, 2015]
b) NP-hard and NP-complete classes [WBUT 2017]
c) Importance of P, NP classes [MODEL QUESTION]
Answer:

a) Clique decision problem:
Refer to Question No. 3 of Short Answer Type Questions.

b) NP-hard and NP-complete classes:
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Refer to Question No. I(c) of Long Answer Type Questions.

¢) Importance of P, NP classes:

The mmportance of the P vs NP questions stems from the successful theories of NP-
completeness and complexity-based cryptography, as well as the potentially stunning
practical consequences of a constructive proof of P =NP.

The theory of NP-completeness has its roots in computability theory, The computability
precursors of the classes P and NP are the classes of decidable and c.e. (computably
cnumerable) languages, respectively. We say that a language 1. 18 c.¢. (or semi-decidable)
if and only 1t L = L (M) for some Turing machine M. We say that L 1s decidable 1if and
only if . = I. (M) for some¢ Turing machine M which satisfies the condition that M halts
on all mput strings w. There 1s an equivalent definittion of c.e. which brings out its
analogy with NP, namcly 1. 1s ¢.c. if and only 1f there 1s a computable “checking relation™

R(x,y)suchthat L = {x| 3y R(x, y)}.

Using the notation (M ) to denote a string descnibing a Turing machine M, we define the
Halting Problem HP as follows:

HP = {(M) M 1s a Turing machine which halts on inpul(M) }

Turing used a simple diagonal argument to show that HP 1s not decidable. On the other

hand, 1t 1s not hard to show that HP 1s c.e. Of central importance in computability theory
1$ the notion of reducibility,
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APPROXIMATION ALGORITHMS

% Chapter at a Glance

¢ Approximation Algorithm:
Suppose you need 1o solve NP-hard problem X. So we have (o [ind a polynomual algornithm o
solve 1. So, we must sacrnlice one ol three desired leatures:
Find out exact optimal solution.
—  Solve the problem in polynomial time to ensure time feasibility.
—  Provide solutions to arbitrary instances of the problem,
Now applying approximation algorithm, the following issues are achieved:
- Guaranteed polynomial time execution.
—  Guaranteed to find "lhigh quality” near optimal solution within feasible time
But there i1s an additional responsibly that we need to prove how close the value of the
solution 1s to the optimum, without even knowing what optimum value 1s,

e Examples of approximation algorithms for NP-Complete problem
Now we discuss aboul the [ollowing examples ol approximation algonithms [or NP-Complete
problems
—  Approximation ralio

—  Polynomual-Time Approximation Schemes
—  2-Approximation lor Verlex Cover

- 2-Approximation lor TSP special case

- log n-Approximation lor Set Cover

ong Answer Type Questions

1. Write short notes on the following:

a) Approximation algorithms [WBUT 2008, 2012, 2014]
b) Approximation schemes [WBUT 2009, 2016]
c) Vertex Cover Algorithm [WBUT 2014, 2016)
d) Randomized algorithms [MODEL QUESTION]
e) NP Complete problem [MODEL QUESTION]
Answer:

a) Approximation algorithms:

It a problem 1s NP-complete, we are unlikely to find a polynomial-time algorithm for
solving 1t. There are at least three approaches to getting around NP-completeness. First, 1f
the actual inputs are small, an algorithm with exponential running time may be pertfectly
satisfactory. Second, we may be able to 1solate important special cases that are solvable
in polynomial time. Third, 1t may still be possible to find near-optimal solutions n

DAA-122



DESIGN AND ANALYSIS OF ALGORITHM

polynomial time (either in the worst case or on average). In practice, near-optimality 18
often good enough. An algorithm that returns near-optimal solutions 1s called an
approximation algorithm.

Suppose that we are working on an optimization problem in which each potential solution
has a positive cost, and we wish to find a near-optimal solution. Depending on the
problem, an optimal solution may be defined as one with maximum possible cost or one
with minimum possible cost; that 1s, the problem may be cither maximization or a
minimization problem.

We say that an algorithm for a problem has an approximation ratio of p(n) if, for any
input of size n, the cost C of the solution produced by the algorithm 1s within a factor of
p(n) of the cost C* of an optimal solution:

C C
max . < pln
((1' (-! ] p( )

We also call an algonthm that achieves an approximation ratio of p(n) a p(n)-
approximation algorithm. The delimtions of approximation ratio and of p(n)-
approximation algorithm apply tor both minimization and maximization problems. For a
maximization problem, 0 < C' < (™, and the ratio C*/CC gives the factor by which the cost
of an optimal solution 1s larger than the cost of the approximate solution. Similarly, for a
minimization problem, 0 < C* < (, and the ratio C/C* gives the factor by which the cost
of the approximate solution 1s larger than the cost of an optimal solution. Since all
solutions arc assumced 1o have positive cost, these ratios are always well defined. The
approximation ratio of an approximation algorithm 1s never less than 1, since C/C* 003C,
1 imphes C*/C > 1. Therefore, a l-approximation algorithm produces an optimal
solution, and an approximation algorithm with a large approximation ratio may return a
solution that 1s much worse than optimal.

b) Approximation schemes:
Now applying approximation algorithm, the following 1ssucs are achieved:
¢ (Guaranteed polynomial time execution.
e Guaranteed to lind "high quahity” near optimal solution within feasible time.
But there 1s an additional responsibly that we need to prove how close the value of the
solution 15 to the optimum, without even knowing what optimum value 1s.

Different types of approximation algorithms and schemes
There are different types of approximation algorithms and schemes described below:
p-approximation algorithm:
e Analgonthm A for problem P that runs in polynomial time.
e For every problem nstance, A outputs a feasible solution within ratio P of true
optimum for that instance.
Polynomial-time approximation scheme (PTAS):
e A family of approximation algorithms {A,: € > 0} for a problem P.
e A.isa(l+g)-approximation algorithm for P.
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e A, 1sruns in time polynomial in mput size for a fixed €.
Fully polynomial-time approximation scheme (FPTAS):
PTAS where A, 1s runs in time polynomial both in input size and 1/e.

¢) Vertex Cover Algorithm:
Given a G = (V, E), find a minimum subset C € V|, such that C “covers™ all edges in E,

1.¢., every edge € E 1s incident to at least one vertex in C.

f
Ci.x .
e e 9
.I ﬁ'ﬂ II| ?'J
© N\ ril .ll
| i|
C g ‘ |
{ -
ﬁlll"' illl"-. |' ’ —_ -l. h
[\ | &
I
| @b
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Fig.: Aninstance of Vertex Cover problem. An optimal vertex cover is (b, ¢, e, 1, g}.

Algorithm 1: Approx-Vertex-Cover (G)
{
1 C <« ¢
2 while E #¢:
pick any {u, v} € E
c « c U {u, vi
delete all edges incident to either u or v

return C

}
As 1t turns out, this 1s the best approximation algorithm known for vertex cover, It 1s an
open problem to either do better or prove that this is a lower bound.

d) Randomized algorithms:

A randomized algorithm 1s an algorithm that employs a degree of randomness as part of
its logic. The algorithm typically uses uniformly random bits as an auxihary mnput to
guide 1ts behavior, in the hope of achieving good performance 1n the "average case” over
all possible choices of random bits. An algorithm that uses the random numbers to decide
what to do next anywhere 1n its logic 1s called Randomized Algorithm. For example, in
Randomized Quick Sort, we use random number to pick the next pivot (or we randomly
shuftle the array).

Analysis of Randomized Algorithm:

Some randomized algorithms have deterministic time complexity. For example, this
implementation of Karger’s algorithm has time complexity as O(E). Such algorithms are
called Monte Carlo Algorithms and are easier to analyse for worst case. On the other
hand, time complexity of other randomized algorithms (other than Las Vegas) 1s
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dependent on value of random variable. Such Randomized algorithms are called Las
Vegas Algorithms. These algorithms are typically analysed for expected worst case. To
compute expected time taken in worst case, all possible values of the used random
variable needs to be considered in worst case and time taken by every possible value
nceds to be evaluated. Average of all evaluated times 1s the expected worst case time
complexity.
Examples:
For example consider below a randomized version of QuickSort.
/ Sorts an array arr[low.. high]
randQuickSort(arr|], low, high)
1. IT low == high, then EXIT,
2. While pivot X" 1s not a Central Pivot.
(1) Choosc uniformly at random a number from [low. high].
Let the randomly picked number number be x.
(11) Count elements 1n arr{low..high| that are smaller
than arr[x]. et this count be se.
(111) Count elements 1n arr|low.__high| that are greater
than arr[x]. [.ct this count be ge.
(1v) Let n = (high-low+1). If sc >= n/4 and
ge == n/4, then x 18 a central pivol.
3. Partition arr{low..high| around the pivot x.
4. // Recur for smaller clements
randQuickSort(arr, low, sc-1)
S. // Recur for greater clements
randQuickSort(arr, high-gc+1, high)
The important thing in our analysis 1s, tme taken by step 2 1s O(n),

¢) NI’ Complete problem:
The NP-Complete problems are an interesting class of problems whose status 1s
unknown. The properties of NP-Complete problem are-
* No polynomal-time algorithm has been discovered for solving an NP-Complete
problem
* No polynomial lower bound in respect of time overhead has been proved for any
NP-Complete problem.
In figure 1 we have shown the complexity of algorithms.
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n —>

NP class
The notation NP stands for “nondcterministic polynomial time”, since originally NP was
detined 1n terms of nondeterministic machines (that 1s, machines that have more than one
possible move from a given configuration). However now it 1s customary 1o give an
equivalent definition using the notion of a checking relation, which 1s simply a binary
relation RC X * x X,* for some finite alphabets £ and X,. We associate with each such
relation R a language L over X U X, U |#] defined by
Ly = {w#y|R(w, y)]

Where the symbol # 18 not in X, We say that R 18 polynomial-time i\ and only 1 L., € P,
Now we define the class NI of languages by the condition that a language L over X 1s In
NP il and only il there i1s kK € N ( N is the sct ol natural number) and a polynomial-time
checking relation R such that forallw € L ¥,

we L < 3 y(y |w " and R(w, y))
Where |w| and |y| denote the lengths of w and y, respectively.
For example, in the Hamiltoman-cycle problem, given a directed graph G=(V,FE), a
certificate would be a sequence (v, vi, v, ..., vi) of |F] vertices. It 1s easy to check In
polynomial time that (v;, viy) € Efori=1,2,3, ..., V] - 1 and that (v;;, v;) € E as well.

Is P=NP?

It 1s easy to see that the answer 1s independent of the size of the alphabet X .(we assume
2| = 2), since strings over an alphabet of any fixed size can be efficiently coded by
strings over a binary alphabet. (For [X| = | the problem 1s still open, although 1t 1s
possible that P = NP in this case but not in the general case).

It 1s trivial to show that P © NP, since for cach language L over X, 1 . € P then we can

define the polynomial-time checking relatton R ¢ X * X * by

Riw,y)<> we L, forallw,y e L%

Here are two simple examples, using decimal notation to code natural numbers:

The set of perfect squares 1s in P and the set of composite numbers 1s in NP (and not

known to be in P). For the latter, the associated polynomial time checking relation R 1s
given by

R(a,.b) < 1<b<aandbla
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In general the decimal notation for a natural number ¢ 1s denoted by ¢.

MISCELLANEOUS

Multiple Choice Type Questions

1. Which of the following is solved by using Branch and Bound method?
a) Knapsack Problem b) Hamiltonian Problem [WBUT 2015]
c) Travelling Salesman Problem d) 15-Puzzle Problem

Answer: (d)

2. By applying Strassen’s algorithm we can multiply two »nxn matrices in

[WBUT 2017}
a) ()(:rr")time b) O(n)time c) O(n")time d) O(n"*')time
Answer: (d)
Short Answer Type Questions
1. Prove thatif f(n)=a_n" +a, n" ' +. ... +an+a,, then f(n)=0(n").
[WBUT 2007)

Answer:
Let, p(n)=an™ +a

< gaih’

m
<n" Z‘a_i n' "

1 =i}

m

-1 2
n" +..+a,n +an +a,

< H'ﬂi‘ﬂ,l where, n > 1
1=

So, pfn) < n" |a| = n"(ay +a\+...4a,) =n". 4

Where, A =(ap + a, +...+a,)
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Now, p(n) < A. n™ , which shows that p(n) = O(n")

2. Write down DFT algorithm and explain its method of execution. [(WBUT 2008]
Answer:

o

We wish to evaluate a polynomial A(x)= X a x’ of degree-bound n at ' w ... o
p =l

(that 1s, at the n complex nth roots of unity). Without loss of generality, we assume that n
1s a power of 2, since a given degree-bound can always be raised -we can always add new
high-order zero cocefTicients as necessary. We assume that A is given in coefTicient form:
a = (ap, ay,..., ay1). Let us define the results yi, for & = 0, 1, ... , n—1, by

n-]

y=Ao)=Xa0’
=4

The vector _;5 = (Yo, Viseos Vur) 15 the Discrete Fourier Transform (DFT) of the
coethicient vector a = (aq, a,...., @.1).
We also write y = DFT ,(a)

3. Write the FFT algorithm and find the computational complexity of this algorithm.
[WBUT 2010]

Answer: Refer to Question No. 4(b) of Long Answer Type Questions.

4. What is meant by LUP decomposition? [WBUT 2013]
Answer:
The idea behind LUP decomposition 1s to find three n » n matrices 1., U, and P such that,
PA=1.U
Where,
L 1s a unit lower-tnangular matnx,
U 1s an upper-triangular matrix, and
* P 1s a permutation matrix.
We call matrices 1., U, and P satsfying L.LUP decomposition of the matrix A. We shall
show that every nonsingular matrix A possesses such a decomposition.
The advantage of computing an LUP decomposition for the matrix A 1s that linear
systems can be solved more readily when they are trniangular, as 1s the case for both
matrices |. and U. Having found an LLUP decomposition for A, we can solve the equation
Ax = b by solving only triangular lincar systems, as follows.
Multiplying both sides of Ax = b by P yields the equivalent equation PAx = Pb.
Using our decomposition, we obtain
LUx=Pb
We can now solve this equation by solving two triangular lincar systems. Let us define
y = Ux, where x 1s the desired solution vector. First, we solve the lower trniangular system
Ly = Pb tfor the unknown vector y by a method called “forward substitution.” Having
solved for y, we then solve the upper-triangular system
Ux=y
for the unknown x by a method called “back substitution.” The vector x 1s our solution to
Ax = b, since the permutation matrix P 1s invertible:
Ax = P"'LUx
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=P 'Pb

=bh.

5. Discuss Strassen’s matrix multiplication procedure and show that the time
complexity is reduced from the conventional multiplication. (WBUT 2017]
Answer:

Refer to Question No. 1(I" & 2" Part) of Long Answer Type Questions.

6. Write a recursive algorithm for finding maximum and minimum from a list of
elements. Also find the complexity of your algorithm. [WBUT 2018]

Answer:
Refer to Question No. 2 of Long Answer Type Questions.

Long Answer

ype Questions

1. Discuss the procedure for Strassen’'s matrix multiplication to evaluate the

product of 'n' matrices. Find the resulting recurrence relation for the same and
analyze its time-complexity. Is this method an improvement over the conventional
matrix multiplication method? If so, why? [WBUT 2007, 2011, 2012, 2013]

Answer:
We have scen that the divide-and-conquer approach can reduce the number of one-digit
multiplications in multiplying two integers; we should not be surprised that a similar feat
can be accomphished for muluplying matrices. Such an algonthm was published by V.
Strassen 1 1969. The principal msight of the algornithm lies 1n the discovery that we can
find the product C of two 2-by-2 matrices 4 and B with just seven multiplications as
opposed to the eight required by the brute-force algorithm, This 1s accomplished by using
the following formulas:

— — —

‘:lll ('l“l ) a[[.l al.}l - bl!] 'h“l o ml + milr . nr"' + nl i mi + m"u
. : l- _
(Cp E ) L9 G _]-’m l’u_ : m, +m, m, +m; —m, +mg
where,

m, =(a,, +a,,)*(b, +b,)
m, =(a,+a, )*b,
m; = dy, * (by, — by, )
m, =a, *(b, —by)
ms =@y, +ay, ) * b,
m, =(a,, —ay)* (b, +b,)
m, =(a,,—a, )*(b,+b,)

Thus, to multiply two 2-by-2 matrices, Strassen's algorithm makes seven multiplications
and 18 additions/subtractions, whereas the brute-force algorithm requires eight
multiplications and four additions. These numbers should not lead us to multiplying 2-by-
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2 matrices by Strassen's algorithm. Its importance stems from its asymptotic superiority
as matrix order n goes to infinity.

[et A and B be two n-by-n matrices where n 1s a power of two. (If 7 1s not a power of
two, matrices can be padded with rows and columns of zeros.) We can divide 4, B, and
their product C into four n /2-by-n /2 sub-matrices each as follows:

Coo Co| [4n Aul|,|Bu B

Cm Cn Am A _Bm B”"

It 1s not difficult to verify that onc can treat these sub-matrices as numbers to get the
correct product. For example, Cy, can be computed either as Ay, * By + Ag * By or as
M, + Ms— My +M; where M, M, M<, and M, are found by Strassen's formulas, with
the numbers replaced by the corresponding sub-matrices. If the seven products of n /2-by-
n /2 matrices are computed recursively by the same method, we have Strassen's algorithm
for matrix multiplication.
Let us evaluate the asymptotic etficiency of this algonithm. If M (n) 1s the number of
multiplications made by Strassen's algorithm 1n multiplying two n-by-nmatrices (where n
Is a power 0f2), we get the following recurrence relation for it:
M(n)=TM(n/2) form=1 M(1)=1,
Since n = 2*
MQ2k)=TMQ2k-N=T7T M2k -2)]=T2M(2k - 2)=...
=TiM(2k-i)..=Thk M2k -k)=Tk
Since k = log n,
M(H} — ThEn _ plog 7 2807
Since this saving in the number of multiplications was achieved at the expense of making
cxtra additions, we must check the number of additions A4 (n) made by Strassen's
algorithm. To multiply two matrices of order n = 1, the algorithm needs to multiply seven
matrices ol order n/2 and make 18 additions of matrnices of size n/2; when n =1, no
additions are made since two numbers are simply multiphed. These observations yield
the following recurrence relation:
A(n)=T7AMm/2)+18(n/2)° for n=>1, A(1)=0.
Though one can obtain a closed-form solution to this recurrence, here we simply establish

the solution's order of growth. According to the Master Theorem, A(n) € O(n" 7). In
other words, the number of additions has the same order of growth as the number of
multiplications. This puts Strassen's algorithm in ©(n"**'"), which is a better efficiency

class than ‘{'El(;\‘r;iL ) of the brute-force method.

2. The solution of recursive MAXMIN problem is based on some assumptions.
Briefly state the assumptions and its effect on the algorithm in comparison the
reality. [WBUT 2011]
Answer:

The divide and conquer algorithm we develop for this problem 1s motivated by the
following observation. Suppose we knew the maximum and mimimum element in both of
the roughly n/2 sized partitions of an n-element (n=2) hst. Then in order to find the
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maximum and minimum e¢lement of the entire list we simply need to see which of the two
maximum c¢lements 1s the larger, and which of the two minimums 1s the smaller. We
assume that in a I-element list the sole element 1s both the maximum and the minimum
element. With this in mind we present the following pseudo-code for the max/min

problem.
procedure maxmin(A(l...n) of numbers) =-> (min, max)
begin
if (n == 1)
return (A[1l], A[1l])
else 1f (n == 2)

1f( A1) < Al2])
return (A[l], A[Z])

else
return (A[2], A[1])

else

(max left, min left) maxmin(A[l...(n/2)])

(max right, min right) maxmin (A[ (n/2 +1)...n])
i1f (max left < max right)

max = max_riéhL
else

max = max left

if (min left < min right)
max min left
else N
min = min_right
return (min, max)
end

et T(n) be the number of comparisons performed by the maxmin procedure. When
n=Iclearly there arc no comparisons. Thus we haveT(1)=0. Similarly, T(2)=I.
Otherwise when n=2 clearly

T'(n)=2T(n/2)+2
Since maxmin performs two recursive calls on partitions of roughly half of the total size
of the hist and then makes two further comparisons to sort out the max/min for the entire
list. (Of course, to be pedantic there should be floors and ceilings in the recursive

function, and something should be said about the fact that the following proof 1s only for
n which are powers of two and how this imphies the general result. This 1s omitted.)

-3_n-
2

We next show that 7(n)= -2 for all n which are powers of 2. The proof is by

induction on »n .

Base Case:
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(n=2): form the recursive definition we have that 7(2)=1. Similarly, we have that
3]
2

—2=3-2=1, thus verifying the base¢ case.

ko

Inductive Step:

[et n>2 and n=2’ for some integer j =2 . Assume that 7'(k)= %]—2 for all k=2

for some integer j=2 and kK <n. We want to show that this assumption imphes that
3n |

T(n)-{; — 2 for all positive n which are powers of 2,

We start with the given recurrence
. . . 3(n/2)
I'(n)=21(n/2)+2=2 ; -2 +2
By the inductive hypothesis with k=n/2 . This gives

T(ﬂ)=2[3{nf2) —-4+2= 3—”]—2
2 2

showing the desired result. By the principle of mathematical induction we are done.

3. Explain how do you attempt to solve 15-puzzie problem using branch and bound
strategy. Draw a portion of the state space generated by it. [WBUT 2012)

Answer:

The 15-puzzle has 15 tiles or squares, which are numbered from | to 15 that are placed in
a4 x 4 box lcaving onc position out of the 16 empty and which lay in a square frame. The
goal 18 to reposition the tiles from a given arbitrary starting arrangement by shding them
one at a time into the configuration shown below 1n figure 1. The only legal moves are
ones in which a tle adjacent to the empty spot (ES) 1s moved to ES. Each move creates
an arrangement of the tiles. These arrangements are called the states of tile puzzle. For
some imual arrangements, this goal arrangement 1s possible (admissible), but for others,
it may not (inadmissible).

Goal state

Fig: |
Figure 2 shows the procedure and orders how we can arrange the tiles in such a way to
reach the goal state.
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Step by step movement of squares to arrange the goal state
Fig: 2

Condition to reach the goal state from initial state
We first assign an index (an integer number) to each tile of the frame. The numbering
starts from top position of the frame and move row wise from left to right. So, the goal
state of above figure 1 shows the numberning of the each tile in the frame and empty
position is numbered by 16.
Let k be the position of tile k according to the frame position of goal state and P(k) 1s the
position index of the tle k in the imtial position without considering the empty tile, 1.¢.
tile 16.
Now, let [(k) be the number of tiles t where,

1<k (1)
and P(k) = P(1) .(2)
State space 1s all the possible combination of the tiles within the frame. So, all the
possible movements of the tiles are in the state space. Naturally, goal state 1s also present
in the state space, 1 the goal state can be reached from the imual state.
Now, we can construct the tree of state space starting from 1nitial state. Here all the nodes
of the tree represent one of the possible movements from the initial state. In the state
space of figure 3, we consider the movement of difterent tiles with respect to the empty
tile.

State space of 15 puzzle pmM from initial state
Fig: 3
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The above state space denotes the all possible arrangement of the tiles within the frame
starting from initial state. We can remove those states from the state space which are not

reachable to the goal state. So, only those leave nodes are to be considered from a parent
node, which can step forward to the goal state, 1.¢. those configurations which satisfy

16
equation )’ L(k)+e is even.

4. Write short notes on the following:

a) FFT [WBUT 2004, 2009]
b) Strassen’s matrix multiplication [WBUT 2008, 2012, 2014)
c) Amortized Analysis (WBUT 2013]
d) 15-puzzle problem [WBUT 2013]
Answer:

a) FF1:

There are several ways to calculate the Discrete Founer Transtorm (DFT), such as

solving simultaneous linear equations or the correlation method. The Fast Fourer

Transtorm (FFT) 1s another method for calculating the DFT. While 1t produces the same

result as the other approaches, 1t 1s incredibly more clTicient, often reducing the

computation time.

There exists an efficient algonthm to compute the Discrete Founer Transtorm and its

inverse; 1t 1s called Fast Founer Transtform (FFT). So, the Fast Founer Transform has the

tollowing properties:

e The FFT is based on the divide and conquer principle

e It has th¢ ume complexity O(n log n) , instead of O('n:) ol DFT.

e It s only apphcable for composite sizes, 1.¢. n = nn, (and often implemented for
powers of 2)

If'n1s even, we can divide a polynomaal

plx)=ag + a;x'+ ax+...+a,, X" into polynomials
PM(x) = ag + asxx+ ax’ .. Aa,ax ™!
p”‘“(x}— a; +a;x+ a;x:*__ +a,.1X
And we can write

pix) =p™ "’ ) +xp ™ ()

fn/ 2} -1

Fast Fourier Transform (FFT) algorithm.

Input: An n-length coefficient vector a= | ay, a,, ...,a, | and a primitive n —th root of
unity @ , where n 1s a power of 2.

Output: A vector y of values of the polynomial for a at the n-th roots of unity.
FFT (a, ®)

!
Step | if n= [ then
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Step 1.1 return y= a;

Step 2 xe— "

/I x will store powers of @, so initially x = 1.

// Divide Step, which separates even and odd indices
Step 3 a “"" « [a,, a,, a4, ...,8,,]

Step 4 a™™ « [a,, as, as, ....a,]

// Recursive calls with o as (n/2)-th root of unity, by the
//' reduction property

Step 5y "« FFT (2", @)

Step 6 y ™ — FFT(a™ | o’

// Combine Step using X = o'
Step 7 for1+ 0 to (n/2)-1 do
Step 7.1 y, «y ™" 4+ x.p™
Step 7.2 ¥;,n < ¥ — XY
// Use retlexive property

Step 7.3 xe— x.o

Step 8 return y;

b) Strassen’s matrix multiplication:

Strassen’s matrix multiplication algonthm consists 1n reducing the number of
multiplication at the expense of increasing the number of additions and subtractions. In
sort, this algorithm uses 7 multiplications and 18 additions ol n/2 x n/2 matrices.

et

A=(a“ au]ﬂﬂd B=(b|| bﬂ]
a, dy b, b,
Be two 2 x 2 matrices. To compute the matrix product
C - ["n Cia ) =[Hn 4, J(bn b, J
€y Cxn a, a, J\b, b,
We first compute the following products
d, = (ay, +ay Nhy, +by,)
d, =(ay +ay)b,
dy = a, (b, —by,)
d,=a,(b, —b,)
d,=(a, +a,)b,
dg =(ay —a, )b, +b;,)
d, =(ay —ay )by, +by,)
Next, we compute C from the equation
C = d+d,~d. +d, d,+d,
_[ d, +d, d,+d3—d,+dﬁ]
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Since commutatively of scalar products are not used here, the above formula holds for
matrices as well.

Time complexity: The number of additions used 1s 18 and the number of multiplications
18 7. This gives rise to the following recurrence for the running time.

_ m ifn=1
f(n)=4_ L
TT(n/2)+18(n/2)"a ifn=2,
m itn=1
I'(n)=: L
TI(n/2)+(9a2n” ifnz2,

Assuming, that n i1s a power of 2, then we can write,
J b / 2
T(ﬂ)=[m+ (9a/2)2 ]n.,,,._. _((9;:, 2)2

7-2] 7-2’

i.e., the ime complexity is O(n"*" )=0(n""")

¢) Amortized Analysis:

Amortized analysis 1s a tool for analyzing algorithms that perform a sequence of similar
operations. It can be used to show that the average cost of an operation is small, if one
averages over a sequence of operations, even though a single operation within the
sequence might be expensive. In a sequence of operations the worst case does not occur
often in each operation - some operations may be cheap, some may be expensive.
Therefore, a traditional worst-case per operation analysis can give overly pessimistic
bound. The amortized approach 1s going to assign an "artificial cost” to each operation In
the sequence, called the amortized cost of an operation. It requires that the total real cost
of the sequence should be bounded by the total of the amortized costs of all the
operations.

Three methods are used in amortized analysis

1. Aggregate Method (or brute force)

2. Accounting Method (or the banker's method)

3. Potential Method (or the physicist's method)

)HI =mn'®*" +6an"*" -6an’

d) 15-Puzzle Problem: Refer to Question No. 4 of Long Answer Type Questions.
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